
A Toroidal Magnetic Field Theorem

R. Kaiser∗

Fakultät für Mathematik und Physik

Universität Bayreuth

D-95440 Bayreuth, Germany

May 5, 2008

Abstract

In the framework of magnetohydrodynamics the kinematic dynamo problem in a spher-
ical fluid volume as well as in a plane layer is considered. On the premises of a purely
toroidal magnetic field a nonlinear evolution equation for the toroidal scalar is derived.
In this equation the flow field is constrained in such a way that no poloidal magnetic field
can arise, but is otherwise arbitrary; the magnetic diffusivity is assumed to be spherically
(horizontally, resp.) symmetric. Solutions of this problem are of particular interest since
the magnetic field is confined to the fluid volume and therefore invisible to an external
observer.

It is proved in this paper that the maximum norm of smooth solutions of this equation
decays exponentially fast to zero. Thus, dynamo solutions, i.e. nondecaying solutions, of
this type do not exist.

Key Words: Magnetohydrodynamics, dynamo theory, antidynamo theorem.

1 Introduction

It is common belief that the magnetic field of most stars and planets is generated by motions
in an approximately spherically symmetric liquid conducting zone deep in the interior of the
celestial body. The only trace of this process detectable for an external observer is the poloidal
magnetic field component which extends into the surrounding vacuum, whereas the toroidal
field component remains trapped in the conducting zone. So, a dynamo in a celestial body
generating a purely toroidal magnetic field might remain invisible for an external observer.

However, the mechanism of field generation as described by the induction equation is
usually explained in terms of an interaction of toroidal and poloidal magnetic field components
(cf. [1]). So, several researchers in the field conjectured that dynamos generating a purely
toroidal magnetic field do not exist [2, 3, 4, 5, 6]. This conjecture is similar to other well-
established “antidynamo” theorems [7], e.g. Cowling’s theorem excluding dynamos generating
a purely axisymmetric magnetic field [8] or the “toroidal velocity theorem”, which excludes
field generation if the fluid motion is purely toroidal [9, 2]. The present situation, however,
is more complicated than those described by these theorems. On the assumption of a purely
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toroidal magnetic field one obtains from the induction equation an evolution equation for the
toroidal scalar T and, additionally, a constraint equation which is not automatically preserved
by the evolution equation. In an earlier publication [10] a solution of this constraint has been
proposed resulting in a nonlinear evolution equation for T .

The character of this equation is that of a second order parabolic equation with vanish-
ing zeroth-order term and first-order terms which have neither pure advection form nor pure
divergence form. It is this mixed form of the first-order terms, which prevents the straightfor-
ward application of maximum principles or L2- (i.e. energy) or L1- estimates, which are the
mathematical essence of the above mentioned antidynamo results (cf. [11, 12, 13]). Instead,
in [10] the monotonous decay of T in a mixed L1-L∞-norm, corresponding to the structure of
the first-order terms, has been shown. From a mathematical point of view, however, the proof
of this decay result cannot be considered as rigorous, as it depends on assumptions about T ,
which are not guaranteed for arbitrary (smooth) solutions of the governing equation. It is the
aim of the present paper to make the arguments in [10] rigorous. Moreover, sharper decay
results are derived, in particular, exponential decay of T to zero in the maximum norm.

The plan of the paper is as follows: In section 2 the mathematical framework of the
dynamo problem is introduced, in particular, the induction equation and the poloidal/toroidal
decomposition of solenoidal vector fields. Using this decomposition and a solution of the
constraint the governing equation for the toroidal scalar T is derived, and previous results
about solutions of this equation are reviewed. Section 3 presents a method to eliminate from
a parabolic equation of mixed advection/divergence form those variables, which correspond
to the advection part: Taking maxima and minima of a smooth solution with respect to
these variables defines a “reduced function”, which itself is a weak subsolution of a “reduced
equation” of pure divergence form. In section 4 it is shown that decay results in [14] apply with
minor modifications to solutions of this reduced equation. Finally, in section 5, the foregoing
results are applied to the governing equation of the toroidal scalar, and corresponding decay
results are formulated in the case of a spherical fluid domain as well as for a layer-like domain.

2 Mathematical setting and previous results

Given a volume V ⊂ IR3 filled with a fluid of conductivity λ > 0, which is in prescribed motion
according to a flow field v, the kinematic dynamo problem asks for solutions B, which do not
decay in time, (so-called dynamo solutions) of the following initial-value problem:

(1)
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∂tB = ∇× (v ×B) −∇× (λ∇×B) , ∇ ·B = 0 in V × (0,∞),

∇× B = 0 , ∇ · B = 0 in IR3 \ V × (0,∞),

B continuous in IR3 × (0,∞),

|B(r, ·)| → 0 for |r| → ∞,

B(· , 0) = B0 , ∇ ·B0 = 0 on V × {t = 0}.

The induction equation (1)1 describes the generation of the magnetic field B by the motion of
a conducting fluid. Outside the fluid volume we assume no further sources of magnetic field.
Thus, B continues outside the fluid volume as a vacuum field, which vanishes at (spatial)
infinity (cf. [12]).

The fluid volume V is in the following either a ball BR of radius R > 0 or a plane layer
L := IR2 × [0, l] of thickness l. In the latter case B and v are assumed to be periodic in the
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“horizontal” variables x and y with periodicity cell P = [0, lx] × [0, ly ], and condition (1)4
refers now to the “vertical” variable z, i.e. |r| → ∞ is replaced by |z| → ∞. The conductivity
is assumed to be spherically symmetric, i.e. λ = λ(r, t), respectively λ = λ(z, t) in the plane
case, and bounded from below

(2) λ ≥ λ0 > 0 .

