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Abstract

In the framework of magnetohydrodynamics the kinematic dynamo problem in a spher-
ical fluid volume as well as in a plane layer is considered. On the premises of a purely
toroidal magnetic field a nonlinear evolution equation for the toroidal scalar is derived.
In this equation the flow field is constrained in such a way that no poloidal magnetic field
can arise, but is otherwise arbitrary; the magnetic diffusivity is assumed to be spherically
(horizontally, resp.) symmetric. Solutions of this problem are of particular interest since
the magnetic field is confined to the fluid volume and therefore invisible to an external
observer.

It is proved in this paper that the maximum norm of smooth solutions of this equation
decays exponentially fast to zero. Thus, dynamo solutions, i.e. nondecaying solutions, of
this type do not exist.
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1 Introduction

It is common belief that the magnetic field of most stars and planets is generated by motions
in an approximately spherically symmetric liquid conducting zone deep in the interior of the
celestial body. The only trace of this process detectable for an external observer is the poloidal
magnetic field component which extends into the surrounding vacuum, whereas the toroidal
field component remains trapped in the conducting zone. So, a dynamo in a celestial body
generating a purely toroidal magnetic field might remain invisible for an external observer.
However, the mechanism of field generation as described by the induction equation is
usually explained in terms of an interaction of toroidal and poloidal magnetic field components
(cf. [1]). So, several researchers in the field conjectured that dynamos generating a purely
toroidal magnetic field do not exist [2, 3, 4, 5, 6]. This conjecture is similar to other well-
established “antidynamo” theorems [7], e.g. Cowling’s theorem excluding dynamos generating
a purely axisymmetric magnetic field [8] or the “toroidal velocity theorem”, which excludes
field generation if the fluid motion is purely toroidal [9, 2]. The present situation, however,
is more complicated than those described by these theorems. On the assumption of a purely
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toroidal magnetic field one obtains from the induction equation an evolution equation for the
toroidal scalar T" and, additionally, a constraint equation which is not automatically preserved
by the evolution equation. In an earlier publication [10] a solution of this constraint has been
proposed resulting in a nonlinear evolution equation for 7.

The character of this equation is that of a second order parabolic equation with vanish-
ing zeroth-order term and first-order terms which have neither pure advection form nor pure
divergence form. It is this mixed form of the first-order terms, which prevents the straightfor-
ward application of maximum principles or L2 (i.e. energy) or L!- estimates, which are the
mathematical essence of the above mentioned antidynamo results (cf. [11, 12, 13]). Instead,
in [10] the monotonous decay of T in a mixed L!-L>°-norm, corresponding to the structure of
the first-order terms, has been shown. From a mathematical point of view, however, the proof
of this decay result cannot be considered as rigorous, as it depends on assumptions about 7',
which are not guaranteed for arbitrary (smooth) solutions of the governing equation. It is the
aim of the present paper to make the arguments in [10] rigorous. Moreover, sharper decay
results are derived, in particular, exponential decay of T' to zero in the maximum norm.

The plan of the paper is as follows: In section 2 the mathematical framework of the
dynamo problem is introduced, in particular, the induction equation and the poloidal/toroidal
decomposition of solenoidal vector fields. Using this decomposition and a solution of the
constraint the governing equation for the toroidal scalar T is derived, and previous results
about solutions of this equation are reviewed. Section 3 presents a method to eliminate from
a parabolic equation of mixed advection/divergence form those variables, which correspond
to the advection part: Taking maxima and minima of a smooth solution with respect to
these variables defines a “reduced function”, which itself is a weak subsolution of a “reduced
equation” of pure divergence form. In section 4 it is shown that decay results in [14] apply with
minor modifications to solutions of this reduced equation. Finally, in section 5, the foregoing
results are applied to the governing equation of the toroidal scalar, and corresponding decay
results are formulated in the case of a spherical fluid domain as well as for a layer-like domain.

2 Mathematical setting and previous results

Given a volume V C IR? filled with a fluid of conductivity A > 0, which is in prescribed motion
according to a flow field v, the kinematic dynamo problem asks for solutions B, which do not
decay in time, (so-called dynamo solutions) of the following initial-value problem:

OB=VxXx(vxB)—Vx(AVxB), V.B=0 inV x(0,00),
VxB=0, V-B=0 in R\ V x (0,00),
(1) B continuous in R? x (0, c0),
|B(r,-)] — 0 for |r| — oo,
B(-,00) =By, V:-By=0 on V x {t=0}.

The induction equation (1); describes the generation of the magnetic field B by the motion of
a conducting fluid. Outside the fluid volume we assume no further sources of magnetic field.
Thus, B continues outside the fluid volume as a vacuum field, which vanishes at (spatial)
infinity (cf. [12]).

