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Abstract

Consider the following boundary value problem in the exterior space Sd—1 = {x €
R? : |x| > 1} of a sphere S?~! in two and three dimensions (d = 2,3): Given a vector
field D : $9-1 — R? we ask for all harmonic vector fields B : §9=1 — R? which decay
at least as fast as a dipole field at infinity and are parallel to D on S?~!, i.e. there is
f: 8% 1 = R such that B = fD. For d = 3 this problem is related to the problem of
reconstructing the geomagnetic field outside the earth from directional data measured on
the earth’s surface. The question for uniqueness or non-uniqueness is here of particular
interest.

In this paper we characterize the solution space Vp of the boundary value problem
as orthogonal complement of a certain set of functions determined by the vector field D
in an appropriate Hilbert space. Based on the Hilbert space approach we determine Vp-
and its dimension dim Vi3 for certain classes of vector fields D. In particular, we find in
d = 2 for those fields Dy which are obtained by restricting a 2V —pole field on S!, dim
Vg, = 2(N — 1) + 1. This result is robust in the sense that perturbations of Dy which
are small in a certain norm do not change the dimension of the solution space. In d = 3
we consider only the axisymmetric situation. Here, we find in the case that D is given by
polynomials of order not larger than N the upper bound dim V;3 < N and in the 2V—pole
case dim VﬁN = N. For N = 1 (dipole field) the result is proved to be robust, which
implies uniqueness of the boundary value problem for all vector fields D close to D;. For
Dy with N > 2 it is shown that uniqueness can be enforced if either the Hilbert space is
truncated or if stronger decay conditions at infinity are imposed.

MSC-Classification (2000): 35R25, 35R30, 86A25.

1 Introduction

It is a problem in the geophysical sciences to determine the magnetic field outside the earth
if only the direction of the field is known on the earth’s surface. The problem arises less in
present day investigations, where complete measurements of the magnetic field vector (di-
rection and intensity) are common, than in the interpretation of historical data sets: Before
1832, when Gauss invented a method of measuring absolute magnetic intensity, only declina-
tion (direction of the horizontal component) and inclination (the angle the field vector makes
with the local horizontal) could be measured. The same problem arises in the interpretation



of palaecomagnetic data records which provide directional information on a much simpler basis
than information about intensity (see e.g. Merrill & McElhinny 1983).

Neglecting deviations from the spherical shape S%! of the earth’s surface and assuming
the exterior region S4=1 to be insulating and to be free of sources of magnetic field the above
problem can be formalized as follows: Given a direction field D € C°(S4~!,R?) we ask for
all nontrivial vector fields B € C'($%~!, R?) for which a scalar function f : S4~' — R exists
such that the conditions

VxB=0, V-B=0 in §9-1,
IB(x)| = O(|x|~%) for [x| = oo, (1.1)
B=fD on §41

are satisfied. The type of function f which is appropriate here and the precise sense in which
(1.1)3 holds is specified in the next section. Let us just remark that f need not obey a sign
condition, a situation which is referred to by some authors as “unsigned directional problem”
(cf. Hulot et al. 1997). We will consider in the following the dimension d = 2 and d = 3.
The case d = 2 is much simpler to deal with; it will serve as a guide for the physical problem
d=3.

The standard boundary value problems of potential theory specify either the normal com-
ponent or the tangential components (with suitable consistency condition) on the boundary.
If combined with an appropriate decay condition at infinity existence and uniqueness of solu-
tions is then guaranteed (cf. e.g. Kellogg 1967). No comparable results are known for problem
(1.1). Considering the above mentioned applications, the focus of interest is less on specifying
the most general direction field allowing for a solution of problem (1.1) than on specifying
the amount of non-uniqueness in situations where a solution is already known to exist. Of
course, due to the homogeneity of problem (1.1) uniqueness is always understood up to a mul-
tiplicative constant which remains free. The focus of the present paper is on this uniqueness
problem, too.

Problem (1.1) is only one in a whole series of similar inverse problems in geophysics all
concerned with recovering the magnetic field (or other fields) from incomplete or ill-posed
data. A problem, complementary to (1.1), for example, tries to determine the field B in Ga-1
from total intensity data on S?! (cf. Backus 1968, 1970). This problem has been prompted
by the fact that total intensity can typically easier and cheaper be measured than directions.
Early sattelite measurements, for example, provide only intensity data. Another problem
consists in inferring motions of the conducting fluid core of the earth from secular variations
of the magnetic field (cf. Hide 1986, Bloxham & Jackson 1991). In highly conducting fluids
the magnetic field is “frozen” into the fluid and core motions should clearly have an influence
on the geomagnetic secular variation. Obviously, in all these problems the key question is
that for uniqueness or non-uniqueness of solutions.

Several authors have already dealt with problem (1.1) from a geophysical perspective and
have, in particular, tried to answer the uniqueness problem. Kono (1976) claimed to have
proved uniqueness of the solution of problem (1.1) for d = 3 under an even weaker condition
than (1.1)5. The proof, however, turned out to be erronous (Hulot and al. (1997) indicate some
loopholes in Kono’s proof) and the claim has been disproved by Proctor & Gubbins (1990)
who constructed a counterexample. These authors considered the 2—dimensional as well as
the 3—dimensional problem. In two dimensions they discuss the problem in the framework
of the theory of complex variables and establish e.g. a relation between the rotation number



of D on S', the rotation number of B at infinity and the number of zeros of B in $;. This
relation suggests an upper bound on the number of free parameters in the solution equal to
2(r — 2) where r is the rotation number of D on S'. This would imply uniqueness for dipole-
type direction fields (r = 2). However, no rigorous statement concerning the dimension of the
solution space of problem (1.1) is made and the discussion remains vague. In three dimensions
Proctor & Gubbins proceed by example. They produce by numerical means three different
solutions for an octupole-type direction field (r = 4). This establishes clearly non-uniqueness
in the general case. Moreover, the authors conjecture that uniqueness can be enforced if
solutions are represented by truncated spherical harmonic expansions with fixed truncation
level.

A recent paper dealing with the uniqueness problem in three dimensions is that of Hulot
et al. (1997)': In the framework of potential theory the authors derive an upper bound on
the dimension of the solution space equal to [ — 1 with [ being the number of loci on S?
(in fact the surface need not be spherical) where the tangential component of the direction
field vanishes. The result is based on a beautiful application of Hopf’s maximum principle
applied to the potential of B. Note that the regularity condition used by Hulot et al. has
to be understood in the sense of Courant & Hilbert (1962), which implies some condition at
infinity. In fact, in order to ensure uniqueness in unbounded domains one needs either uniform
decay to zero at infinity or at least a Phragmén-Lindel6f-type argument which requires some
growth restriction at infinity (see e.g. Protter & Weinberger 1984). In any case, this upper
bound implies uniqueness for direction fields with no more than two poles.

In contrast to these results our approach allows to determine the precise dimension of
the solution space and to construct the corresponding solutions at least for certain classes of
direction fields. For this purpose the space of functions f in (1.1)3 is characterized in section
two as orthogonal complement in L?(S% 1) of a set of functions determined by the direction
field D. Special fields Dy obtained by restricting 2¥—pole fields on S%~! turn out to be of
particular importance. The 2-dimensional case which is much simpler than d = 3 is treated
in section 3: The solution space can explicitly be determined and we obtain for its dimension
dim Vﬁ-N = 2(N —1)+1. The fields D are special in that they have a constant rotation rate
N which relates to the rotation number r by r = N+1. Using a Paley—Wiener—type expansion
theorem we prove that for fields D with nonconstant rotation rate dim VIJ)-N =2(N-1)+1
with N being the mean rotation rate provided that the deviations of the rotation rate from
N are small in a norm which involves the derivative of the rotation rate.

In three dimensions we treat only the axisymmetric situation (section 4): If D is given by
polynomials of order not larger than N we derive the upper bound dim Vﬁ < N and in the
multipole case we find dim VB-N = N. The solutions are given in the form of recursively defined
series whose convergence is the crucial point to prove. Here, we make use of the socalled
Clebsch—Gordan coefficients which appear in the decomposition of tensor representations of
the rotation group in its irreducible components, and apply a theorem due to Enestrém and
Kakeya bounding the zeros of certain polynomials. Furthermore, uniqueness is proved to
hold for all direction fields which are close to D1 in a higher—derivative norm. Some useful
formulas about Legendre polynomials, spherical harmonics and Clebsch—Gordan coefficients
which are needed in the preceeding proofs are collected in two appendices.

Finally, the question is treated whether in case of non-uniqueness additional conditions
can enforce uniqueness. Proctor & Gubbins (1990) conjecture the finite-dimensional repre-

'This paper came to our attention only when our work was already completed.



sentation of the solutions by spherical harmonics as such a condition. We answer this question
for the direction fields Dy, N > 2 and find in d = 3 in fact uniqueness but in d = 2 not.
Another possibility is to require stronger decay conditions at infinity. In fact, replacing con-
dition (1.1)2 by |B| = O(|x|~(*tN=1) for |x| — oo implies uniqueness for the direction fields
Dy in two as well as three dimensions.

A conjecture about the relation between the dimension of the solution space and a suitably
defined rotation number for axisymmetric 3—dimensional direction fields concludes the paper.