The flow field has a vanishing normal component at the boundary of the fluid volume, n ·
v|∂V = 0, and satisfies some constraint (see below), but need not be divergence-free or
symmetric in any sense. The plane and the spherical version of the dynamo problem have
much in common, for instance, all known antidynamo theorems are equally valid in a ball or
a plane layer (but not in a cylinder). The spherical case is closer to applications, whereas the
plane case often serves as a toy model avoiding the complications due to spherical geometry.
We deal with the plane case first.

The poloidal/toroidal decomposition reads in this case [15]:

B = ∇× (∇× S ez) + ∇× T ez + b(z)

= (∂x∂zS + ∂yT + bx, ∂y∂zS − ∂xT + by, −∆hS + bz)
T .

ez is here the unit vector in z-direction, ∆h means ∂2
x + ∂2

y , and b is the horizontal mean of

B, b = 〈B〉 := 1
|P|

∫

P Bdxdy, depending only on z (bz being constant). Under the conditions

〈S〉 = 〈T 〉 = 0 this decomposition is unique and allows the equivalent formulation of (1)1 in
terms of the toroidal scalar T , the poloidal one S, and the horizontal mean b. If S and b are
assumed to be zero, the horizontal mean of (1)1, and the z-components of (1)1 and of its curl
yield:

(3) ∂z〈vz ∂xT 〉 = ∂z〈vz ∂yT 〉 = 0 ,

(4) ∇T ×∇vz · ez = 0 ,

(5) ∆h

(

∂t + v · ∇ −∇ · λ∇
)

T = ∇× (∇T ×∇vz) · ez .

Equations (3) and (4) constrain (the z-component of) the flow field in such a way that no
poloidal magnetic field nor a mean field can arise. Unfortunately, these constraints are not
preserved by the evolution equation (5), and must be incorporated in some way into (5).1 A
function w(τ, z, t) allowing the representation

(6) vz(x, y, z, t) = w(T (x, y, z, t), z, t) =: wT (x, y, z, t)

for vz clearly solves (3) and (4), and is motivated by the fact that (4) implies the existence of
such a function locally if ez×∇T 6= 0. With (6) the right-hand side in (5) can be reformulated:

ez ×∇ · [∇T ×∇wT ] = −ez ×∇ · [∂zw|τ=T ez ×∇T ]

= −(ez ×∇) · (ez ×∇)
[

∫ T

0
∂zw dτ

]

= −∆h[∂zW |τ=T ] = −∆h[∂zWT − vz∂zT ]

1This is different to the divergence-constraint in (1)1. Imposing the constraint on the initial value of the
induction equation guarantees already a divergence-free solution.
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with W (T, z, t) :=
∫ T
0 w(τ, z, t) dτ and WT (x, y, z, t) := W (T (x, y, z, t), z, t). Thus (5) takes

the form

(7) ∆h

[(

∂t + v · ∇h −∇ · λ∇
)

T + ∂zWT

]

= 0 ,

where ∇h = ∇ − ez∂z. Note that ∆h can be removed from eq. (7) if the bracket has zero
mean.

Since T vanishes outside the fluid layer the problem for purely toroidal dynamo fields
reads now:

(8)
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∂tT = ∂z(λ∂zT ) + λ∇h · ∇h T − ∂zWT − v · ∇h T

+〈∂zWT + v · ∇h T 〉 in L× (0,∞),

T = 0 on IR2 × {z = 0, l} × (0,∞),

T (· , 0) = T0 , 〈T0〉 = 0 on L× {t = 0}.

In [10] the decay of smooth solutions of problem (8) is based on the following reasoning:
Consider the horizontal maximum of T ,

Tmax(z, t) := max
x,y

T (x, y, z, t)

and the associated “path” rmax
h (z, t) = (xmax(z, t), ymax(z, t)), where the maximum is at-

tained:
Tmax(z, t) = T (rmax

h (z, t), z, t).

At maximum points we have clearly

∇h T (rmax
h , z, t) = 0 , ∆h T (rmax

h , z, t) ≤ 0 .

Moreover, we have

∂zTmax(z, t) = ∂zT (rmax
h , z, t) + ∇h T (rmax

h , z, t) ∂zr
max
h (z, t) = ∂zT (rmax

h , z, t) ,

and similarly,
∂tTmax = ∂tT |rh=r

max
h

, ∂2
z Tmax ≥ ∂2

z T |rh=r
max
h

.

Thus, evaluating (8)1 at rmax
h yields the inequality for Tmax:

(9) ∂tTmax ≤ ∂z(λ∂zTmax) − ∂zWTmax +m

with m = m(z, t) denoting the mean value in (8)1. Analogous arguments for Tmin := minx,y T
yield the inequality

(10) ∂tTmin ≥ ∂z(λ∂zTmin) − ∂zWTmin
+m.

Note that Tmax − Tmin is nonnegative due to the zero-mean condition. Thus, integrating (9)
and (10) with respect to z over the interval [0, l] and using the boundary conditions for T one
obtains the decay result:

(11) ∂t

∫ l

0
(Tmax − Tmin) dz ≤ 0 .
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The derivation of (11) relies on the existence of smooth functions r
max/min
h (z, t). These

functions, however are not well-defined. In general, they are not unique and cannot be
defined as continuous functions (cf. fig.1 in [10]). In [10] inequality (11) has been proved on

the assumption of piecewise smooth functions r
max/min
h . But even this is not guaranteed for

solutions of (8), not even for arbitrarily smooth solutions. It is the aim of the present paper

to prove (in fact more than) (11) without falling back on functions like r
max/min
h .