The fluid volume V is in the following either a ball Br of radius R > 0 or a plane layer
L :=R? x [0,1] of thickness [. In the latter case B and v are assumed to be periodic in the



“horizontal” variables « and y with periodicity cell P = [0,1,] x [0,1,], and condition (1)4
refers now to the “vertical” variable z, i.e. |r| — oo is replaced by |z| — co. The conductivity
is assumed to be spherically symmetric, i.e. A = A(r,t), respectively A = A(z,t) in the plane
case, and bounded from below

(2) A>X>0.

The flow field has a vanishing normal component at the boundary of the fluid volume, n -
v|gy = 0, and satisfies some constraint (see below), but need not be divergence-free or
symmetric in any sense. The plane and the spherical version of the dynamo problem have
much in common, for instance, all known antidynamo theorems are equally valid in a ball or
a plane layer (but not in a cylinder). The spherical case is closer to applications, whereas the
plane case often serves as a toy model avoiding the complications due to spherical geometry.
We deal with the plane case first.
The poloidal/toroidal decomposition reads in this case [15]:

B=Vx(VxSe,)+VxTe,+b(z)
= (0,0.5 + 0T + by, 0,0,S — 0, T + by, —ApS +b,)T.

e, is here the unit vector in z-direction, Aj; means 92 + 85, and b is the horizontal mean of
B, b= (B):= ﬁ J» B dady, depending only on z (b, being constant). Under the conditions
(S) = (T'y = 0 this decomposition is unique and allows the equivalent formulation of (1); in
terms of the toroidal scalar T, the poloidal one S, and the horizontal mean b. If S and b are
assumed to be zero, the horizontal mean of (1), and the z-components of (1); and of its curl
yield:

(3) 8. (v, 9,T) = 8,(v, 8,T) =0,
(4) VT x Vv, -e, =0,
(5) Ap(8i+v-V—=V-AV)T =V x (VT x Vuv,) -e,.

Equations (3) and (4) constrain (the z-component of) the flow field in such a way that no
poloidal magnetic field nor a mean field can arise. Unfortunately, these constraints are not
preserved by the evolution equation (5), and must be incorporated in some way into (5).! A
function w(r, z,t) allowing the representation

(6) v (z,y, 2,t) = w(T(z,y, 2,t), 2,t) = wr(z,y, 2,t)

for v, clearly solves (3) and (4), and is motivated by the fact that (4) implies the existence of
such a function locally if e, x VT # 0. With (6) the right-hand side in (5) can be reformulated:

e, X V- [VT x Vwr] = —e, x V- [0,w|,=r e, x VT]

T
= (e x V) (es x V)] / Dowdr] = —Ay[0.W|y—z] = — Ay [0:Wr — 0,0.T]
0

!This is different to the divergence-constraint in (1)1. Imposing the constraint on the initial value of the
induction equation guarantees already a divergence-free solution.



with W(T, z,t) fo (1,2,t)d7 and Wrp(x,y, z,t) := W(T(x,y, z,t),2,t). Thus (5) takes
the form

(7) Ap[(B+v -V =V AV)T + 0. Wr] =0,

where V;, = V — e,0,. Note that Aj can be removed from eq. (7) if the bracket has zero
mean.

Since T vanishes outside the fluid layer the problem for purely toroidal dynamo fields
reads now:

0T = 0,(AN0T) + AV, -V, T — 0. Wp — v -V, T

+(0,Wr+v-V,T) in L x (0,00),
(8) B 2 _
T=0 on R* x {z =0,1} x (0,00),
T(-,0) =Ty, (Tp)=0 on L x {t = 0}.

In [10] the decay of smooth solutions of problem (8) is based on the following reasoning:
Consider the horizontal maximum of T,

Tinaz(2,t) :== maxT(x,y, z,t)
x’y

and the associated “path” rj**(z,t) = (™% (2,t),y"*"(z,t)), where the maximum is at-
tained:
Tonaz(z,t) = T(r)"* (2, 1), 2, 1).

At maximum points we have clearly
Vi T(xp*, z,t) =0, ApT(rp**, 2,t) <0.
Moreover, we have
02T naz(2,t) = O, T (x)'*, z,t) + Vi, T(r) ", 2, t) 0,x) " (2, t) = 0,T(rp"*", 2, 1),

and similarly,
2 2
atTma:c = at,—r‘lc'h:rh”””“z ) az Tnaz 2> az T‘rh:rh’”“ .

Thus, evaluating (8); at r}'® yields the inequality for Ti,q,:
(9) atTma:c < az()\ aZ,Tma:c) - 8ZWT7ng,x +m

with m = m(z,t) denoting the mean value in (8);. Analogous arguments for T;,;,, := ming , T’
yield the inequality

min

Note that Tinae — Tinin is nonnegative due to the zero-mean condition. Thus, integrating (9)
and (10) with respect to z over the interval [0,!] and using the boundary conditions for 7" one
obtains the decay result:

l
(11) 8t/ (Tmam - Tmm) dz <0.
0
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The derivation of (11) relies on the existence of smooth functions erx/ mm(z,t). These
functions, however are not well-defined. In general, they are not unique and cannot be
defined as continuous functions (cf. fig.1 in [10]). In [10] inequality (11) has been proved on

the assumption of piecewise smooth functions rhmam/ ™ But even this is not guaranteed for

solutions of (8), not even for arbitrarily smooth solutions. It is the aim of the present paper

to prove (in fact more than) (11) without falling back on functions like erx/ min