2 Hilbert space approach

This section reformulates problem (1.1) as a Hilbert space problem with Hilbert space H =
L?(S%1). For this purpose we introduce a potential for the harmonic field B and explain
the boundary values of B in the sense of traces. The unique solvability of the Neumann
problem with such generalized boundary values is proved in Lemma 2.1. The proper Hilbert
space criteria are then formulated separately for d = 2 and d = 3 (Theorem 2.2 and 2.3); the
3d-axisymmetric case is formulated in Corollary 2.4.

Let us begin with some notation:

§4l.={xeR:|x| =1}, 84 1:={xecR:|x|>1}.

In the following we will make use of polar coordinates (7, ) in R? defining a coordinate system
{er, e,} as well as of spherical coordinates (r,0, @) in R® with 6 € [0, 7], ¢ € [0,27] and the
coordinate system {e,, eg, e, }. Gradients take then the form

1
VU=0Ve + Ve, d=2

V‘Ifzar\IfeT%—lag\Ifeg%—#&p‘Ilew, d=3.
T rsinf
The volume element d on S% ! is dy for d = 2 and sinfdfdp for d = 3. In order to
simplify the notation a function f : S9! — C(R) and its representation in polar or spherical
coordinates will be denoted by the same symbol.
As Hilbert space we use

H:=L*(S4 1) = {h 1847 (C‘ /Sd_l |h|2dQ < oo}

with scalar product

hi,h2),, == hihs d2

(o) = [l

and norm ||h|| := \/(h,h)x . “* ” means complex conjugation.
With the definitions

1 1 1
Vo= ——, Y, := ——sinney, Ynij i= —= COS Y, Y7ﬁ3 =YX, ),

Y0, = ——, _
0,2 \/2—71_ n,2 \/7? \/7—_{_
where Y,%(0, ) denote the usual spherical harmonics (cf. Appendix A), the set of eigenfunc-
tions of the Laplace—Beltrami operator can be described uniformly for d = 2 and d = 3
by
{Y;: neNg, k€ K(n,d)} (2.1)



where K(0,d) = {0}, K(n,2) = {-1,4+1}, K(n,3) = {-n,...,+n}, n € N. The set (2.1)
forms a complete orthonormal system in L?(S%1) and allows the representation

o0
v = Z Z Ay, 7~ (PHE2) Yf,d (2.2)
n=0 ke K (n,d)

of every harmonic function ¥ in §4-! vanishing at infinity.
In the following, we will prescribe boundary values which are only supposed to be elements
of L?(S%71). Let us define for this purpose for any smooth function ¥ in S¢~1 and for r > 1:2

0, U(r.) Sl 5 C, %+ 0, U(rk) := VI(rx) - k. (2.3)

gd—1 "

A suitable Neumann boundary value problem for Laplace’s equation reads now:

Let v € L?(S*') with [ 4 dQ = 0. Determine all functions ¥ € C?(5%!,C) satisfy-

Sd—1
ing X
AT = 0 in §¢4°1,
[T(x)| = O(x| "), for x| = oo, (2.4)
16:%(r)|ga s =] = 0, r\ 1.

Here, 7 ™\, 1 means r — 1 where r > 1.

Lemma 2.1 Problem (2.4) is uniquely solvable.
PROOF: (i) Let v = 3372 3 ke k(na) bukY,F g with (bng)nk C C. Set
By ey =
n,d? :
nLkeKmd) "t T d 2

with the series converging uniformly for » > 75 > 1 and thus ¥ being a harmonic function in
S4=1 satisfying (2.4)2. Now assume e > 0 and choose N, € N such that

>y bnkYn,d‘ = > ) bal < 2"

n=Ne+1 keK(n,d) n=Ne+1 keK(n,d)

Thus, for r > 1

fj D buk (1)

n=N¢+1 kEK(TL,d)

2 €
Y,{fd( <% (2.6)

Now assume J, > 0 such that

Vre[l,146): [1—r Netd 1) Z 3 bl < f.

n=1keK (n,d)

?In the following % denote unit vectors.



Then for r € [1,1 + ) we have also
2 €
H Z S b (L —r D) yE H <3 (2.7)
n=1k€cK (n,d)

and (2.6) and (2.7) imply |0, ¥(r ‘Sd L=l =0 N\ L
(ii) Let T =3 | D ke (n,d) Onk T —(n+d-2) ch be any harmonic function in §4- satisfying
HB\I/ |Sd1”—>0 r N\ 1. ThenfoerSdlandr>1

o
Z Y an(n+d—2) D YE (%)

n=1keK(n,d)
and 1
_ : k _
o = 1 (00l Vi), = 0
thus ¥ = 0.
a
The analogue of (2.3) for the other components is:
0,(r.) @ S' = C, x> 0,0(rk) :=r VIU(rx) - e,(rx),
39‘11(7".)‘52 L 525 C, ke BpU(rR) == 1 V(1K) - eg(rR), (2.8)

(9<p\IJ(1".)‘S2 : 825 C, x> 0,0(rk) :=rsin(rx) VI(rx) - e, (rx).

We are now in the position to give problem (1.1) a more precise formulation. Using the
potential (2.2) for B and the generalized boundary values (2.3), (2.8); we define in two
dimensions:

Problem Py: Let D = D,(p)e, + Dy(p)e, € CO(S',R?). Determine all functions f € H =
L?(S') such that the following boundary value problem is solvable, i.e. there is ¥ € C?(S,R)
satisfying the conditions

AT =0 in S,
[T(x)] = O(x|"')  for |x| = oo, (2.9)
Vo = fD on S*.

The boundary condition (2.9)3 holds in the sense of

18- T (r)|g1 = F Dyl 0 for v\ 1, 10
10,T(r)[s1 = f Dgll > 0 forr N\, 1. '

In three dimensions it is convenient to allow for complex potentials and, consequently, com-
plex functions f. For real direction fields D real and imaginary part of ¥ (and f) are then
separately solutions and can be identified with physical quantities. We define:

Problem Pj: Let D = D, (0, p)e, + Dy(0,p)ep + Dy (0, 0)e, € C°(S?,R3?). Determine all



functions f € H = L?(S?) such that the following boundary value problem is solvable, i.e.
there is U € C?(S?,C) satisfying the conditions:

AT = 0 in 82,
[T(x)] = O(|x|7?) for |x| = o0, (2.11)
VU = fD on S2.

The boundary condition (2.11)3 holds in the sense of
|8:¥(r)| g2 — fDr|| = 0 forr N\ 1,
”89\11(7".)‘52 sinf — f Dy SinH” =0 forr\/1, (2.12)
||8¢\I/(r.)‘52 - fD, sin9|| =0 forr /1.

Remark 2.2 Due to Lemma 2.1 problem P, is equivalent to problem (1.1) if the direction
field D is assumed to be # 0 almost everywhere on S%!: For a solution f € #H of Py the
corresponding potential ¥ is uniquely determined by

=3 Y aur v,

n=1keK (n,d)

with

1
—— 1 U(r.
n+d-—2 rl\ni(ar (7")

— k
a'nk - Sd—l’ Yn,d)% .

Conversely, given a potential ¥ and a direction field D on S%~! with D # 0 almost everywhere
there is at most one f € H such that the boundary conditions (2.10) or (2.12) are fulfilled.

Problem P allows now the following equivalent characterization:

Theorem 2.3 Let D = D,(¢)e, + Dy(p)e, € CO(S',R?) and f € L*(S"). Moreover, let

Ty, := Dy () sinng + Dy,(p) cos ne

. n € Ny,
Sy, := Dy (@) cos np — Dy(¢) sinng
and
Vp = Span{T,, S, : n € Ny }.

Then, f solves problem Po if and only if f € Vﬁ‘, 1.e. Yn € Ny :

fT,dQ = / fSpdQ=0. (2.13)

St St

PROOF: (i) Let f be a solution of P, and

— 1

U= Z r—n(an cos ny + by, sinnyp) (2.14)
n=1



the corresponding solution of (2.9). We have
> n
v =— Z ) (an cosnp + by, sinny),
e (2.15)
n .
0,0 = — Z:l r—n(an sinnp — b, cosny)
n

with the right-hand sides uniformly converging in S'. With D,,D, € C°(S',R?) and f €
L*(S') we have also fD,, fD, € L?(S') and obtain from (2.10) and (2.15) for n € Ny (and
with ag := 0,bp := 0)

/f )cosnpdp = hm/a U(r.) cosnp dQ = hm / 0, ¥(re,) cosnpdp = —nmay,

(2.16)
and analogously

f( ) Dy.(¢) sinng dp = —nnby,
- . (2.17)

F(@) Dy () cosnp dp = nmby, F (@) Dy(p) sinng dp = —nmap.
—r -

Eliminating a,, and b, yields then the conditions (2.13).
(ii) Let f € Vp. Define v := fD, and let ¥ be the unique solution of problem (2.4)
according to Lemma 2.1. It remains to prove (2.10)2. Let

v=fD, = Z(an cosny + by sinmp). (2.18)
n=1
Then we have
o0
> (lanf? + Bal?) = wllyI> (2.19)
n=1

From (2.13) and (2.18) we obtain

/wa cosny d) = —mby, /wa sinne dQ) = wa,

St S1
and thus
o0
fD, = Z (ansinne — by cosnp). (2.20)
n=1

Equations (2.18) and (2.5) in the proof of Lemma 2.1 yield

o0
1
U(re;) = =3 —(an cosnip + by sinnp)

= nr

and therefore 0o
1
0,V U(re,) = Z o an sinny — by, cos ngo), (2.21)

n=1



where, because of (2.19), the series on the right hand side converges uniformly in S'. Com-
paring (2.21) in the limit r \, 1 with (2.20) furnishes (2.10),.
a

The corresponding result for P3 reads:

Theorem 2.4 Let D € C°(S?,R?) as in Problem P3 and f € H = L?(S?). Moreover, let for
neNk e {-n,..,+n}

Tgl = -DT'7
Ty =Dy sin0Yy — —= D, Y,
2 k2 (n+1)2—k2
T’C = Dy sinf Yk + D, ( T nn+)1)2 il va+1)

Sy := D, sinfYy,
Sk .= (—ik Dy 4+ (n+ 1) Dy, sinf) Y,F,

where Y,F := Y0, ), and

Vb = Span{Tol, Tk Sk . neN, k:—n,...,n}.