In the spherical case the poloidal/toroidal decomposition reads [12, 16]:

(12) B = ∇× (∇× Sr) + ∇× Tr = −∇× ΛS − ΛT

with Λ := r×∇. The mean 〈 · 〉 is now taken over spheres Sr of radius r, 〈 · 〉 := (4πr2)−1
∫

Sr
· ds,

a mean field does not arise, and L := Λ ·Λ denotes now the Laplace-Beltrami-operator on the
unit sphere. On the assumption of a purely toroidal magnetic field the equations correspond-
ing to (4), (5) read

(13) ∇T ×∇(v · r) · r = 0 ,

(14) L
(

∂t + v · ∇ − λ∆ −
λ′

r
(1 + r∂r)

)

T = Λ · (∇T ×∇(v · r))

with ∂r := (r/r) · ∇ and λ′ := ∂rλ. Introducing the variable T := rT , (13) takes the form

∇T ×∇vr · r = 0 ,

and is solved by a function w(τ, r, t) allowing the representation for vr:

(15) vr(r, t) = w(T (r, t), r, t) =: wT (r, t) .

With the identity

∇T ×∇(rvr) =
1

r
ΛT × Λvr −

1

r
∂r(rvr)ΛT + ∂rT Λvr

the right-hand side of eq. (14) can be rewritten using (15) as 2

Λ ·
[

∇T ×∇(rvr)
]

= Λ ·
[

−
1

r
∂r(rvr)ΛT −

1

r
(rvr) ∂rΛT + Λ(vr ∂rT )

]

= −
1

r
Λ · ∂r

[

vr Λ(rT )
]

+ Λ · Λ (vr ∂rT ) = −L
[

∂rWT − vr ∂rT
]

with W (T , r, t) :=
∫ T
0 w(τ, r, t) dτ and WT (r, t) := W (T (r, t), r, t) . Thus, writing (14) in

terms of T and discarding L, we arrive at a problem analogous to (8):

(16)























∂tT = ∂r(λ∂rT ) + λ∇nr · ∇nrT − ∂rWT

−v · ∇nrT + 〈∂rWT + v · ∇nrT 〉 in BR × (0,∞),

T = 0 on (SR ∪ {r = 0}) × (0,∞),

T (· , 0) = T0 , 〈T0〉 = 0 on BR × {t = 0} .

2Note that the operator Λ interchanges with r as well as with ∂r.
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∇nr denotes here the non-radial gradient ∇− (r/r)∂r.

Questions of existence and uniqueness of solutions have been treated in [17] for the spher-
ical case (16).3 According to this reference the following regularity assumptions:4

vnr := v − vr(r/r) ∈ Cα,α/2(BR × [0, t0]) , λ ∈ C1+α,(1+α)/2(BR × [0, t0]) ,

T0 ∈ C2+α(BR)

for any t0 > 0,

w(0, r, t) = 0 ,
∂k+l+m

∂τk∂rl∂tm
w exists and is continuous on IR × [0, R] × [0,∞)

for any k + l +m ≤ 3, m ≤ 1, l ≤ 2 −m, together with the compatibility conditions

T0 = ∂r(λ∂rT0) = 0 on SR

and the ellipticity condition (2) guarantee a unique local solution

(17) T ∈ C2+α,(2+α)/2(BR × [0, t∗))

of the nonlinear problem (16). Moreover, if the maximal time of existence t∗ <∞ the solution
blows up in the 1 + α - norm:

lim
t→t∗

‖T ‖1+α,(1+α)/2 <∞ .

Analogous results hold also in the (simpler) plane case and can be proved along the lines of
ref. [17].

On the other hand the toroidal magnetic field BT belonging to a reasonable solution T of
(8) (T of (16), resp.) should also be a solution of the original linear system (1) with additional
property BT · ∇vz = 0 (BT · ∇(v · r) = 0, resp.). Defining BT =: (Ty,−Tx, 0) this system
takes in the plane case the form

∂tTx = ∇ · (λ∇Tx) − ∂x(vx Tx) − ∂z(vz Tx) − ∂x(vy Ty) ,

∂tTy = ∇ · (λ∇Ty) − ∂y(vy Ty) − ∂z(vz Ty) − ∂y(vx Tx) ,

which is of type (1.1) in [18, chap. VII]. In the spherical case an analogous system is obtained
for the nonradial derivatives of T . According to Theorem 3.1 in [18, chap. VII] condition
(2), mild regularity assumptions on the coefficients λ and v (e.g. λ,v ∈ Cα,α/2(V × [0, t0]) is
enough), and appropriate conditions on the initial value already imply

(18) BT ∈ Cα,α/2(V × [0, t0])

for any t0 > 0. Improved regularity of the coefficients and initial value leads to improved
regularity of BT (cf. Theorem 4.1 in [18, chap. VII]). Property (18) implies already bound-
edness of the horizontal derivatives of T (the nonradial derivatives of T , resp.). Boundedness

3In fact, the problem considered in [17] differs slightly from (16), since the author of [17] uses T instead of
T = rT (which is more appropriate in our case) as dynamic variable.

4Concerning (uniform) Hölder continuity and Hölder norms in parabolic problems we refer to [17] or [18].
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of the vertical (radial, resp.) derivative is implied by BT ∈ C1+α,(1+α)/2(V × [0, t0]). In fact,
observing that ∆−1

h (ez ×∇) · is a bounded operator V 2 → V with

V := {f : IR2 → IR | f P−periodic, 〈f〉 = 0, ‖f‖Cα <∞},

one obtains
∂zT = ∆−1

h (ez ×∇) · ∂zBT ∈ Cα,α/2(L× [0, t0])

and an analogous result holds in the spherical case (cf. [19]). Thus, T resp. T remain bounded
in C1+α,(1+α)/2(V × [0, t0]) for any t0 > 0. In conclusion, any regular solution of problem (8)
or (16), whose associated magnetic field BT solves the original problem (1) with sufficiently
regular data is global in time. Solutions of this type are considered henceforth.