In the spherical case the poloidal/toroidal decomposition reads [12, 16]:
(12) B=Vx(Vx8r)+VxTr=—VxAS— AT

with A := rxV. The mean (- ) is now taken over spheres S, of radius r, {-) := (47r?)~! fSr - ds,
a mean field does not arise, and £ := A - A denotes now the Laplace-Beltrami-operator on the
unit sphere. On the assumption of a purely toroidal magnetic field the equations correspond-
ing to (4), (5) read

(13) VI'xV(v-r)-r=0,

!/

(14) L@AV- VXA (1 4r0)T = A (VT x V(v 1)
with 9, := (r/r) - V and X := 9, \. Introducing the variable 7 := rT, (13) takes the form
VT x Vv, -r=0,
and is solved by a function w(7,r,t) allowing the representation for v,.:
(15) vp(r,t) = w(7 (r,t),r,t) = wr(r,t).
With the identity
VT x V(rv,) = %AT x Av, — %&(rw) AT + 0,T Av,

the right-hand side of eq. (14) can be rewritten using (15) as 2

A-[VT % V(ru)] = A-[ %ar(m) AT — % (rur) AT + A, ,T)]

= A0 [ AGT)] + A A (0 0,T) = L]0, Wr —v,0,T]

with W(7T,r,t) := fo (1,7, t)dr and Wr(r,t) := W(7 (r,t),r,t) . Thus, writing (14) in
terms of T and dlscardlng L, we arrive at a problem analogous to (8):
T =0, (N0 T) + AVyy - Vi, T — 0, Wr
—v -V T + {0 Wr+v-V,.T) in Bgx (0,00),
7=0 on (Sgp U {r=0}) x (0,00),
7(-,0) =7y, (Zp)=0 on Br x {t =0}.

(16)

2Note that the operator A interchanges with r as well as with 9,.



V. denotes here the non-radial gradient V — (r/r)0,.

Questions of existence and uniqueness of solutions have been treated in [17] for the spher-
ical case (16).3 According to this reference the following regularity assumptions:*

Vi =V —u(r/r) € 007“/2(E x [0,t0]), A€ C’1+“7(1+“)/2(B_R x [0,%0]) ,
Ty € ¢+ ()

for any to > 0,

ak—i—l-‘:—m

w0ty =0, 5 xggm

w exists and is continuous on R x [0, R] x [0, 00)

forany k+1+m <3, m<1,]<2—m, together with the compatibility conditions
To = 0r(N0,Ty) =0 on Sg

and the ellipticity condition (2) guarantee a unique local solution

(17) T € C*ro2+a)/2(Br x [0,t%))

of the nonlinear problem (16). Moreover, if the maximal time of existence t* < oo the solution
blows up in the 1 4+ « - norm:

B (1T 1o, (102 < 00

Analogous results hold also in the (simpler) plane case and can be proved along the lines of
ref. [17].

On the other hand the toroidal magnetic field B belonging to a reasonable solution T' of
(8) (7 of (16), resp.) should also be a solution of the original linear system (1) with additional
property By - Vv, = 0 (Br - V(v -r) = 0, resp.). Defining By =: (T}, =T}, 0) this system
takes in the plane case the form

0Ty =V - (AVT,) — 03 (v, Typ) — 02(v, Ty) — On(vy Tyy)

0Ty =V - (AVTy) — 0y(vy Tyy) — 0 (v, Ty) — Oy(vz 1) ,
which is of type (1.1) in [18, chap. VII]. In the spherical case an analogous system is obtained
for the nonradial derivatives of 7. According to Theorem 3.1 in [18, chap. VII] condition

(2), mild regularity assumptions on the coefficients A and v (e.g. A\, v € C¥%/2(V x [0,t0]) is
enough), and appropriate conditions on the initial value already imply

(18) By € C**(V x [0, 1))

for any tg > 0. Improved regularity of the coefficients and initial value leads to improved
regularity of By (cf. Theorem 4.1 in [18, chap. VII]). Property (18) implies already bound-
edness of the horizontal derivatives of T' (the nonradial derivatives of 7, resp.). Boundedness

3In fact, the problem considered in [17] differs slightly from (16), since the author of [17] uses T instead of
7T = rT (which is more appropriate in our case) as dynamic variable.
“Concerning (uniform) Hélder continuity and Holder norms in parabolic problems we refer to [17] or [18].



of the vertical (radial, resp.) derivative is implied by By € C1+®042)/2(V % [0,¢(]). In fact,
observing that Agl(ez x V) - is a bounded operator V2 — V with

V:={f:R® - R| fP—periodic, (f) =0, || flloa < oo},

one obtains

9.7 = Ayl (e, x V) - 8,Br € C*/%(L x [0, 1))

and an analogous result holds in the spherical case (cf. [19]). Thus, T resp. 7 remain bounded
in C1(+0)/2(V x [0,19]) for any to > 0. In conclusion, any regular solution of problem (8)
or (16), whose associated magnetic field Br solves the original problem (1) with sufficiently
regular data is global in time. Solutions of this type are considered henceforth.