Then f is a solution of Problem P if and only if f € Vy, i.e. Vn €Ny, k= —n,...,n:

/fTEl*dQ = /fT,’f*dQ = /fs’g*dg = 0. (2.22)
52 52 52
PROOF: (i) Let f be a solution of P3 and

+n
U= 30 e D v

nENk=—n

the corresponding solution of the boundary value problem (2.11). With (A.9) the series

+n +n
Z Z (n + 1) Cnk Tﬁ(n+2)Y7{€7 Z Z Cnk ri(n+2) 89Y7{c

neENk=—n neENk=—n

are uniformely converging in every compact subset of {z € R® : r > 1, 0 < # < 7}. Thus,
using the abbreviation N* in (A.9) we obtain

o n
=33 (D) e Y

n=1k=-n

sinf 0y ¥ = Z Z cnper D nNk+1Yn+1 (n+1)N7'fY7f_1) =

n=1k=—n

o0 n
n—1)Nk (n+2)NE L vk
= E E (Cn—l,k—ﬂ“( 7-2 — Cnt1,k 7,n+2“+ )Yn,
n=0k=—n

o n
0,¥ = Z Z ik cpg 7D Y,f.

n=1k=-—n

(2.23)



Since Dy, Dy, D, € C°(S?,R) and f € L*(S?) we have also fD,, fDysin, fD,sinf € L?(S?)
and from (2.12) and (2.23) we conclude for n € Ny, k = —n,...,n (with c_; 4 := 0)

. D, YF" do

. fDysin0Y*" dQ

/52 fD,sinf Y,F" dQ

= lim [ 89(r) Y dQ = —(n+ 1),
™\ S2

= lim [ sinf &yU(r.) Y dQ =
N1 S2

= cnk(n— 1) NF —cppip(n+2) NP, |,

= lim [ 8,9(r) Y} dQ =ik cp.
™1 Jg2

From (2.11) follows cgp = 0 and thus, using (2.24); and (2.24)q,

/SZ fD,dQ =0, /52 (Dgsind YY" — %DrYol*)f dQ =

(2.24)1, (2.24)2 and (2.24)1, (2.24)3, respectively, yield the rest of (2.22).

(i) Now let f € L?(S?) satisfy the conditions (2.22). Set v := fD, and let ¥ be the unique
solution (2.5) of problem (2.4) according to Lemma 2.1. Set cpx := —bpg/(n + 1). Then
dongl(n+ Denel? = donk |buk|? < co. This guarantees the convergence of the Fourier series
in (2.25) below. Because of (Tgl,f)ﬂ = 0 condition (2.11)9 is satisfied. Equations (2.23)
hold and therefore we have, using (2.4)3,

H
o (r.) o 7:{ _

Z Z (n + 1)anyrf = f Dy.

n=1k=-—n

0.

o0 n
. H
sinf 9y U(r.) e D> (en1kn = DNF —cppap(n +2)NE )Y

0¥ (.

~—

n=0k=—n

o0 n
H . .
o 1:{ E E 1k Cpi YT{“ sin 6.

n=1k=—n

Condition (TF, f),, = 0 in (2.22) yields

/ng sinfY* do =
52

n

n—1
_ / 7Dy (Fo= NEYES - NELYED) an
S2

3 (0 + eww Y (”T—l NEYR* — Nk

52 nl,ki

Cnfl,k(n - 1)Nylf - cn+1,k(n + 2)N7,§—|—1’

+1

n

k *
Y+1

) a9

where we made use of (2.25); in the second equation. From (2.25), we now obtain

. H .
Slnﬁag\II(T.)‘S2 K{ f Dg sin#,

and by an analogous calculation, using condition (Sy, f),, = 0 in (2.22),

H, f Dy sinf.

0,¥(r.) s

10

(2.24)

(2.25)



a

Axisymmetry simplifies the situation considerably. The axisymmetric problem P§ follows

from problem P3 by the assumption D, = D,(6), Dy = Dy(0) and D, = 0. This implies

0,¥ = 0. In Theorem 2.3 the conditions (T¥, f)3 = 0 reduce to those for k& = 0 and the

conditions (S¥, ) = 0 can be omitted altogether. After a change of variables the appropriate

Hilbert space is now H := L2((—1, 1)). It is, furthermore, convenient to replace the system
{TP : n € Ny U{-1}} by an equivalent one {7, : n € Ny}. We then have:

Corollary 2.5 Let D,,Dy € C°([-1,+1],R), g € L?((—1, 1)), set
D, :=D,(cosf), Dgy:=Dg(cosf)sinf, D,:=0, f:=g(cosb).
Moreover, define for n € N

76 = DT,

2.2
Tn = (n+1)(Pn+1 _Pn—l) D0+(2n+1) PnDr, ( 6)

where (Py)y, are the Legendre polynomials. Let

Wp := Span{T, : n € Ny}

Then f is a solution of the azisymmetric Problem P§ if and only if g € W]Jj, 1.e. Y/n € Ny :

/g'ﬁl dz = 0. (2.27)

PROOF: Since [ uY,{“* dQ) = 0 for k # 0 and each u € L?(S?) independent of ¢, all conditions
in eq. (2.22) of Theorem 2.4 with k£ # 0 can be omitted. We define for n € N

To(z) = Dy (x),
Ti(z) := (1 - 2%) Dy(z) — z Dy (x),
Tt () = (20 + 1)(1 — 2) Dy(s) Pa(o) +
+D(@) (1 — 1Py 1(2) — (0 + 1) Py ()
and obtain for n € Ny U {—1}
T20) = c(n) Tusi(cos),
where c¢(n) # 0 is independent of z and 6. With eq. (A.4) it is easy to verify that for n € N:

To=To, T1=Ti, Tay1={0—-)Tn1—(n+1)Tnp. (2.28)

Thus, in this case, (2.22) is equivalent to (2.27).

11



3 Some results in the 2—dimensional case

This section deals with nowhere vanishing direction fields D which can conveniently be
parametrized by a rotation function ¢(p) representing the polar angle of D in the coordi-
nate system {e,(¢), e,(¢)}. Theorem 3.1 determines the solution space of problem Pj in the
case of constant rotation rate ¢'(¢), which refers just to the 2V -pole fields Dy. In the case
of nonconstant rotation rate, a perturbation result is formulated in Theorem 3.3. Theorem
3.4, finally, provides uniqueness for the fields Dy if stronger decay conditions at infinity are
required.

Nowhere vanishing direction fields D € C'(S?,R?) can be normalized to one, [D|?> =
D} + D? = 1, which allows the parametrization

Dr(p) = cosp(p),  Dy(p) = sin(p) (3.1)

by a rotation function ¢ € C*(R,R) with ¢(¢ + 27) = ¢(¢) + 2aN, N € Z. The condition
(2.13) in Theorem 2.3 takes then the form

T

[ costug + o) 10V do = [ sintng + 61 () dp =0, € Mo,

—r -

or, in complex notation,

e ™
| 49ty = [ e p)do =0, nemy, (32)
-7 -7

The following theorem specifies the solution space of problem P, in the case of constant
rotation rate ¢'(p) = N = const, N € Z. N measures the number of turns of D in the
coordinate system {e,(¢), €,(¢)} while ¢ is running through the interval (—=, 7). It relates
to the rotation number r which is measured with respect to the fixed coordinate system
{esz, ey} by r = N 4+ 1. Note that the rotation function ¢(¢) = ¢o9 + N¢ corresponds for
¢o = 0 and ¢9 = 7/2 to the multipole fields Dy = cos(Ny)e, + sin(Ny)e, and Dy =
—sin(Ny) e, + cos(Ny) ey, respectively.

Theorem 3.1 Let D(p) = cos(do + N¢) e, + sin(¢o + Ny) e, with N € Z and f € L?(S%).

Then, f solves problem Py if and only if f € Vﬂ‘ :=Span{e™¥: —(N-1)<n<N-1}. In
particular, Vg = {0} if N <0 and dimVy = 2(N — 1) +1 if N > 0.