3 A reduction method for parabolic equations

Let us consider a parabolic equation of the form

(19) ∂tT =
m

∑

i,j=1

∂xi
(aij ∂xj

T ) +
n

∑

k,l=1

bkl ∂yk
∂yl
T −∇x ·WT − v · ∇yT + c ,

which distinguishes two types of spatial variables: x ∈ G and y ∈ H with open bounded
sets G ⊂ IRm and H ⊂ IRn. Gradients with respect to x and y are denoted by ∇x and ∇y,
respectively; ∇ refers to both variables. T is assumed to be a smooth solution of (19),

(20) T ∈ C2
1 (G×H × [0, t0]) , t0 > 0 ,

i.e. T , ∂tT , ∇T , and ∇∇T are all continuous functions on (G × H × [0, t0]). The various
coefficients in eq. (19) depend on different variables: aij = aij(x, t), bkl = bkl(T,x,y, t),
W = W(τ,x, t), v = v(T,x,y, t), and c = c(x, t). WT means again W(T (·), ·), thus ∇x ·
WT = ∇x ·W|τ=T + ∂τW|τ=T · ∇T being of divergence form. (aij) and (bkl) are symmetric,
positive definite matrices uniformly bounded away from zero. All coefficients are assumed to
be sufficiently smooth to insure a solution of type (20); however, in this section we will make
use only of boundedness of aij , W, and ∂τW =: w on their respective domains.

In order to eliminate the advection term from eq. (19) we define

(21) Tmax(x, t) := max
y∈H

T (x,y, t) , Tmin(x, t) := min
y∈H

T (x,y, t) ,

and for fixed (x, t) ∈ G× [0, t0] the set of “extremal points”

{ym(x, t)} := {y ∈ H : T (x,y, t) = Tm(x, t)}

with m = max or min. Thus, for any ym(x, t) ∈ {ym(x, t)} we have

(22) Tm(x, t) = T (x,ym(x, t), t) m ∈ {max,min} .

Despite its pointwise definition Tm has some smoothness:
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Lemma 1 Let T , ∇xT , and ∂tT be continuous on G×H × [0, t0], then Tm : G× [0, t0] → IR
with m ∈ {max,min} defined by (21) is Lipschitz continuous, a.e. differentiable, and there
holds a.e.

(23)

{

∇xTm(x, t) = ∇xT (x,y, t)|y=ym(x,t) ,

∂tTm(x, t) = ∂tT (x,y, t)|y=ym(x,t)

with arbitrary extremal points ym(x, t) ∈ {ym(x, t)}.

Proof: Let L > 0 such that

|∇xT | < L , |∂tT | < L on G×H × [0, t0]

and w.l.o.g. Tm(x, t) ≥ Tm(x̃, t̃). With ym(x, t) ∈ {ym(x, t)}, (22) and (21) follows:

|Tmax(x, t) − Tmax(x̃, t̃)| = Tmax(x, t) − Tmax(x̃, t̃)

= T (x,ymax(x, t), t) − T (x̃,ymax(x̃, t̃), t̃)

≤ T (x,ymax(x, t), t) − T (x̃,ymax(x, t), t̃) ≤ L |(x − x̃, t− t̃)|

and
|Tmin(x, t) − Tmin(x̃, t̃)| = T (x,ymin(x, t), t) − T (x̃,ymin(x̃, t̃), t̃)

≤ T (x,ymin(x̃, t̃), t) − T (x̃,ymin(x̃, t̃), t̃) ≤ L |(x − x̃, t− t̃)| .

Thus, Tm is Lipschitz continuous and according to Rademacher’s theorem a.e. differentiable.
Consider next forward and backward difference quotients with respect to t. We have with

h > 0:

1

h

(

Tmax(x, t+ h) − Tmax(x, t)
)

=
1

h

(

T (x,ymax(x, t+ h), t+ h)

−T (x,ymax(x, t), t)
)

≥
1

h

(

T (x,ymax(x, t), t+ h) − T (x,ymax(x, t), t)
)

.

As the last expression has a well-defined limit for h→ 0 we obtain

(24) lim inf
hց0

1

h

(

Tmax(x, t+ h) − Tmax(x, t)
)

≥ ∂tT (x,y, t)|y=ymax(x,t) .

On the other hand,

1

h

(

Tmax(x, t) − Tmax(x, t− h)
)

≤
1

h

(

T (x,ymax(x, t), t) − T (x,ymax(x, t), t− h)
)

,

which implies

(25) lim sup
hց0

1

h

(

Tmax(x, t) − Tmax(x, t− h)
)

≤ ∂tT (x,y, t)|y=ymax(x,t) .

So, if Tmax is differentiable in (x, t), (24) and (25) imply

∂tTmax(x, t) = ∂tT (x,y, t)|y=ymax(x,t) .
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For Tmin one obtains similarly with h > 0

lim sup
hց0

1

h

(

Tmin(x, t+ h) − Tmin(x, t)
)

≤ ∂tT (x,y, t)|y=ymin(x,t) ,

lim inf
hց0

1

h

(

Tmin(x, t) − Tmin(x, t− h)
)

≥ ∂tT (x,y, t)|y=ymin(x,t) ,

which imply in the case of differentiability again

∂tTmin(x, t) = ∂tT (x,y, t)|y=ymin(x,t) .

Analogous results hold for the spatial derivatives ∂xi
, i = 1, . . . ,m.

2

If T is of class (20) we have at extremal points ym clearly ∇yT |y=ym = 0 and

n
∑

k,l=1

(bkl ∂yk
∂yl
T )|y=ymax ≤ 0 ,

n
∑

k,l=1

(bkl ∂yk
∂yl
T )|y=ymin

≥ 0 .