3 A reduction method for parabolic equations

Let us consider a parabolic equation of the form

(19) OT =Y 02,(ai; 00, T) + > bt 0y, 0, T — Vo - Wy —v-V,T +c,
ij=1 k=1

which distinguishes two types of spatial variables: x € G and y € H with open bounded
sets G C R™ and H C IR". Gradients with respect to x and y are denoted by V, and V,,
respectively; V refers to both variables. T is assumed to be a smooth solution of (19),

(20) T € C3(G x H x [0,t]), to >0,

ie. T, O;T, VT, and VVT are all continuous functions on (G x H x [0,tg]). The various
coefficients in eq. (19) depend on different variables: a;; = a;j(x,t), by = bu(T,x,y,1),
W = W(r,x,t), v =v(T,x,y,t), and ¢ = ¢(x,t). Wr means again W(T'(-),-), thus V, -
Wr =V, Wl o1+ 0;W|,=r - VT being of divergence form. (a;;) and (by;) are symmetric,
positive definite matrices uniformly bounded away from zero. All coefficients are assumed to
be sufficiently smooth to insure a solution of type (20); however, in this section we will make
use only of boundedness of a;;, W, and ;W =: w on their respective domains.
In order to eliminate the advection term from eq. (19) we define

(21) Tnax (X7 t) = maﬁ(T(Xa Yy, t) ) Tmin(xa t) = miﬂT(X7 Y, t) )
yeH yeEH

and for fixed (x,t) € G x [0,%] the set of “extremal points”

{ym(x. )} :={y € H: T(x,y,t) = Tin(x,1)}
with m = max or min. Thus, for any y,,(x,t) € {ym(x,t)} we have
(22) Tn(x,t) = T(X,ym(x,t),1) m € {max, min} .

Despite its pointwise definition 7},, has some smoothness:



Lemma 1 Let T, VT, and ;T be continuous on G x H x [0,to], then Tp, : G x [0,t9] — R
with m € {max,min} defined by (21) is Lipschitz continuous, a.e. differentiable, and there
holds a.e.

Vme x,t :VITX, )t =ym (x,t) »
(23 { (x,1) (% ¥ D)ly=ym(x.0

OHTm(x,t) = KT (X, ¥, )ly=y,n(x.0)
with arbitrary extremal points yp,(x,t) € {ym(x,1)}.
Proor: Let L > 0 such that
\V.T| <L, |6T|<L onGxH x|[0,t0]

and w.l.o.g. T, (x,t) > Tpn (X, ). With y,,(x,t) € {ym(x,t)}, (22) and (21) follows:

‘Tmax (X7 t) - Tma:c( 7t)‘ - Tma:c( t) ma:c( 7t)
= T(X7 Ymax (X t)a ) (X Ymaz (i E) ~)
< T(X, Yimaz (X, 1), 1) — T(X, Ymaz (X, 1),1) < L|(x — X, t — 1)

and
’Tmzn(x t) mzn(i )‘ - (X7 Ymin(x t) t) - T(i Ymin( t) )
< T(X, Ymin (X, 1), 1) — T(X, Ymin(X,1),1) < L|(x — %, t —1)].
Thus, T, is Lipschitz continuous and according to Rademacher’s theorem a.e. differentiable.
Consider next forward and backward difference quotients with respect to t. We have with
h > 0:

(T (%t + 1) — Tonao(x,)) = % (T(%, Ymas (%, + 1), + h)

ST

—T (X, Ymaz(%,1), 1)) > % (T(%, Ymaz (X, ), t + B) — T(X, Ymaz (X, £), 1)) -

As the last expression has a well-defined limit for A — 0 we obtain

1
(24) hgn\lonf 7 ( Tonaz (X, t + h) — Tinaa (X, t)) > 8tT(X7Y7t)|y:ymax(x,t) .

On the other hand,

(Tmam(x, t) — Tz (x,t — h)) < (T(x, Ymaz(X,t),t) — T(X, Ymaz (X, 1), — h)) ,

1
h

| =

which implies

1
(25) lim sup —

™0 h (Tmam (X7 t) - Tmax (Xv t— h)) < atT(Xv Yy, 75)|y:y7m”g (x,t) -

So, if Tnee is differentiable in (x,¢), (24) and (25) imply

at,—rma:c (X7 t) = 8tT(X7 Yy, t) ’y:ymaz (x,t) *



For T,,;, one obtains similarly with h > 0

1
li  (Toin(X,t + 1) = Tonin(3,8)) < T (X, Y, )lvv (x5
i sup 3 (Tonin (5 + 1) = Tnin(3,8)) < AT 06 Y, O)ly=yrnin0)
1
hI}}l\lélf . (Tonin (%, 1) = Tonin (x,£ — h)) > 0T (X, ¥, 6) ly—yin (x,8) -

which imply in the case of differentiability again

8tTmin (X7 t) = atT(Xa Y, t)‘y=ymm (x,t) -

Analogous results hold for the spatial derivatives d,,, 1 =1,...,m.