PROOF: Let f be expanded in the complete orthonormal system {f}% cvE Z} in L2(S1):

eiuw
=N 3.3
f %‘%f VT (3:3)
Inserting (3.3) in (3.2) Theorem 2.3 furnishes for n € Ny
™

Sof [ drnap =37, [t —o,

VEZ - VEZ T

™

and thus
foan=fn-n=0, neN.
Od

For the next theorem we need a result on the completeness of a perturbed complete
orthonormal system which is due to Paley & Wiener (1973):

12



Lemma 3.2 Let {1, : n € Z} be a complete orthonormal system in L?((a,b)) and let {xy :
n € Z} C L*((a,b)). Let, furthermore, the inequality

N 9 N
| Y ann—xa)|| <0 3 anl? (3.4)
n=—N n=—N

hold for arbitrary N € Ny, a, € C, |n| < N and with 0 < © < 1 independent of N and ay,.
Then the system {xn : n € Z} is linearly independent and complete, i.e. for any f € L? exist

coefficients by, n € Z such that
o0
[= Z bn Xn -

n=-—00
There esists, moreover, another complete system {Xn : n € Z} C L*((a,b)) which is dual to
{xn: n €L}, ie. (Xn, Xm)# = Onm.
PROOF: cf. Theorem XXXVII in (Paley & Wiener 1973).

If the rotation rate is not constant the rotation function is decomposed according to
™
p(p) = do+ Ny + ¢(p) where ¢(p +2m) = ¢(yp), plp)dp =0, Ne€Z. (3.5)
-7

&' () is then the deviation of the rotation rate from its mean value. For small deviations we
have the following result:

Theorem 3.3 Let ¢ € C?(R,R) be the rotation function of a direction field D according to
(3.1) with decomposition (3.5). Let N € Z be the mean rotation rate and ¢ satisfying the
conditions

¢ <e 8" <1 (3.6)
with € > 0 such that (37 + 5=)€? + 2me < 1 and ||.|| denoting the norm in H := L*((—m, m)).
Then, there holds for the solution space Vﬁ of problem Py

0 if N <0,

dimVp = (3.7)
20N —-1)+1 if N>0,

i.e., the result of Theorem 3.1 is stable under small perturbations of the rotation rate.

PrROOF: We start with some auxiliary estimates.
(i) With 7 M=)y = 278,, m,n € Z and the Fourier series

T 2 2

cos VT e T T
2 > = > =y Tt

vezZ\{0} veZ\{0}

13



on (0,27) one obtains for a, € C, |n| < N:

N N

|G| an| " i(m—n—
Y map= X lemllad Z ge | e
m;z;;” T )
*ZI/w
- / Z ol 3 2
v
- = v=—o00
= 720 (3.8)
1 2
g ine max( m2—7rx+7r—)dm
[0,7] 2 3
2 N 7 2 N
s 1 o T
:? Z |am||an|ﬂ/wel(m n)wdw:? Z |an|2_
mn=—N n=—N

(i) Since ¢ € C'(R,C) satisfies the conditions (3.5) the following Poincaré-type inequality

holds: . .
| Bt < [ @@, (3.9)

Let us define \(z) := 4sin®(¢(x)/2) and o4 (z) := e*®@)\(x). We then have with (3.6) and
(3.9):

n ~ ~
MNz)dz < [lo]” < (|41 < €,

-7

/ A(2)"de < 2(16" 1 111 + 161%) < 2(1@" 1161l + 116'1%) < 2¢(1+ ),

[les@lds < [ n@ldo+a [ (@2 sindldo+a [ (31 + (2 st /) ds
—T —T -7 —T
< 2€(1+ ) + 4e” + 4|¢"|| || sin*($/2) | + 4¢”

< 2(1 +€) + 4€2 + 2 || psin(d/2)|| + 4€® < 1062 + 4e.

) (3.10)
(iii) The next step is to prove the system {einem?ei?(") 9(9) : n € 7} with ¢, := o(n)¢py and
o(n) =1 if n > 0 and otherwise o(n) = —1 to be complete in L?((—, m)). For this purpose
we set a 1= —m, b:=m, P,(z) := %eicﬂeim and xn(2) := ¥ (2)e”™ @) in Lemma 3.2.

2
We have then to prove that

1 [, X = .
E Z dn(eza(n) o(z) _ 1)emw
T p=-N

N
2
dz <0 Y |anl, (3.11)
n=—N
where N € Ny and &, = a,e*» € C, |n| < N are arbitrary and 0 < © < 1 is independent of
N and a,. Let us define
Fon(z) 1= (e~0(M #@) _ 1)(¢iom) #@) _ 1),

For o(m) = o(n) follows F,,(z) = A(x), otherwise Fy,,(x) = —p+(x). Thus (3.10) implies
the estimate

™
/ |El(x)] dz < 10€? + 4de. (3.12)
-

14



Expanding the left—-hand side in (3.11) and using (3.8), (3.10); and (3.12) furnishes:

N
{ S st Fn ()M 4 3 |an|2A<a:)}dw
n=—N

m,n=—N
m#n
" e(n m)x
= Z ay.an Fy o ) 5 + Z lan|* Mz
m,n=—N
m;ﬁn
N
1 g
g—{/ Fa@lde Y el /A DS |an|2}
27T - m,n=—N n=—N
;ngén

2;(3(106 + 4e) +6) Z |an|?.

This proves (3.11).
(iv) We prove now (3.7). According to Theorem 2.2 and egs. (3.2) Vi is given by Vp =

— I
Span{T,, S, : n € Ny} with

| /\

Ty, 1= €i®0cin+N)eid(9)

S, = e~ib0g—i(n+N)pe—id(y)

In the case N < 0 there is obviously

Span {ei(n) ¢oeingeio(n) @) ne 7} C Span{Ty, Sp: n € Ny}

and from (iii) follows immediately Vi3 = {0} and hence (3.7);. If N > 0 let () be defined
as in (iii) and let x,(z) be the complete dual system according to Lemma 3.2. Obviously, there
is T, = Xngn and S, = x_p—n and the system {xn:neNg} ={xn: In| < N—l}U{Tn, Sy
n € Ny} is then complete according to (iii). We have, therefore,

E— 1
Vﬁ‘:Span{Tn, Sp:neNyg} =Span{xn: |n| <N -1}

with dim V3 = 2(V — 1) + 1. This proves (3.7)s
a
In the case of constant rotation rate it follows from Theorem 3.1 that all solutions f (and
hence ¥) have finite expansions in the system {e"’¥ : v € Z}. So, allowing only functions
with finite expansions as admissible solutions of problem Ps does nevertheless not imply
uniqueness. Other restrictions, however, can enforce uniqueness:

Theorem 3.4 Let D(p) = cos(¢o+Ny) e, +sin(dpo+ Ny) e, with N € N. Then the modified
problem Py where ¥ has additionally to satisfy

|| = O(|x|*N) for |x| = o0 (3.13)

is uniquely solvable.

15



PROOF: According to Theorem 3.1 a solution f of Py allows the representation
N-1 .
floy=">. fue™

with f, € C. The corresponding potential is given in (2.14) with coefficients a,, b, determined
by egs. (2.16) and (2.17). Condition (3.13) implies a,, = b, =0 for n =1,..., N — 1. Thus,
egs. (2.16), (2.17) imply forn =1,...,N — 1:

N-1

/ Z fu €% cos(do + N) cosnp dp = 0,
=-(N-1)
.  N-1 .
/ > 1, sin(go + No)sinnpdp =0,
T y=—(N-1)
x N-1 '
/ Z fv€¥?cos(dg + Ny)sinnpdp =0,
T = (N-1)
x N-1 '
/ Z fve”?sin(¢o + Ny) cosnpdp = 0.
T y=—(N-1)

By linear combination we arrive at

Z f/ z(u:I:N:I:nLPd(P—O n=1...,N —1,

v=—(N-1)

(one equation for every sign combination), and by this
IN-n=f-Ntn=0, n=1,...,N —1.

The only solution is thus f = const.

4 Some results in the 3-dimensional axisymmetric case

This section deals with axisymmetric 3—dimensional direction fields D, in particular, with
those arising from axisymmtric 2 —pole fields Dy. Upper bounds on the dimension of the
solution space Wp for arbitrary polynomial direction fields can easily be derived. It is,
however, much harder to determine the precise dimension. This is done for the direction
fields D . The cases N =1 and 2 are treated explicitly and the general case is dealt with in
Theorem 4.3. The Lemmata 4.1 , 4.2 and 4.4 present auxiliary results. Theorem 4.5 extends
the result of Theorem 4.3 for N = 1 to all fields which are close in a certain norm to Dj.
Theorem 4.7 and Remark 4.8 present possibilities to enforce uniqueness for direction fields
Dy with N > 1. Finally, we investigate exemplarily and on a numerical basis the dependence
of dim Wﬁ on the rotation number of D and formulate in this connection a conjecture.