Therefore, evaluating eq. (19) at extremal points yields the inequalities

(26)























∂tTmax ≤

m
∑

i,j=1

(

∂xi
(aij ∂xj

T )
)

|y=ymax −∇x · WTmax + c ,

∂tTmin ≥

m
∑

i,j=1

(

∂xi
(aij ∂xj

T )
)

|y=ymin
−∇x ·WTmin

+ c .

We used here Lemma 1 on the left-hand side and for rewriting the second term on the right-
hand side:

∇x ·WT |y=ym = ∇x · W|τ=Tm + ∂τW · ∇xTm = ∇x · WTm .

The inequalities (26) cannot completely be expressed in terms of Tm, since second-order
derivatives of Tm do not make sense. In fact, more than Lipschitz continuity and hence
differentiability a.e. cannot be expected (cf. fig. 1 in [10]). In a weak form, however, (26)
can be reduced to inequalities for Tm. For this purpose we define the set of nonnegative test
functions by

C∞
0,+ := C∞

0,+(G× (−∞, t0)) :=
{

φ ∈ C∞
0 (G× (−∞, t0)) |φ ≥ 0

}

and prove

Lemma 2 Let T be of class (20), Tm and ym as in Lemma 1 with m ∈ {max,min}, and
(aij) as explained after (20). Then

m
∑

i,j=1

∫

G

(

∂xi
(aij ∂xj

T )
)

|y=ymax φdx ≤ −

m
∑

i,j=1

∫

G
aij ∂xj

Tmax ∂xi
φdx ,

m
∑

i,j=1

∫

G

(

∂xi
(aij ∂xj

T )
)

|y=ymin
φdx ≥ −

m
∑

i,j=1

∫

G
aij ∂xj

Tmin ∂xi
φdx

for a.e. t ∈ (0, t0) and arbitrary φ ∈ C∞
0,+(G× (−∞, t0)).
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Proof: Only the case m = max is proved, the other case follows with minor modifications.
Denoting forward and backward difference quotients in direction n with step width h > 0 by

Dh
x·nu(x) :=

1

h

(

u(x + hn) − u(x)
)

and D−h
x·nu(x) :=

1

h

(

u(x) − u(x − hn)
)

,

respectively, one obtains with ym(x, t) ∈ {ym(x, t)}, (22) and (21):

(27)











































(

D−h
x·nD

h
x·nT (x,y, t)

)

|y=ymax(x,t)

=
1

h2

(

T (x + hn,ymax(x, t), t) + T (x − hn,ymax(x, t), t) − 2T (x,ymax(x, t), t)
)

≤
1

h2

(

T (x + hn,ymax(x + hn, t), t) + T (x− hn,ymax(x − hn, t), t)

−2T (x,ymax(x, t), t)
)

= D−h
x·nD

h
x·nTmax(x, t) .

(27) implies the matrix

(28)
(

D−h
xi
Dh

xj
Tmax − (D−h

xi
Dh

xj
T )|y=ymax

)

being positive semidefinite. Thus, contracting (28) with (aij) and multiplying with φ ∈ C∞
0,+

yields
m

∑

i,j=1

(D−h
xi
Dh

xj
T )|y=ymax aij φ ≤

m
∑

i,j=1

D−h
xi
Dh

xj
Tmax aij φ

= −
m

∑

i,j=1

Dh
xj
TmaxD

h
xi

(aijφ)

−

m
∑

i,j=1

1

h

[

(Dh
xj
Tmax)|(x−hei,t) aij φ−Dh

xj
Tmax (aijφ)|(x+hei,t)

]

,

and integration over G with h < dist
(

supp(φ), ∂(G × (−∞, t0))
)

:

m
∑

i,j=1

∫

G
(D−h

xi
Dh

xj
T )|y=ymax aij φdx ≤ −

m
∑

i,j=1

∫

G
Dh

xj
TmaxD

h
xi

(aijφ) dx .

Observe now that (20) implies for fixed ymax(x, t) the pointwise limit on G× [0, t0]:

(D−h
xi
Dh

xj
T )|y=ymax → (∂xi

∂xj
T )|y=ymax for h→ 0 ,

and Lemma 1 the limit a.e. on G× [0, t0]:

Dh
xj
Tmax → ∂xj

Tmax for h→ 0 .

Moreover, there are constants L, L̃ > 0 such that

ess sup
G×[0,t0]

|Dh
xj
Tmax| ≤ L , max

G×H×[0,t0]
|D−h

xi
Dh

xj
T | ≤ L̃ .

Thus, Lebesgue’s theorem yields

m
∑

i,j=1

∫

G
(∂xi

∂xj
T )|y=ymax aij φdx ≤ −

m
∑

i,j=1

∫

G
∂xj

Tmax ∂xi
(aijφ) dx .

10



Lemma 1 implies, moreover, the equation

m
∑

i,j=1

∫

G
∂xi
aij(∂xj

T )|y=ymax φdx =

m
∑

i,j=1

∫

G
∂xj

Tmax ∂xi
aij φdx ,

which concludes the proof.
2

Lemma 2 enables us to write (26) in a weak form as inequalities for Tm:

(29)



















∫ t0

0

∫

G
Tm ∂tφdxdt+

∫

G
Tm(·, 0)φ(·, 0) dx

T
m

∑

i,j=1

∫ t0

0

∫

G
aij ∂xj

Tm ∂xi
φdxdt−

∫ t0

0

∫

G
WTm · ∇φdxdt−

∫ t0

0

∫

G
c φdxdt ,

with the upper inequality referring to m = max and the lower one to m = min. Introducing

(30) δT := Tmax − Tmin

the inequalities (29) can be combined to a single one. Writing

W(Tmax, ·, ·) −W(Tmin, ·, ·) =
W(Tmax, ·, ·) − W(Tmin, ·, ·)

Tmax − Tmin
δT

and defining the bounded function

(31) ω(x, t) :=
W(τ,x, t) − W(σ,x, t)

τ − σ

∣

∣

∣

τ=Tmax(x,t), σ=Tmin(x,t)

we obtain from (29)

(32)



















∫ t0

0

∫

G
δT ∂tφdxdt+

∫

G
δT (·, 0)φ(·, 0) dx

≥
m

∑

i,j=1

∫ t0

0

∫

G
aij ∂xj

δT ∂xi
φdxdt−

∫ t0

0

∫

G
δT ω · ∇φdxdt

with φ ∈ C∞
0,+.