If T is of class (20) we have at extremal points y,, clearly V,T'|y—y, = 0 and

Z (bkl aykayl T)‘y:}’max S 07 Z (bkl aykale)’y:)’min 2 0.
k=1 k,l=1

Therefore, evaluating eq. (19) at extremal points yields the inequalities

m

O imaz < Z i alj am]T)) |y Ymaz - Vg WTmaz +c,

(26) o
8tTmin 2 Z (aml (alj 8$JT)) |y:ymin - vm : W Trmin +c.

i,j=1

We used here Lemma 1 on the left-hand side and for rewriting the second term on the right-
hand side:
Ve Wrly—y, =Ve W —p, +0-W -V, T, =V, -Wrg, .

The inequalities (26) cannot completely be expressed in terms of T,,, since second-order
derivatives of T;, do not make sense. In fact, more than Lipschitz continuity and hence
differentiability a.e. cannot be expected (cf. fig. 1 in [10]). In a weak form, however, (26)
can be reduced to inequalities for T},. For this purpose we define the set of nonnegative test
functions by

Coy = G (G x (=00, tp)) := {¢ € C§°(G x (—00,10)) | ¢ > 0}
and prove

Lemma 2 Let T be of class (20), T), and y,, as in Lemma 1 with m € {max, min}, and
(a;j) as explained after (20). Then

Z / al] 890;T))‘y =Ymazx (bdx < - Z / al] a:cJTmax 8x1(25d33

7.] 1 ,j 1
Z / T ai] al‘JT))’y Ymin ¢d$ > - Z / Qj5 a:cJTmzna ¢dl’
i,j=1 4,j=1

for a.e. t € (0,t0) and arbitrary ¢ € C§°, (G X (—00,t0)).



PROOF: Only the case m = max is proved, the other case follows with minor modifications.

Denoting forward and backward difference quotients in direction n with step width h > 0 by
1 1
DI u(x) := 7 (u(x + hn) — u(x)) and D hu(x) = 7 (u(x) — u(x — hn)),

respectively, one obtains with y,,(x,t) € {ym(x,?)}, (22) and (21):
( (D;}:}DQHT(X, Yy, t)) ’yzymax(x,t)

hlz (T(x + I, Ymae (%, £), £) + T(x — I, Yimae (%, £), £) — 2T(%, Ymaa (%, ), 1))

1
<13 (T(x 4+ hn, Ymae (x + hn, t), 1) + T(x — hn, Ymae (x — b, t), 1)
_2 T(X7 Ymazx (X7 t)a t))
= D DI Tas(x,1).

Xn—x-n

(27)

(27) implies the matrix
(28) (D:L_‘lhDS}CLJ Tmax - (D:L_‘lhD;‘lJT”y:ymaz)

being positive semidefinite. Thus, contracting (28) with (a;;) and multiplying with ¢ € C§%
yields

m m
Z (D:L_‘lhD;‘lJTNy:ymaz a“ij ¢ é Z D;L_'lhD;;lJTma(E aij ¢
- _ Z D} Tinax D, (aij9)
1,j= 1
- Z D Tmax ‘(x—hei,t) Qg (b - D;‘LijaX (aijgb)‘(x—i-hei,t)] ’
h,j= 1

and integration over G with h < dist(supp(¢), d(G x (—o0,t0))):
Z / hDh ’y Ymax al] (bdx < - / Dh TmaxD (alj(b)
7.] 1 ,_] 1
Observe now that (20) implies for fixed Yz (X,t) the pointwise limit on G x [0, to):
(DZ_‘lhDS}CLJ T)‘y:}’max - (8xiaij)’y:)’max fOI' h - 07
and Lemma 1 the limit a.e. on G x [0,%]:

Dl Tonaw — O, Trnax ~ for h— 0.

Moreover, there are constants L, L > 0 such that

ess sup |Di‘ijax| <L, max |D;l_hD2jT| <L.

G x[0,t0] Gx Hx[0,to]

Thus, Lebesgue’s theorem yields

Z / 81'18ng ’y Ymax al] del' < - Z / a:r:JTma:c T a2]¢)

i,j=1 1,j=1
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Lemma 1 implies, moreover, the equation

Z / a:czaw a T ‘y =Ymaz (bdx— Z / a:cJTmaxaxlazy (bdx

i,j=1 1,j=1

which concludes the proof.