Let us consider the situation of Corollary 2.5. If D,, Dy are polynomials the 7, are also
polynomials. Each 7, is then a finite linear combination of the (P, )nen,. Moreover, if each
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T, has degree n+N, N€N, one can derive a recurrence relation for the Fourier coefficients
on € C, n € Ny of g, where

9=>_ onln, (4.1)
n=0

and P, are the normalized Legendre-Polynomials (see Appendix A). Writing the 7, in terms
of P, in the form

To = V220 +1)((anPas1 = BuPact) Do + B,D, ),
n+1 n+1 (4.2)

T et Den 1 3) bn 1= J@n-1)@n+1)

and using repeatedly (A.7) one can easily compute coefficients v, n € Ny, k = —N, ..., N
such that

N
Tn = Z Vnkpn—l—k with v, =0 ifk<—mn and v,y #0, neN;.
k=—N

Note that because of lim,, oo a, = limy, o0 B, = %, there exist v, € R such that lim,, o Vpr =
Vg, k= —N,...,N.
Now, condition (2.27) yields Vn € Ny:

1
Opn+N = — Z VUnk On+k (43)

i.e. only the initial values og,...,ocn_1 are not determined. Therefore, we can immediately
conclude dim ij < N. In general, it is not clear, that for each selection of oy, ...,on—1 the
sequence (o, )nen, defined by (4.3) yields a convergent Fourier series for g. To investigate
this, the following lemma, is a first criterion.

Lemma 4.1 Consider the recurrence relation (as in (4.3))

+N
Z Unk Ontk = 0, n €Ny (4.4)
k=—N

with vy =0 if k < —n, vpn £ 0, vy = v for n — o0, vy # 0, and the related polynomial

+N
QX) == > XM e RX] (4.5)
k=—N

of degree 2N . If |z| < 1 for all complex zeroes z of Q(X) then the series Y 2" |0 |* and there-
fore the Fourier series g =Y o> on P, converges for arbitrary initial values oy, ...,on_1 € C.

PROOF: (i) Relation (4.4) can be written in matrix form

On—N+1 0 1 0 ... 0 0 On_N
Opn—N+2 0 0 1 0 0 Opn—N+1
On+N—-1 0 0 0 . e- 0 1 On+N—2
o Vn, N Vn,—N4+1 Vn,_N42 Vp,N—-2 VnpN—1 o
n+N —VUnN —VUnN —VUnN e —VUnN —VUnN n+N-1
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where the 2N x2N-matrix in (4.6) shall be denoted by S,, € RZV*2N By iteration of (4.6)
we obtain

Opn+N On—N
OntN+1 Opn—N+1
: = Snt+2N-1" " Snt1- Sn : )
On4+3N—2 On4+N-2
On+3N—-1 On+N-—-1

and, therefore, convergence of Y >0 |0y |? is guaranteed if there are some ¢ € (0,1) and some
m € N satisfying

Vn € N,'n, Z ng : lub2(5n+2m]\7_1 et Sn+2N—1 L Sn+1 . Sn) S q (47)

for sufficiently large ng € N, where lubs is the matrix norm corresponding to the euclidean
vector norm. Since the matrix norm depends continuously on the coefficients of the matrix,

condition (4.7) is fulfilled if

luby ($?™N) < g, where S := lim S,. (4.8)

n—oo

(ii) Now assume |z| < 1 for all zeroes z of Q(X). Since Q(X) is the characteristic polynomial
of S we can choose p € (0,1) and € > 0 such that

o(S) := max {|)\|‘)\ is eigenvalue of S} < p—e. (4.9)

From spectral approximation theory (see e.g. (Stoer & Bulirsch 1978, Theorem (6.9.2))) it is
well known that for each matrix M € R*¥*2N and each € > 0 there is some vector norm | . |
in R?V satisfying

luby | (M) = sup |Mz|e < o(M) +e. (4.10)
xle=1
Since all matrix norms on R2V*2N are equivalent, there is some C, > 0 with the property

VM € R*V2N - uby(M) < Celuby | (M). (4.11)
Using (4.9) and applying (4.10) and (4.11) on M = S$?™V we finally arrive at
lubg (§™V) < Celuby | (S*™V) < C.p*™N < g

for sufficiently large m € N. Thus, condition (4.8) is satisfied and part (i) of the proof yields
the statement of the lemma.
O

The following lemma, of Enestrom and Kakeya is a useful tool in order to apply Lemma
4.1.

N
Lemma 4.2 Let N € N, kg,...,kxy € Ry and R(Z) := Zfika € R[Z].
k=0
(a) If ky > KN—1 > ... > K1 > Kk > 0 then |z| < 1 for all complex zeroes z of R(Z).

(b) If ky > KN—1 > ... > K1 > Ko > 0 then |z| < 1 for all complex zeroes z of R(Z).

PROOF: For part (a) we refer to Kakeya (1912). (b) is a trivial consequence of (a).
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4.1 Axisymmetric multipole fields
In this subsection we will show that for direction fields corresponding to 2/¥—pole fields, i.e.
DY () = (N +1)Py(z), D) (z) = Py(a),
the dimension of the solution space of problem P§, dim WﬁN, equals N.
Examples: (a) The dipole field: Here we have
Di(z) = 2, Di() = 1,
and therefore, using (A.7), (4.2),
To=2P,  Tn=+22n+1)(3anPus1 + (20n_1 — Bn)Puzi1), neN
From condition (2.27) we obtain

2an—1 - 671

On_1,n €N
3ay,

o =0, Ontl = —

Since 2ay, 1 — B, = 0 iff n = 1 we conclude o9, = 0 for every k€N and sin~ce o1 = 0 we also
have o9i+1 = 0 for every k€Ny. Thus, we have the unique solution g = gy F.

(b) The quadrupole field: Let

D%(z) = 3(3 >—1), Dj(z) = 3.

In the same way as above we obtain
To =3P,
T = 3y/n+ 5 (501 Paso+ (5024302 1 ~20n 1 fn—1) Pat (3cn_10m—3—20m ) Pa2),
and, therefore,
o9 =0,

50!% + 30&%_1 — QOAn_lﬁn -1 304717104”72 — Qﬂnan72 (4'12)
On — On—2,

On42 = —

S0 041 S0y Ot 11

where the coefficient in front of o, vanishes iff n = 1 and the coefficient in front of o,_9
vanishes iff n = 1 or n = 2. Thus, we have o9, = 0 for k€N and

o o
0 .
= —=+>_ ook Parya,

g
V2 S

where the o941 are uniquely determined by the choice of o;. With limg, o0 oy = limy, 00 B =
1/2 follows for the coefficients in (4.12):

Vo = 1,
2 2
. S0 4+ 3a;, 1 — 20-18p — 1 2
vy = lim =z,
n—00 O, Oy 1 5
. o109 — Qﬂnan—Z ‘ 1
v_o= lim = —,
n—00 Sy, Oy 1
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i.e. the Lemmata 4.1 and 4.2 imply the convergence of the Fourier series for g. Thus, we have
dim W]i = 2. Note, that in the case o1 # 0 the corresponding solution ¥ of the boundary
value problem (2.11) has a nonvanishing dipole moment: Assume as in (2.5)

Vor =n+ 1 o  \or &

From condition (2.12); follows:

g _ 1 3 bn ) P, (cos0), ov L > bar )P (cos ). (4.13)
=1

+1 +1
by = V21 / 9(2)Dy (z) P, (z) dz = V21 / > " 0k Pi(x) Py (2) Dy (z) da. (4.14)
-1

-1 kZO

For the dipole moment b; we obtain then

+1 o
b = \/2_W/Zak}5k(:v)(g>3/2x (3z2 — 1) dz

1 k=0
T 9 /34 6 - 9 /3 6 6
= \/Q_W_/lgakPk(w)<g \/;Pg(l‘) + gPl(x)> dz = \/ﬂ(g \/;03 + 501) = \/ﬁgal.
In the last equation we made use of (4.12) with the result o3 = 0.
The general case N € N is treated in the following theorem:
Theorem 4.3 Let N € N and
DY(z) = (N +1)Py(z),  Dj(z) = Py(a). (4.15)

Then dim Wﬁ-N = N.

PROOF: (i) Let g = > 12, oxPy. There are coefficients v,,€R with neNy, k = —N, ..., N,
such that

N
Ta(z) = Y vakPoyi(e), (4.16)
k=N

where v, = 0if K < —n and v,x # 0. Let vy := li_>m Unk, and note that vy # 0. The
n—oo

condition (ﬁ,g)% = 0 (cf. (2.27)) furnishes then (4.4) with the corresponding polynomial

Q(X) as in (4.5). Obviously, we can conclude dim WIJ)-N <N.