Summarizing Lemmata 1 and 2 we have

Theorem 1 Let T be a solution of class (20) of the parabolic eq. (19). Then, δT defined by
(30) and (22) is of class C0,1(G × [0, t0]) and is, moreover, a weak subsolution (in the sense
of (32)) of the “reduced equation”

(33) ∂tδT =
m

∑

i,j=1

∂xi
(aij ∂xj

δT ) −∇x · (ω δT )

with ω given in (31).
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4 Decay in divergence-type parabolic equations

We consider in this section (sub-)solutions of the following initial-boundary-value problem

(34)















∂th = ∇ · (λ∇h− ω h) in G× (0,∞),

h = 0 on ∂G× (0,∞),

h(· , 0) = h0 on G× {t = 0}.

Lortz et al. prove in [14] the following results:
Let G ⊂ IRm be a bounded, open set with ∂G of class C2+α. λ and ω are assumed to

be measurable and bounded on G× (0,∞), in particular, there are constants λ0 > 0, M > 0
such that

(35) λ ≥ λ0 , |ω| ≤M in G× (0,∞).

In order to formulate an appropriate notion of weak solution consider for t0 > 0 the spaces

V2 = {f ∈ L2(G× (0, t0)) |∇f exists weakly and ‖f‖V2
<∞} ,

◦
V 2= {f ∈ V2 | f(·, t)|∂G = 0 in the trace sense for a.e. t ∈ (0, t0)}

with norm

‖f‖V2
:= sup

(0,t0)

∫

G
|f |2 dx+

∫ t0

0

∫

G
|∇f |2 dxdt .

A function h ∈
◦
V 2 is called a weak solution of (34) in G× (0, t0) with initial value h0 ∈ L2(G)

if and only if h satisfies

(36)

∫ t0

0

∫

G
h∂tφdxdt+

∫

G
h0 φ(·, 0) dx =

∫ t0

0

∫

G
(λ∇h− ω h) · ∇φdxdt

for any φ ∈ C∞
0 (G× (−∞, t0)). h is called weak solution in G× (0,∞) if and only if h|G×(0,t0)

is a weak solution in G× (0, t0) for any t0 > 0. Solutions of this type decay (in time) in the
following sense (cf. Theorem 1 in [14]):

Theorem 2 (Lortz et al.) Let h0 ∈ L∞(G) and ρ > 0. There exist positive constants c1,
c2, c3, and d, depending on λ0, M , G, and m, c2 depending additionally on ρ, such that any
weak solution h of (34) satisfies

(37) ‖h(·, t)‖L2(G) ≤ c1 ‖h0‖L2(G) e
−d t in (0,∞),

(38) ‖h(·, t)‖L∞(G) ≤ c2 ‖h0‖L2(G) e
−d t in (ρ,∞),

(39) ‖h(·, t)‖L∞(G) ≤ c3 ‖h0‖L∞(G) e
−d t in (0,∞).
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It is the aim of the present section to verify that Theorem 2 remains valid for nonnegative
Lipschitz-continuous sub solutions of (34).

The proof in [14] relies mainly on the construction of a positive solution of an auxiliary
problem to which Harnack-type inequalities apply. The basic methods used are nontrivial
adaptations of Moser’s iteration techniques to obtain, finally, pointwise estimates for solutions
of (34) and the auxiliary problem. Large parts of the proof apply without changes to our
situation and need not be repeated here. We discuss in the following only those points in the
proof which require modifications and cite results about the (unchanged) auxiliary problem
necessary for understanding the rest.

(i) Without any modification we can take over the results about weak solutions of the following
auxiliary problem:

(40)















∂tu = ∇ · (λ∇u− ω u) in G× (0,∞),

n · ∇u = 0 on ∂G× (0,∞),

u(· , 0) = u0 on G× {t = 0}.

λ, ω, and G are assumed to be as in problem (34), n means the exterior normal at ∂G, and
ω satisfies, additionally, n ·ω|∂G×(0,∞) = 0. u ∈ V2 is called weak solution in G× (0, t0) with
initial value u0 ∈ L2(G) if and only if u satisfies (36) for any φ ∈ C∞

0 (IRm × (−∞, t0)). Weak
solutions in G× (0,∞) are defined as above.

Lortz et al. show that weak solutions of problem (36) (which are in fact locally Hölder
continuous) with positive bounded initial values remain positive and bounded for all times,
more precisely (cf. Theorem 2 in [14]):

There are positive constants c4, c5, depending only on λ0, M , G, and m, such that the
bound on u0,

(41) u0 ≤ u0 ≤ u0 on G

with positive constants u0, u0, implies the bound

(42) c4 u0 ≤ u ≤ c5 u0 in G× (0,∞) .

If, moreover, λ, ω ∈ C1+α,(1+α)/2(G× [0, t0]) and u0 ∈ C2+α(G) (and satisfying the compati-
bility conditions), then u is in fact a classical solution ∈ C2+α,(2+α)/2(G× [0, t0]).