Lemma 2 enables us to write (26) in a weak form as inequalities for T},:

/OtO/T (‘)t(bdxdtJr/T (-,0)6(-,0) dz

to to to
/ /a”(‘) T, zegbdxdt—/ /WTm ngdxdt—/ /cédxdt

with the upper inequality referring to m = maz and the lower one to m = min. Introducing

(29)

/\II\/

i,j=1

(30) 0T := Thnaz — Tinin
the inequalities (29) can be combined to a single one. Writing

W(Tmcwm K ) - W(Tmzna ) )
Tmam - Tmzn

W(Tmama'y') _W(Tminy'v') = oT

and defining the bounded function

W(T7 X, t) B W(J7 X, t)

T—0 T=Tmaz (x7t)7 0=Tmin (x7t)

(31) w(x,t) ==

we obtain from (29)

to
/ /5T8t¢dxdt+/5T - 0)o(-,0) da
0

(32) to to
/ /a,](? 0T 0, qﬁdxdt—/ /5Tw Vodzdt

zyl

with ¢ € Cg7,.

Summarizing Lemmata 1 and 2 we have

Theorem 1 Let T be a solution of class (20) of the parabolic eq. (19). Then, 6T defined by
(30) and (22) is of class CO1(G x [0,t9]) and is, moreover, a weak subsolution (in the sense
of (32)) of the “reduced equation”

(33) 00T = Y Or,(aij 0x,6T) — V- (w T)
i,j=1

with w given in (31).
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4 Decay in divergence-type parabolic equations
We consider in this section (sub-)solutions of the following initial-boundary-value problem

Oh=V-(A\Vh—wh) in G x (0,00),
(34) h=0 on 0G x (0,00),
h(-,0) = ho on G x {t =0}.

Lortz et al. prove in [14] the following results:

Let G € R™ be a bounded, open set with OG of class C?T®. X and w are assumed to
be measurable and bounded on G x (0,00), in particular, there are constants \g > 0, M > 0
such that

(35) A> Ny, |w| <M in G x (0,00).
In order to formulate an appropriate notion of weak solution consider for tg > 0 the spaces

Vo=A{f¢€ L2(G x (0,t0)) | Vf exists weakly and || f|ly, < oo},

1;2: {f €Val| f(-,t)|lag = 0 in the trace sense for a.e. ¢t € (0,%9)}

to
1£llvs = sup/ nyder/ /]Vf]zdxdt.
(07t0) G 0 G

A function h 61;2 is called a weak solution of (34) in G x (0,ty) with initial value hy € L*(G)
if and only if h satisfies

with norm

(36) /Oto/Ghathd:ndt+/Gh0¢(-,0)dx:/OtO/G()\Vh—wh)-VQSdmdt

for any ¢ € C§°(G x (—00,tp)). h is called weak solution in G x (0, co) if and only if A|gy (0.4
is a weak solution in G x (0,¢y) for any top > 0. Solutions of this type decay (in time) in the
following sense (cf. Theorem 1 in [14]):

Theorem 2 (Lortz et al.) Let hy € L>(G) and p > 0. There exist positive constants cy,
ca, c3, and d, depending on Ao, M, G, and m, co depending additionally on p, such that any
weak solution h of (34) satisfies

(37) IB( D)2y < e llhollrzy e in (0,00),
(38) 1B(, )| (@) < 2 llholle@ey e in (p,00),
(39) 1B(-, )| () < es llhollzeo@ e in (0,00).
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It is the aim of the present section to verify that Theorem 2 remains valid for nonnegative
Lipschitz-continuous subsolutions of (34).

The proof in [14] relies mainly on the construction of a positive solution of an auxiliary
problem to which Harnack-type inequalities apply. The basic methods used are nontrivial
adaptations of Moser’s iteration techniques to obtain, finally, pointwise estimates for solutions
of (34) and the auxiliary problem. Large parts of the proof apply without changes to our
situation and need not be repeated here. We discuss in the following only those points in the
proof which require modifications and cite results about the (unchanged) auxiliary problem
necessary for understanding the rest.

(i) Without any modification we can take over the results about weak solutions of the following
auxiliary problem:

ou=V-(AVu—wu) in G x (0,00),
(40) n-Vu=0 on 9G x (0,00),
u(-,0) = ug on G x {t =0}.

A, w, and G are assumed to be as in problem (34), n means the exterior normal at 0G, and
w satisfies, additionally, n - w|sgx(0,00) = 0- u € V3 is called weak solution in G x (0,tg) with
initial value ug € L*(G) if and only if u satisfies (36) for any ¢ € C§°(IR™ x (—o0,tp)). Weak
solutions in G x (0,00) are defined as above.

Lortz et al. show that weak solutions of problem (36) (which are in fact locally Holder
continuous) with positive bounded initial values remain positive and bounded for all times,
more precisely (cf. Theorem 2 in [14]):

There are positive constants ¢4, ¢s, depending only on Ag, M, GG, and m, such that the
bound on uyg,

(41) uy < up < U on G
with positive constants ug, U, implies the bound
(42) caug < u < 5l in G x (0,00).

If, moreover, \, w € C1H(+2)/2(G % [0,t]) and ug € C?T*(G) (and satisfying the compati-
bility conditions), then u is in fact a classical solution € C?T*2+)/2(G x [0, ]).