(ii) It turns out to be more convenient to use instead of (4.4) an alternative recurrence relation
for the o,. From equation (4.4) follows immediately

N N

mn
Z Vnt2k Ont24k = 7o Z Unk Ontk = 0, (4.17)
k=N k=N

which is equivalent to the condition

(Thi2,9), = 0, where 25T 40 = 2570 — Tnya, nEN (4.18)
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(cf. (2.28)). Since limy, 00 Un+2,k = limy, 00 Vpk = v and limy, o0 nLH = 1 the polynomial
Q(X) € R[X] related to (4.17) according to Lemma 4.1 is given by

Q(X) = (X*-1) Q(X). (4.19)

(iii) Next, we want to determine explicitly the coefficients of the recurrence relation and its
asymptotic values. The basic tool are relations of the type

Py(z)Py(z) =Y (2k+ 1)(Nnk)Py(z), N,n,k €N (4.20)
k

expressing products of Legendre polynomials by finite sums of Legendre polynomials. The
coefficients (N n k) are related to the Clebsch—Gordan coefficients resp. Wigner symbols ap-
pearing in the representation theory of the rotation group (cf. Appendix B). We note here
only that (N nk) > 0, the total symmetry of (N n k) and the property

(N+n+k €22 A |N-n| <k < N+n ) & (Nnk) #0, (4.21)

which ensures the finiteness of the sum (4.20).
From (4.18), (2.26), (4.15), (A.5), (4.20) and (A.3) follows then:

_2J<[\/'j11 Tn+2 (z) =

- 2]{,\7_++11 ((2n—|—3)(1 — 22) Dy(2) Poy1(2) + Dr(7) (n Pu(z) — (n+2) pn+2(x)))

= N(2n+3)(Py-1(2) — Pys1(2)) Pus1(z) + (2N+1) Py (n P(x) — (n42) Pysa ()

Z(2k+1)(N(2n+3)(<N—1 nt1 k) — (N+1 n+1 k)
k
+@N+1) (n(N n k) — (n4+2)(N n+2 k))) Py(z)

Z szvk Pk(iﬂ)
k
with
e =2 /kt1/2 (N(2n-|—3)((N—1 nt1 k) — (N+1 n+1 k)
+2N+1)(n(Nn k) — (n+2)(N n+2 k)) )

Thus, (Th12,9)% =0, n € Ny implies the recurrence relation
kel N—k+1
qn+N—k+
OntN+2 + Z " OpiN-kt1 = 0. (4.22)
k=0 cn,n—|—N+2
From (4.21) follows that CrJXn+N—2k+1 =0 for k=0,...,N, so it suffices to determine

N
C
dop = lim 2PHN2E g — 0, LN (4.23)
n—eo cn,n+N—|—2
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With (4.21) and (B.7) the coefficient cfz\lﬂH_]\,+2 can be rewritten as

Noinsz =2V/N+nt5/2 (~N@n+3)(N+1 nt1 N4n+2)

—(2N+1)(n+2)(N n+2 N+n+2))

2n+4 2N+1

+ (2N-|—1)(n-|—2)> (N n+2 N+n+2),

which becomes for large n:

2N+1)?
CrmiNy2 ~ 2 % n®? (N n+2 N+n+2). (4.24)

Here, a,, ~ by, n € N means lim,,_, o a,, /b, = 1. With (B.7) — (B.9) one obtains similarly for
cr]:],m-Nka in the limit of large n:

2N+1
N Nk ~ —2 k—;; n®?(Nn N+n—2k), k=0,...,N. (4.25)

Using the explicit representation (B.6) of (N n k) the ratio (N n N+n—2k) /(N n+2 N+n+2)
can be asymptotically evaluated with the result:
2k (2N 2k
(Nn N+n—2k) (i) Cn_i)

1 = . 42
nooo (N n+2 N+n+2) &) (4.26)

From (4.24) — (4.26) follows then

NN +1)! 1 [2k\[2N -2k
_ =0,....N.
daok (2N +1)! k+1<k>(N—k>’ k=0,

(iv) According to Lemma 4.1 the polynomial Q(X) corresponding to (4.22) reads now:

N
Q(X) = X*N¥2 43 " dyy, XN 2K, (4.27)
k=0
From equations (4.19) and (4.27) we obtain immediately 1 —I—ZIJCVZO day,

Ch.3, Ex.11(a))) and by polynomial division, we arrive at Q(X) = fﬁg)f)l

0 (cf. (Riordan 1979,
= R(X?), where

N k—1
R(Z) =28+ 3 (143 dyy) 2V * € R[Z).
k=1 j=0

Since dgy, < 0 for k = 0,..., N the coefficients k of R(Z) = Zszo ki ZF satisfy 0 < ko <
k1 < ... < ky and Lemma 4.2 (b) yields |z| < 1 for all zeroes of R(Z) or Q(X), respectively.
Consequently, Lemma 4.1 guarantees the convergence of >, |ox|? for an arbitrary choice
of 0¢,...,0n_1. Thus, we can conclude dim WDLN = N.

a
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4.2 Uniqueness of dipole-type direction fields

The following lemma generalizes Lemma 3.2 to the case of complete but not necessarily
orthogonal function sets.

Lemma 4.4 Let {1, : n € Ny} be a complete system in a Hilbert space H and let {x, : n €
No} C H. Let, furthermore, the inequality

N N
H Z an(¢n - Xn) <O H Z anPn

hold for arbitrary N € Ny, a, € C, 0 <n < N and with 0 < © < 1 independent of N and ay,.
Then the system {xn : n € Ny} is complete in H.

PROOF: cf. Boas (1940) or de Sz. Nagy (1947).

(4.28)

Theorem 4.5 Let D be a perturbed azisymmetric direction field which has either the form
D, (z) = 2z p(z), Dy(z) = 1 or Dp(z) = 2z, Dy(x) = p(x) with p, p € C3([-1, 1], R). Let the
perturbations be small in the sense that

3

- - 3
[linfif]Q(l“) +HAIQI < 74 pmax Qlz) +4[lQlll < g (4.29)

1Q|l| := max WIIQII \/7||Q I, 3 \[IIQ || (4.30)

Qx) =2*(1 - p(=))*,  Qz):= (1 - 2*)(1 - ()’
and || .|| denoting the norm in H = L?((—1, 1)). Then there holds for the solution space W5
of problem P§:

with

dim Wy = 1.

PROOF: (I) We treat the case of the perturbation p(z) first and note in the case p(x) only
the necessary changes.
(i) Setting 9y, (z) := ﬁ Tn(x) with D, (z) = 2z, Dy(z) = 1 and x,(z) := :,’(nl—ﬂ) Tn(z) with
D, (z) =2z p(z), Dy(z) = 1 we obtain with (2.26) and (A.4):

Po(z) = > Pi(a),

3
In(@) = 5 ((Puss(@) = Pa 1)) +2 22 0 Pa@) = Py (o) + 5 g P 1(2), mE N,
Yn(2) = xnl@) = 3 2EL 51— () Pale) = 3 oL (@) Pale), € N

(4.31)
(ii) With (A.2) the expression | 32 a,t, |, where N € N and a,, € C, n = 0,..., N, can be
evaluated as follows:

N 2
H Z ann
n=0
N

N N-2
8 lan|? 2 n+1 R(anal.,) 1 n—1\2 |ap|?
§|“0|2+E = t3 §Ra0a2 +§E Ll —E ( ) =
n= n=1

N
= Z an Gy, (Yns Ym) 1 =

n,m=0

n+3/2 n+3 n+3/2 9 n+1/ n—1/2°
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Here, R(.) denotes the real part of (.). With the estimate

2szn+1§R(ana;+2) <Nz:2n+1 |lan|? +§:n—1 |an|?
—nt3 n+3/2 _n:1n+3n+3/2 n:3n+1n—1/2

Y e R an? ANPIE
< <2
—;nm/ﬁ;nm/r ;n+3/2

the expression || ZQ’:O ann||? can thus be estimated from below:

H Za T Y +§j ol g gty - 23 Ll
el 2 g7 ‘n+3/2 81" 3 &< n+3/2
n=1
N N (4.32)
10 1 lan|? 1 lan|?
= g7 |l 3;_1”“’/2 = 3§n+3/2
(iii) The perturbed expression || Zﬁ:o an(Yn — xn)||? is decomposed as follows:

2 4 N 2m412m+1
9~ m+l n+l

_iy (2”“) | n|2/11q2(x)(Pn($))2dw

n+1

ama* (qua an)’H

2m+12n+1

amay, /_1 q2(w)Pm(:v)Pn(w) dx

with ¢(z) = z(1 — p(z)). In (iv) we prove the estimate

' 4 lell 1
‘/lq (:E)Pm(w)Pn(:v)dx‘Sg\/(2m+1)(2n+1) o mmeNo mAn (43

with [[|Q]|| explained in (4.30). Furthermore, we have with 3707, — 1> < 3 analogously to the
estimate (3.8) in sec. 3:

Z ||Cbm||an| Z |am||an] Z

|V|3/2 . 27_(_/ z(m—n—u)mdw

m — n|3/2
m,n=0 m,n=0 V=—00
1 /*7r N i —wac
= o Z |am|lan | Z 32 @
27[' - m,n:O v=—00 | | /
v#£0

inx

IA

9 00 1 N )
v=1 n=0
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Thus we can estimate || 25:0 an(n — xn)||%:

N N
2_4 2n + 1\2 |a,|?
HZ“"(% || =g m )f]Q(m)Z(n-l—l) n+1/2
n=0 n=0
|||Q||| i 2m+12n+1 |am||an] 1
= omtl ntl \/(2m+1)(2n—|—1) [m — n[3/2
m;én

(4.34)

16 |an| Iaml |an| 1
< =
m#n

| /\

16 ‘a'n‘Q
- ([mlaxcx )+4H|QIII) Zm

(iv) We prove here inequality (4.33). Let us first consider the expression f_ll Q(z)P,(z) dx
with v > 3. Repeated partial integration and use of eq. (A.6) furnishes:

_ /// Pyy3 _ 3Pyt
/_IQ(””)P”( Jdo = _Z2u+1/ CGrEme T3 Gre =i
3Py71 _ Puf3 )d.’E
(v+3/2)(v—-3/2) (v—1/2)(v-3/2)/