(ii) The proof in [14] proceeds in two steps: Theorem 2 is proved first for classical solutions,
and then extended to weak solutions via approximation by convex combinations of classical
solutions. The last point requires uniqueness of the weak solution, which is obviously not
given for sub solutions. Fortunately, the subsolution possesses in our case enough regularity
to avoid the approximation argument. Concerning the auxiliary problem, λ is by assumption
sufficiently smooth to allow classical solutions, but ω is by definition (31) not better than
(Lipschitz-)continuous; so we need here some approximation:

Let t0 > 0 and (ωi) ⊂ C∞(G× [0, t0]) be an approximating sequence with n ·ωi|∂G×[0,t0] =
0, ‖ωi‖C0 ≤M , i ∈ IN, and

(43) ‖ωi − ω‖C0 → 0 for i→ ∞.

Let (ui) be the associated sequence of classical solutions of (40) with λ ∈ C1+α,(1+α)/2(BR ×
[0, t0]) and u0 ∈ C2+α(G) satisfying (42) uniformly with respect to i. According to the
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estimate (5.3) in [14] ui is, moreover, uniformly bounded in V2:

(44) ‖ui‖V2
< K = K(λ0,M,G,m;u0, t0) , i ∈ IN.

Now we prove (37). Multiplying (40)1 with ui and ωi by (h/ui)
2 and integrating over G one

obtains after integrating by parts

(45)

∫

G
∂tui(h/ui)

2dx = −2

∫

G
(h/ui)(λ∇ui − ωiui) · ∇(h/ui) dx

for a.e. t ∈ (0, t0). Note that (45) makes sense for Lipschitz-continuous h when observing the
correspondence C0,1(BR × [0, t0]) ∼W 1,∞(G× (0, t0)). h itself satisfies (36) as inequality for
any φ ∈ C∞

0,+(G× (−∞, t0)). Choosing for fixed i ∈ IN a sequence of test functions (φij)j∈IN of
the form φij(x, t) = ψij(x, t)χ(t) with ‖ψij −h/ui‖H → 0 for j → ∞ and χ ∈ C∞

0,+((−∞, t0))
one obtains after integration by parts (in t):

∫ t0

0

∫

G
∂thψij χdxdt ≤ −

∫ t0

0

∫

G
(λ∇h− ωh) · ∇ψij χdxdt.

Here ‖ · ‖H denotes the Hilbert space norm

‖f‖2
H :=

∫ t0

0

∫

G

(

|f |2 + |∇f |2
)

dxdt.

Thus, in the limit j → ∞, one obtains

∫ t0

0

(

∫

G
∂thh/ui dx

)

χdt ≤ −

∫ t0

0

(

∫

G
(λ∇h− ωh) · ∇(h/ui) dx

)

χdt,

and, furthermore, since χ ∈ C∞
0,+((−∞, t0)) being arbitrary,

(46)

∫

G
∂thh/ui dx ≤ −

∫

G
(λ∇h− ωh) · ∇(h/ui) dx

for a.e. t ∈ (0, t0). Combining (45) and (46) we arrive at

(47)

d

dt

∫

G
h2/ui dx =

∫

G

(

2 ∂thh/ui − ∂tui (h/ui)
2
)

dx

≤ −2

∫

G
λui|∇(h/ui)|

2dx+ 2

∫

G
h(ω − ωi) · ∇(h/ui) dx.

Denoting ‖ω − ωi‖C0 by ǫi, Poincaré’s constant in G with zero boundary conditions by CG,
and observing (35), (42), and (44) the right-hand side in (47) can be estimated by

d

dt

∫

G
h2/ui dx ≤ −2λ0 c4 u0

∫

G
|∇(h/ui)|

2dx+ 2‖ω − ωi‖C0

∫

G
h|∇(h/ui)|dx

≤ −2
λ0

C2
G

c4 u0

c5 u0

∫

G
h2/ui dx+ 2 ǫi

∫

G
h |(∇h/ui) − (h/u2

i )∇ui|dx

=: −K1

∫

G
h2/ui dx+K2 ǫi
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with positive constants K1 = K1(λ0,M,G,m;u0/u0) and K2 = K2(λ0,M,G,m;u0, h, t0).
Applying Gronwall’s inequality yields

∫

G
h2/ui dx ≤

∫

G
h2

0/u0 dx e−K1t + ǫiK2/K1.

Taking now the limit i→ ∞ and applying once more (42) yields, finally,
∫

G
h2 dx ≤

c5 u0

c4 u0

∫

G
h2

0 dx e−K1t,

which is (37). Note that we are free to choose u0 = const > 0 and hence u0 = u0, and that
K1 does not depend on t0.

(iii) The proofs of the inequalities (38) and (39) are based on (37) and the following estimates
(cf. Theorem 3 in [14]):

Let ρ, t, and s such that 0 < ρ < t, ρ ≤ 1/2, and 0 < ρ ≤ 1. There exist then positive
constants c6 and c7 such that

(48) ‖h‖L∞(G×(t,t+s)) ≤ c6 ‖h‖L2(G×(t−ρ,t+s+ρ)),

(49) ‖h‖2
L∞(G×(0,t)) ≤ c7

(

‖h‖2
L2(G×(0,t)) + ‖h0‖

2
L∞(G)

)

for any classical solution h of problem (34). c6, c7 depend on λ0, M , G, and m; c6 depends,
additionaly, on ρ and c7 on t.