(ii) The proof in [14] proceeds in two steps: Theorem 2 is proved first for classical solutions,
and then extended to weak solutions via approximation by convex combinations of classical
solutions. The last point requires uniqueness of the weak solution, which is obviously not
given for subsolutions. Fortunately, the subsolution possesses in our case enough regularity
to avoid the approximation argument. Concerning the auxiliary problem, A is by assumption
sufficiently smooth to allow classical solutions, but w is by definition (31) not better than
(Lipschitz-)continuous; so we need here some approximation:

Let to > 0 and (w;) C C°°(G x [0, to]) be an approximating sequence with n-w;|acxo,6] =
0, |lwillco < M, i € N, and

(43) lwi —w|co — 0 for i — oc.

Let (u;) be the associated sequence of classical solutions of (40) with A € C1+e(+2)/2(By x
[0,%0]) and ug € C?TY(G) satisfying (42) uniformly with respect to i. According to the
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estimate (5.3) in [14] u; is, moreover, uniformly bounded in Va:
(44) HUZHV2 <K:K()\Q,M,G,m;UQ,tQ), 1€ IN.

Now we prove (37). Multiplying (40); with u; and w; by (h/u;)? and integrating over G one
obtains after integrating by parts

(45) / Oui(hju;)?dx = —2/ (h/ui)(AVu; — wiu;) - V(h/u;) dx

G G
for a.e. t € (0,%p). Note that (45) makes sense for Lipschitz-continuous h when observing the
correspondence C%!(Bg x [0,t]) ~ WH™(G x (0,tg)). h itself satisfies (36) as inequality for
any ¢ € C§%, (G x (—00,tp)). Choosing for fixed i € IN a sequence of test functions (¢;;)jen of

the form ¢;(x, £) = (%, ) X(t) with [[¢h; — b/l — 0 for j — oo and x € C5%, ((—o0, to))
one obtains after integration by parts (in t):

to to
/ / Othij x dedt < —/ / (AVh — wh) - Vip;; x dedt.
0 G 0 G

Here || - || denotes the Hilbert space norm

to
= [ [ (P + 1942 dad.

Thus, in the limit j — oo, one obtains

/Oto (/Gc‘)thh/uidx>xdt§ —/Oto (/G()\Vh—wh).v(h/ui)dx)xdt7

and, furthermore, since x € C§ ((—00,t9)) being arbitrary,

(46) / O Jus d < — / (AVh — wh) - V(h/us) da
G G

for a.e. t € (0,tp). Combining (45) and (46) we arrive at

g/ h?Ju; dx = / (20:h h/u; — Byu; (h/u;)?) dz
dt G G

(47) )
< —2/G)\u,~\V(h/ui)] da:+2/Gh(w —w;) - V(h/u;)dx.

Denoting ||w — wj||co by €;, Poincaré’s constant in G with zero boundary conditions by Cg,
and observing (35), (42), and (44) the right-hand side in (47) can be estimated by

g/ B2 Ju; da < —2)\004u0/ |V(h/ui)|2d:1:—|—2||w—wi||co/ BV (h )| dae
dt Ja —Ja G
< g0 Gl

2 Ju;dz +2¢€; | h|(Vh/u;) — (h/u?)Vu;|d
<2g5 2 | W fuda 2 [ 0ITh/w) — )l

= —Kl/ h?Ju; dx + K ¢
G
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with positive constants K = Ki(Xo, M, G, m;ug/ug) and Ky = Ka(Xo, M, G, m;ug, h,to).
Applying Gronwall’s inequality yields

/ h? Ju; dx < / hg/uo do e K1t ¢ Ky /Kj.
G G
Taking now the limit ¢ — oo and applying once more (42) yields, finally,

c5 UQ
/hzdxg 2 O/hgdxe—fﬁt,
G CaUo Ja

which is (37). Note that we are free to choose ug = const > 0 and hence Ty = ug, and that
K7 does not depend on t.

(iii) The proofs of the inequalities (38) and (39) are based on (37) and the following estimates
(cf. Theorem 3 in [14]):

Let p, t, and s such that 0 < p < t, p < 1/2, and 0 < p < 1. There exist then positive
constants cg and c¢7 such that

(48) ”hHLOO(Gx(ers)) < ¢ ”hHL2(G><(t—p,t+s+p))7

(49) ||h||%oo(Gx(0,t)) <cr (HhH%z(Gx(o,t)) + ||h0‘|%oo((;))

for any classical solution h of problem (34). ¢g, ¢; depend on Ao, M, G, and m; ¢ depends,
additionaly, on p and c¢7 on t.