Thus, with Cauchy—Schwarz and (A.2):

/e
1 VP 9.°

1
Zzy 10572 [(y T2 57220 +3/2)° T 0+ 5/22(0 +3/2) (v — 1/2)2
o s S " (4.35)

T3 — 120 =327 T o2t st —5y] 19

2 1 "
— >3.
ol vz

In the last estimate we made use of the fact that the bracket takes its maximum for v = 3.
Similarly, we obtain for v = 1 and 2:

+

1
)P ( < —= 4.
‘/Q (@) ds| < 2 21, (4.36)
8 101 1 .,
Summarizing (4.35) — (4.37) we have
Q@R s < Ly, ven (439
g (x)P,(z)dz _21/+11/5/2| , veN .
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Next, we decompose Py, (z)P,(z) according to (B.3), make use of the properties of the coef-
ficients (mnv), in particular of (4.21) and of

1
= Viem+1)(2n+1)°

(4.39)

(mnv)

and obtain with (4.38):

1 1
‘/_qu(m)Pm(x)Pn(w) dz| < 3°@v+1) (mnv) /_IQ(:B)P,,(JU) do
el N1 _+4 el 1
~V/eCm+1)(2n+1) V_lg_n v5/2 = 3/Cm+1)(@2n+1) |m—nl3?2’
v—|m—n|€2Z

which proves (4.33).
In the last estimate we made use of

i1<1+1/°°1d 1 1+1 <11+1
PR JRE— — —ar = _

n=ng ne - ng 2 no z* ngil 1o 2(0(—1) - n8‘71 2(a—1) ’
n—no€2Z

which is valid for n € N and any real o > 1. Inequality (4.39) follows from (B.3) with z = 1,
which implies (mnv) < ﬁ and the total symmetry of (mnv), which implies, moreover,

< m 1 1 1

fmnv) < mln{2m+ U 2n+1 2w+ 1}'

(v) We prove now the statement of the theorem. From (4.32), (4.34) and the first condition
in (4.29) follows that the systems {¢, : n € Ny} and {x, : n € Ny} satisfy condition (4.28)
in Lemma 4.4. Since Py L ,, n € Ny condition (4.28) holds with the same © also for the
enlarged systems {Py, ¥, : n € No} and {Py, xn : n € Ny}. As the first system is complete
so is the second. On the other hand there is Py ¢ Span{x, : n € Ny} since the assumption
Py =37 bp xn with b, € C leads with (4.28) to the contradiction

|3 bt
n=0

2

2 o0 2 o0
FIRIE = || D2 batn = Ro|| = || 2 buwn — x0)
n=0 n=0

< @\\gbnwn

So, we have dim {x, : n € Ny }* = 1, which is according to Corollary 2.5 the statement.

(IT) In the case that the dipole field is perturbed by p(z) we define the 1, (z) as before and
Xn(x) == m%(x) with D, (z) = 2z and Dy(x) = p(z). ¥n — xn takes now with (A.5) and
(A.1) the form

to(z) — xo(z) =0,

2
, 0<O<1.

Bule) = Xala) = 3 (1 =30)) (Paiae) = Pas(@)) = 3 =t V=22 ((0) = 1) Ph(o)
_. % nz(Zj: 1) §(x)P (), n €N



The estimate (ii) remains as before and (iii) becomes now:

N N
H nz_%an(% - Xn) i = %nz_:l (%) ‘ n|2/ (P )
N

2m+1 2n+1 ! 1
- z)P,(z)dz.
22 (m+1) n+1a”%/1q (z)

Instead of (4.33) we use now the estimate

/ Ployds| < £ [mlm T Detn 1) 10|
(2m +1)2n+1) |m —nl3/2’
Thus, we can estimate analogously to (iii):

-3
Hianwn—xnﬂ 5 5 Q) i(gnﬂ)m(n“ﬂaw
n=0

m,n € Ny, m # n.

(4.40)

91 n+l)) n+1/2

n=1

2m+1 2n+1) lam | |an|
Lan s \/ D
m;én

. |an|? = |an| 1

max Q) 32+ IIIQIIIZ 378 378
8 A |an|

< 5 (max Qa )+4|||Q|||)Zm

In the derivation of inequality (4.40) the only difference to (iv) is that the expansion (B.3) is
replaced by (B.4). Moreover, the estimate

%(y(y+1)—m(m+1)—n(n+1)) <vVmm+nn+1) if m—n|<v<m+n

has been used.
The rest of the proof in (I) applies without changes to the present situation.
O

Remark 4.6 Let us compare Theorems 4.3 and 4.5 to the results of Hulot et al. (1997) in
the case of axisymmetry. These authors derived an upper bound on the dimension of the
solution space equal to [ — 1 with [ being the number of loci with Dy = 0 (poles). This
implies uniqueness in the case that there are not more than two poles on S2. No smallness
condition is required. Theorem 4.3 demonstrates that in terms of poles this bound cannot
be improved. Theorem 4.5, on the other side, guarantees uniqueness for all direction fields
which are close to D; in the sense of condition (4.29). Note that the p—perturbation seems
to allow for direction fields with multiple poles close to 8 = 0 or 7. However, so far we were
neither able to find an explicit example of such a field nor to prove the contrary. In the first
case the statement in Theorem 4.5 would not be implied by the result of Hulot et al. (1997),
and the number of poles would in general overestimate the dimension of the solution space
(cf. section 4.4).
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4.3 Additional constraints and uniqueness

The following theorem and remark present possibilities to enforce uniqueness in the prob-
lem P$§ by imposing additional constraints. The last remark deals with the so-called signed
direction problem.

Theorem 4.7 Let N € N and Dy be the azisymmetric 2N —pole field DY (z) = (N+1) Py (z),
D) (z) = Py(z). Then the modified problem P} where U has additionally to satisfy

|¥| = O(|x|~ D) for |x| = oo (4.41)
is uniquely solvable.

PROOF: Let g = Y 72 o 7% P% and let us write the (7;)nen, with D = Dy and with help of
(A.1) and (A.5) in the form

1
T = (2n—|—1)((N+1)PNPn . EPI{,P&), neN.

Using (B.3) and (B.4) the condition (7,,¢)y = 0 implies then 7 = 0 and

N+n 1
3 (2(N +1)+ - an,c) (Nnkyry =0, neN (4.42)
k=N-—n

with the abbreviation Iy := k(k+1) — N(N +1) —n(n+1). The condition (4.41) furnishes
b, =0,n=1,...,N—1 in the expansion (4.13) of ¥, and this implies with (4.14) and (4.42):

N4n N+n
Y (Nnk)me=0, > Tym(Nnk)7,=0, n=1,..,N-1. (4.43)
k=N—n k=N—n

Starting with n = 1, which furnishes 7yy = 7nv1 = 0, the egs. (4.43) can now successively
be evaluated with the result
TN = T2 = ... = T9N-1 = 0.

Observe here that (N n N+n) # 0 and that I'n , nyn # Inn N-n- Equation (4.42) withn = N
yields then 7oy = 0, and for all k¥ > 2N there is 7, = 0 as is obvious from the recurrence
relation (4.3). Therefore, the only coefficient # 0 is 7y, which proves our claim.

O

Remark 4.8 Another possibility to enforce uniqueness is to allow only solutions which are
represented by finite sums of Legendre polynomials: Let N € N, D,(z) = (N + 1)Py(z),
Dy(z) = Py(z) as in Theorem 4.3 and g € W, with g(z) # 0 almost everywhere. Then the
solution ¥ in Problem P is of the form

o0
U =cr V) Py(cosh) or W= Z cr r~® D By (cos 6)
k=1

with infinitely many c; # 0.

28



PROOF: Let ng € Nand ¥ = >7}°, ¢ r_(k+1)13k(cos f) be any axisymmetric solution of
Problem (2.11). Then the traces of 8, ¥, 9y¥ on S? are given by (cf. Corollary 2.5)

(N + 1)g(cos ) Py (cos0) = — z():(k + 1)cy Py (cos ),
k=1

no
g(cos ) Py (cos ) sinf = — Z cx P} (cos 0) sin 6,

k=1
respectively. Therefore, we have
no B 5
S e ((N+1)pN(;v)P,;(x) - (k+1)P;V(x)Pk(x)) =0, z=cosf.
k=1

Obviously, the term in parentheses on the left—hand side vanishes if k=N and is a polynomial
of degree k+N—1 if k#N. Consequently, there is ¢, = 0 for k#£N.
O

Remark 4.9 The signed direction problem prescribes the direction including the sign on S2,
i.e. the function f in P3, resp. g in P§ is not allowed to change the sign. The quadrupole exam-
ple above demonstrates that in general the non-uniqueness of the unsigned direction problem
holds likewise for the signed problem. Note that the solution g depends on the parameters
oo and o1, i.e. g = g[og,01]. g[oo,0] is obviously a solution of the signed problem, whereas
g[0,01] is not since all Py 1, k € Ny, and hence g[0, 01], are odd functions. Whether g[og, o1]
is a solution of the signed problem depends on the ratio of oy and o;. This demonstrates that
the restriction of the direction problem to the signed variant does not guarantee uniqueness.
Moreover, the set of solutions of the signed problem is no longer a linear space.