The proof proceeds via a series of partly rather tricky estimates, which apply without
changes to our situation as well. The only difference is in the “starting” equation (2.1a) leading
to inequality (3.1) in [14]. Instead, our starting point is again (36) as inequality. Choosing a
sequence of test functions (φi) ⊂ C∞

0,+(G× (−∞, t0)) of the form φi(x, t) = ψi(x, t)χi(t) with

‖ψi − hγ−1‖H → 0, ‖χi − χ‖L2 → 0 for i → ∞ one obtains after integration by parts (in t)
and in the limit i→ ∞:

(50)

∫ t2

t1

(

∫

G
∂thh

γ−1 dx
)

χdt ≤ −

∫ t2

t1

(

∫

G
(λ∇h− ωh) · ∇hγ−1 dx

)

χdt.

χ ≥ 0 is here some differentiable function in (t1, t2) ⊂ [0, t0] vanishing outside. Note that only
the case γ ≥ 2 is relevant here. Rearranging (50) and using (35) yields

1

γ(γ − 1)

∫ t2

t1

∂t

(

∫

G
hγ dx

)

χdt+

∫ t2

t1

(

∫

G
λhγ−2|∇h|2dx

)

χdt

≤M

∫ t2

t1

(

∫

G
hγ−1|∇h|dx

)

χdt .

Integration by parts on the left-hand side and using the estimate (3.3) in [14] on the right-hand
side yields then

1

γ(γ − 1)

[

∫

G
hγ dxχ

]t2

t1
+

3

4
λ0

∫ t2

t1

(

∫

G
hγ−2|∇h|2dx

)

χdt

≤

∫ t2

t1

∫

G
hγ dx

( |χ′|

γ(γ − 1)
+
M2

λ0
χ
)

dt,

which is (3.1) in [14]. Note, finally, that the technical restriction h > 0 with subsequent
relaxation is not necessary here, since negative powers of h and log h-estimates do not appear.
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5 Decay of purely toroidal dynamo fields

In this section we apply the foregoing results to purely toroidal dynamo fields in a plane layer
L = IR2 × (0, l) and in a ball BR. In the former case we assume the toroidal scalar T to be
a smooth, i.e. of class C2+α,(2+α)/2(L× [0,∞)), P-periodic solution of the following problem
(cf. (8)):

(51)



































∂tT = ∂z(λ∂zT ) + λ∇h · ∇h T − ∂zWT − v · ∇h T

+〈∂zWT + v · ∇h T 〉 in IR2 × [0, l] × (0,∞),

T P−periodic in IR2 × [0, l] × (0,∞),

T = 0 on IR2 × {z = 0, l} × (0,∞),

T (· , 0) = T0 , 〈T0〉 = 0 on IR2 × [0, l] × {t = 0}.

Replacing IR2 by the bounded region P, eq. (51)1 fits into the framework of sec. 3. According
to Theorem 1 the quantity δT = maxP T − minP T is of class C0,1([0, l] × [0, t0]) and is,
furthermore, a weak subsolution of the problem















∂tδT = ∂z(λ∂zδT ) − ∂z(ω δT ) in (0, l) × (0, t0),

δT = 0 on {z = 0, l} × (0, t0),

δT (· , 0) = δT0 on (0, l) × {t = 0}

for any t0 > 0. ω is here determined according to (31) by W and T , and δT0 := maxP T0 −
minP T0. Note that λ ∈ C1+α,(1+α)/2(L× [0, t0]) and is horizontally symmetric by assumption,
whereas ω is merely bounded and continuous by definition. δT is nonnegative due to the
zero mean condition 〈T 〉 = 0. Recall, furthermore, the correspondence C0,1([0, l] × [0, t0]) ∼
W 1,∞((0, l)×(0, t0)), which implies δT being also a weak (sub)solution in the sense of Theorem
2, and observe the equivalence of norms:

max
L

T ≤ max
[0,l]

δT ≤ 2max
L

T .

Therefore, Theorem 2 yields the result:

Theorem 3 Any smooth, P-periodic solution of problem (51) decays in time according to

max
L

|T (·, t)| ≤ C max
L

|T0| e
−d t, t ≥ 0 .

C and d depend only on l, λ0, and a pointwise bound on ∂τW (or vz).

In the spherical case the modified toroidal scalar T = rT is governed by (cf. (16)):

(52)























∂tT = ∂r(λ∂rT ) + λ∇nr · ∇nrT − ∂rWT

−v · ∇nrT + 〈∂rWT + v · ∇nrT 〉 in BR × (0,∞),

T = 0 on (SR ∪ {r = 0}) × (0,∞),

T (· , 0) = T0 , 〈T0〉 = 0 on BR × {t = 0} .

Note that (52)1 does not fit precisely into the framework of sec. 3, since BR is a “warped”
product of its factors [0, R] and Sr. In particular, the nonradial gradient ∇nr depends also
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on r. However, checking the proofs in sec. 3 one makes sure that Theorem 1 applies to this
situation as well. Thus, starting with a smooth solution of (52) Theorem 1 yields δT (r, t) =
maxSr T (·, t) − minSr T (·, t) to be of class C0,1([0, R] × [0, t0]) and to be a weak subsolution
of the problem















∂tδT = ∂r(λ∂rδT ) − ∂r(ω δT ) in (0, R) × (0, t0),

δT = 0 on {r = 0, R} × (0, t0),

δT (· , 0) = δT0 on (0, R) × {t = 0}

for any t0 > 0. Proceeding as in the plane case, Theorem 2 yields then the result:

Theorem 4 Any smooth solution of problem (52) decays in time according to

(53) max
BR

|T (·, t)| ≤ C max
BR

|T0| e
−d t, t ≥ 0 .

C and d depend only on R, λ0, and a pointwise bound on ∂τW (or vr).

Note that (53), if expressed in terms of the original variable T , amounts to the nonuniform
bound

max
Sr

|T (·, t)| ≤ C
R

r
max
BR

|T0| e
−d t, 0 < r ≤ R , t ≥ 0 .
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