The proof proceeds via a series of partly rather tricky estimates, which apply without
changes to our situation as well. The only difference is in the “starting” equation (2.1a) leading
to inequality (3.1) in [14]. Instead, our starting point is again (36) as inequality. Choosing a
sequence of test functions (¢;) C C§% (G x (—00,t9)) of the form ¢;(x,t) = v;(x,t) x;(t) with
s — 7Y — 0, |Ixi — x||z2 — O for i — oo one obtains after integration by parts (in t)
and in the limit ¢+ — oo:

to to
(50) / (/ athm—ld:c)xdtg —/ (/(Wh—wh)-vm—ldx) Y dt.
t1 G t1 G

X > 0 is here some differentiable function in (t1,%2) C [0, to] vanishing outside. Note that only
the case 7 > 2 is relevant here. Rearranging (50) and using (35) yields

#/mat(/ mdx)xdwr/tz (/ Am—2IVh\2da;)xdt
’Y(’Y—l) t1 G t G

1

to
<M (/ m—1|Vh|d:p>th.
t1 G

Integration by parts on the left-hand side and using the estimate (3.3) in [14] on the right-hand

side yields then
1 23 t2
———| [ h'd + A / /m—2Vh2d dt
7(7—1)[/0 !EXLI 47 t1 < G VAl :E)X

to ’X/’ M2
< hWde| ———— + — x)dt,
/tl /c (’Y(’Y— )Xo )

which is (3.1) in [14]. Note, finally, that the technical restriction A > 0 with subsequent
relaxation is not necessary here, since negative powers of h and log h-estimates do not appear.
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5 Decay of purely toroidal dynamo fields

In this section we apply the foregoing results to purely toroidal dynamo fields in a plane layer
L = R? x (0,1) and in a ball Bg. In the former case we assume the toroidal scalar T' to be
a smooth, i.e. of class 2+ (2+a)/2 (L x [0,00)), P-periodic solution of the following problem

(ct. (8)):

AT = 0,(NO.T) + AV, -V T — 9. Wp —v -V, T
O W +v -V, T) in R? x [0,1] x (0,00),
(51) T 'P—periodic in R? x [0,1] x (0,00),
T=0 on R? x {z = 0,1} x (0,00),
T(-,0) =Ty, (Tp)=0 on R? x [0,1] x {t =0}.

Replacing IR? by the bounded region P, eq. (51); fits into the framework of sec. 3. According
to Theorem 1 the quantity 6T = maxp T — minp T is of class C%1([0,1] x [0,o]) and is,
furthermore, a weak subsolution of the problem

WOT = 0,(A0.0T) — 0, (woT) in (0,1) x (0,tp),

0T =0 on {z=0,1} x (0,tg),

0T(-,0) = dTp on (0,1) x {t =0}
for any ty > 0. w is here determined according to (31) by W and T', and §Tj := maxp Ty —
minp Tp. Note that A € C1T(0+2)/2(T'x [0, 0]) and is horizontally symmetric by assumption,
whereas w is merely bounded and continuous by definition. d7" is nonnegative due to the
zero mean condition (T') = 0. Recall, furthermore, the correspondence C%1([0,1] x [0, o]) ~

W2°((0,1) x (0,t9)), which implies 67 being also a weak (sub)solution in the sense of Theorem
2, and observe the equivalence of norms:

maxT < maxdT < 2maxT'.
L [0,1] L

Therefore, Theorem 2 yields the result:

Theorem 3 Any smooth, P-periodic solution of problem (51) decays in time according to

mLax]T(-,t)\ <C mLax]T()] e~ ?t t>0.

C and d depend only on l, N9, and a pointwise bound on O.W (or v,).

In the spherical case the modified toroidal scalar 7 = rT is governed by (cf. (16)):
T =0,(NOT) + AVyy -V, T — 0, W7

—v -V T + (O Wr +v- -V, T) in Br x (0,00),
7=0 on (SgpU{r=0}) x (0,00),
7(-,0) =7y, (Zo)=0 on Br x {t =0}.

(52)

Note that (52); does not fit precisely into the framework of sec. 3, since Bp is a “warped”
product of its factors [0, R] and S,. In particular, the nonradial gradient V,, depends also
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on r. However, checking the proofs in sec. 3 one makes sure that Theorem 1 applies to this
situation as well. Thus, starting with a smooth solution of (52) Theorem 1 yields 67 (r,t) =
maxg, 7 (-, ) — ming, 7(-,t) to be of class C%([0, R] x [0,%0]) and to be a weak subsolution
of the problem

00T = 0,(N0p0T ) — Op(wdT) in (0,R) x (0,tp),
0T =0 on {r =0,R} x (0,tg),
07T (-,0) = 07y on (0,R) x {t =0}
for any typ > 0. Proceeding as in the plane case, Theorem 2 yields then the result:

Theorem 4 Any smooth solution of problem (52) decays in time according to

(53) max |7 (-, t)] < C max |To| e~ ¢, t>0.
Bpr Br

C and d depend only on R, \g, and a pointwise bound on 0;W (or v, ).

Note that (53), if expressed in terms of the original variable 7', amounts to the nonuniform
bound

R
max |T(-,t)| < C = max|Ty|e ¢, 0<r<R, t>0.
Sr r Bpr
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