4.4 Solution space and rotation number

For 3—-dimensional axisymmetric direction fields a rotation number can be introduced quite
analogously to the 2-dimensional case. This subsection provides some evidence that this
rotation number determines the dimension of the solution space.

Let D € C!(52%,R) be a nowhere vanishing axisymmetric direction field with representa-
tion D(6) = D, (0) e, () + Dy(6) eg(0). The quantity

d (4.44)

S
N
—~
T
N—
+
-}
N
—~
=}
p—

measures the rotation angle of D(#) with respect to the normal e,(6). A suitable rotation
number p, measuring the number of turns of D in the interval 0 < 6 < 7, is given by

1 ¢(0)
= -4+ —. 4.45

2 + 27 ( )
Note that the rotation number refers to a fixed frame which explains the 1/2 in eq. (4.45).
Note, furthermore, that 2p € Z since Dy = 0 at § = 0 and .
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In the following we investigate three simple direction fields, viz:
D3n(0) :=Dy(0) + ADy(0),  (M,N)=(1,2), (1,3), (2,3), X€[0,00)

with
Dy (0) = (N + 1)Py(cos 0) e, + Pj(cos 8) sinf ey,

and D%}y := Dy. Rotation angle and rotation number are determined from (4.44) and
(4.45), respectively. Plots of ¢(6) for various values of A > 0 are shown for D7, and D9y
in the figures 2 and 3, respectively. The case A = 0, where DY, = D(1)3 = D1, is shown in
figure 1.

2.5

1.5

0.59

o o5 1

2 2’5 30

1.5
theta

Figure 1: Rotation angle ¢ versus 6 of the direction field Dy

A=0.63 A=0.70 A=o00

0 05 1 15 2 255 3 0 o 05 1 15 2 25 3 9 0 05 1 15 2 25 3 0
theta theta theta

Figure 2: Rotation angle ¢ versus @ of the direction field D3, for three different values of the

parameter X. Observe the jump in the rotation number at A\ = %

Figure 1 and the right plots of figures 2 and 3 refer to rotation functions ¢(#) of pure
multipole fields, whereas the other plots demonstrate a jump of the rotation number at the

30



ol A =0.63 ol A=0.70 . A =00

0 055 1 2 255 3 9 o 05 1

2 25 3 9 0 05 1 15 2 25 3 0
theta

15 15
theta theta

Figure 3: The same as figure 2 for the direction field D7y

critical value A = 2/3. Similar features are observed for D3, (not shown). For the rotation
number pasn of Df\‘/[N as a function of A\ we find:
y P23 = {

1 for A< 1 for A<
P12 % for A\>2 ' ps 2 for A >

On the other side, the dimension of the solution space dim Wﬁ is determined for D = D?\‘/f N-
In all three cases and for all A € [0,00] there is dim Wy > 1 since g = 1 is obviously a
solution of the problem P%. In order to find further solutions we proceed as in section 4.1, i.e.
formal solutions are given by series expansions whose coefficients obey recurrence relations of
the type (4.3). These coefficients depend still on A and the convergence of the series has to
be investigated in dependence on A. This has been done numerically for all three direction
fields and for a variety of A values. In the case of D3, there is just one series, and we find
convergence for all tested values above the critical value A = 2/3 and divergence below. The
same critical A value appears for D{‘3. However, there are now two linear independent series;
we find both converging above the critical value and none converging below. In the case of
D%:,, the recurrence relations define a series depending on two parameters, o1 and 3. For
A > % the series converges for all values of o7 and o9. For A < % the situation is more
complicated: A first rough test did not reveal any converging series. In a second step, we
investigated finite sums S(\,v,m) := > 4., |ok|? with v being the ratio o1/09. Varying v
for fixed m and A < 2 we found a sharp minimum of S(},v,m) at some value v = vo(A, m).
Enlarging m we found, furthermore, vo(A, m) converging to some vy(\). We interprete these
numerical findings as an indication of a converging series for vy(A) with A < %. Summarizing
these results we have:

for A < % (4.46)

N olw

WIN Wl
WIN Wino

for)\>%

) N 1 forA<% n 1 forA<3 N 2 for A< 3
dlmWDA = 5 dlmWDA = 5 dlmWD/\ = .
12 2 for/\>§ 13 3 for/\>§ 23 3 for)\>%
(4.47)

A comparison of (4.46) and (4.47) suggests the following conjecture:

Conjecture 4.10 Let D: 52 — R3 be a nowhere vanishing azisymmetric direction field with
rotation number p. Then, the dimension of the solution space dim W]Jj of problem P§ is given
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dimWL—{ 2o-1 fp21

0 else

A Appendix

This appendix collects some definitions, conventions and relations about Legendre polynomi-
als and spherical harmonics which are used in the main part of the paper (cf. Abramowitz &
Stegun 1972).

The Legendre polynomials P, are defined on the interval (—1, 1) by

1 4
Pule) = gunt G

((gg2 _ 1)n), n €N,

and the associated Legendre functions P}"* by

m
P™(z) := (1 — z%)™/? ddx—m P.(z), neNy, m=0,..,n. (A.1)

They satisfy the orthogonality condition

! 2 (n+m)!
pn " dr =
/1 w () Fnf de 2n+1 (n —m)!

Obviously, there is PY = P,. Tt is sometimes convenient to use normalized Legendre polyno-

mials P,,:
~ P,(z) [2n + 1
Py(z) = — " = P,(x). A3
(@) | Pullz2((=1, 1)) 2 (@) (4.3)

The following recurrence relations for P, P,, P’ have been used in sections 2 or 4:

S - (A.2)

2n+ DzPy(z) = (n+ 1) Pyyi(z) + nPy1(z), (A.4)
(2n 4+ 1)(1 — z?)Pl(z) = n(n+ 1) (Pa1(z) = Ppya(2)), (A.5)
(2n + 1) Py (z) = Py (=) = Py (), (A.6)

z = anPpi1(z) + a1 Po_i(z ap = ntl
$Pn(37) = nPn+1( )‘|‘ n—an—l( )a n * \/(2n-|—1)(2n-|-3)’ (A7)
(1-23)@2n+ 1P (z) = (n+1)(n+m)P" (z) —n(n+1—m)P", (). (A.8)

The spherical harmonics Y,{“ with & > 0 are explained with help of P

2n + 1 n—k)! .
Yf(@, ) == (-1)F \/ = E“ n k;! P,’f(cos 0)e** neNy, k=0,..,n,

and those with k < 0 are obtained by complex conjugation:

Yk 0, 9) = (-1)FYE(0,0), neNy, k=0,..,n.
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From (A.2) follows the orthonormality relation
/ YE(0,0) Y (0,0) dQ = bpp Sy mon €Ny, K] <y K| <.
S2

We note yet the recurrence relation

. oYk n2 — k2
Sln@a—g’ :nerf+1Yf+1 — (n+1) NTI: Y,,{c_l, erf = m (Ag)

following from (A.8).

B Appendix

This appendix collects some useful relations concerning the expansion of products of spherical
harmonics, resp. of Legendre polynomials (cf. Varshalovich et al. 1988).

Products of spherical harmonics can be expanded in finite sums of spherical harmonics
according to

v 0.7 0.0 = 3 [

V,K

mv+U@Z:1xmp+UTp(ggg>(g::>ija¢)(BD

with (%Z: ) being the Wigner symbols. These vanish if not

K+k+rk=0, IN—n| <v <N +n, (B.2)
otherwise they are real, are invariant with respect to cyclic permutations of the rows and

obtain a factor (—1)N*"*” if two rows are interchanged. They are related to the more
commonly used Clebsch-Gordan coefficients C}f%., . by

Nnv — (_1)u+n+2N 1 oL .
Kkk Vv +1 N-Kn-k

Note that the conditions (B.2) ensure the finiteness of the sum in (B.1).
In the axisymmetric situation (B.1) reduces to

Py(z) Po(z) = Y (2v+ 1) (N nv) P,(z), (B.3)

and for K = -k =1 to
1 1 1
Py(z) P, (z) = — 2(21/ +1) 2 (v(v+1) = N(N+1)—n(n+1))(Nnv)P,(z), (B.4)
where we have introduced the abbreviation
Nnv\?
N = .
(Nnv) (000)

From the properties of the Wigner symbols follows that (Nnv) > 0, the total symmetry
and the necessary condition [N —n| < v < N + n for (N nv) being nontrivial. Moreover,

(B.5)
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(Nnv) # 0 implies N +n + v =: 2p with p € Ny. In that case we have the explicit
representation

(B.6)

(p—2N)!(p—271)!(1)—21/)!]1/2 p!
(p+1)! p—Ntp-—nlp-v

The following recurrence relations follow from the corresponding relations for the Wigner
symbols, resp. the Clebsch—Gordan coefficients:

(Nnv)=(-1)° |

(N+lnv) = ((Jf J;ZZ:)I(/)_(%J:ZBIB (N nt1v), (B.7)

(N +v+1)? = n?) (n* — (N-v)?)
(N+v+1)? — (n+1)?) ((n+1)%2 — (N —v)2)

(Nnt+lv) = (N n—1v). (B.9)
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