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Abstract: We consider a model for a flat, disk-like galaxy surrounded by a halo of
dark matter, namely a Vlasov-Poisson type system with two particle species, the stars
which are restricted to the galactic plane and the dark matter particles. These constituents
interact only through the gravitational potential which stars and dark matter create col-
lectively. Using a variational approach we prove the existence of steady state solutions
and their nonlinear stability under suitably restricted perturbations.

1. Introduction

Around 1970 astrophysicists noticed that in typical spiral galaxies the rotation velocities
of the stars, when computed in the gravitational potential of the visible matter, do not
fit with their observed rotation velocities. It was then conjectured that such galaxies are
surrounded by a halo of so far not directly observable dark matter in such a way that the
rotation velocities of the stars are consistent with the resulting gravitational potential
[11]. For an introduction to dark matter we refer to [3, Chap. 10] and the references
there.

The distribution of the stars in a galaxy is usually modeled by a density function on
phase space, and it is assumed that collisions are sufficiently rare to be neglected and
that the stars interact only by the gravitational potential which they create collectively.
In a non-relativistic setting this results in a system of partial differential equations which
in the mathematics literature is known as the Vlasov-Poisson system, cf. [27]. While the
true physical nature (and existence) of dark matter are still conjectural, we are aware of
at least one astrophysics investigation where it is also modeled as Vlasov-type matter,
cf. [28]. Given the fact that the only role which galactic dark matter has to play is to
provide the mass and hence the gravitational potential needed to resolve the discrepancy
concerning the rotation velocities of the stars, such a description of dark matter seems
natural.
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In the present paper we investigate a model for a flat, disk-like galaxy with a halo of
dark matter where both the distribution of the stars in the galactic plane and the distribu-
tion of the dark matter particles in the halo obey a Vlasov equation, and the interaction
among stars, dark matter, and between these two constituents is through the gravitational
potential which all the particles (stars and dark matter) create collectively.

Following the practice in astrophysics we assume that the stars are restricted to a plane
which we take to be the x1, x> plane. Their distribution on phase space is given by f=
f (t,x,v) >0, where t > 0 denotes time and X, v € R? denote position and velocity in the
galactic plane. The distribution of the dark matter particles is given by f = f(¢,x,v) >0,
where x,v € R? denote position and velocity in three dimensional space. The evolution
of the galaxy and its halo is then governed by the following Vlasov-Poisson type system
of equations:

& f+v-Vy f—ViUe-V, f =0, (1.1)

O f+0-Vi f—ViUe(-,0)- V5 f =0, (1.2)

Ue(t, ) =U (1, )+U (1) == fs 5= dy — [po 225053, (1.3)
p(t’x):fR% f(tv-xvv)dv7 5(t1i):fR2 f(taisﬁ)dﬁ (14)

Here p and /5 are the spatial mass densities of dark matter respectively stars, U and U are
the induced Newtonian potentials, and U, denotes the potential of the system as a whole,
i.e., the effective potential which determines the particle orbits. In order that the stars
remain in their plane it is sufficient to require that f (¢, X, x3,0,v3) = f (¢, X, —x3,0, —v3),
a condition which at least formally is preserved by solutions of the system and which
implies that VU (¢, x,0) is parallel to the plane; for vU (z,x) this is true automatically.
Throughout this paper we use the convention that variables with (without) tilde denote
flat (non-flat) quantities.

To our knowledge a fully non-linear model where the gravitational interaction within
both types of matter and between the two types is taken into account has so far not been
investigated. Our aim is to prove the existence and non-linear stability of steady state
configurations to this system. We obtain such stable steady states as minimizers of the

total energy
1 2 1 YD F e i~
— [v|“ fdxdv+= 0| fdxdv
2 2
1 1

+5 [vptodrss [ U605 s,
satisfying suitable constraints. This so-called energy-Casimir approach was developed
for the usual, three dimensional Vlasov-Poisson system, i.e., f =0in the above, in [12—
16,25], see also [7,19,27,29]. The approach has also been used to prove the existence
of stable steady states for flat galaxies without a halo, i.e., with f =0 in the above, cf.
[9,10,24]. The fact that in the present situation the energy is a functional acting on two
functions together with the potential interaction terms between the flat and the non-flat
component requires substantial new ingredients in the basic scheme. One pitfall to avoid
is that for a minimizer of the above energy functional one of the two components might
vanish.

Besides the above stability results it is known that global classical solutions to
the initial value problem for the usual three dimensional Vlasov-Poisson system exist,
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cf. [21,22], while local classical and global weak solutions exist in the flat case without
halo, cf. [6]. For the situation at hand nothing is known about the initial value problem,
but we conjecture that the analogue of [6] for weak solutions remains true. Our stability
result is conditional in the sense that it holds for solutions as long as they exist and
preserve the required conserved quantities. For more information on the Vlasov-Poisson
system in general we refer to the review article [27].

The paper proceeds as follows. In the next section we formulate our variational prob-
lem and our main result on the existence of minimizers. In Sect. 3 we establish properties
of the potentials which allow us to define and control the potential energies, in particular
the interaction terms. Next we collect some relevant results about the decoupled varia-
tional problems where one of the two components is missing; these facts are established
in an Appendix. In Sect. 5 we show that the energy functional is bounded from below,
that not all the mass can escape to infinity along a minimizing sequence, and we investi-
gate the splitting properties of the functional. With these prerequisites we can then prove
the existence of minimizers in Sect. 6. The fact that such minimizers are steady states
together with some of their properties are established in Sect. 7. In Sect. 8 we finally
investigate the stability estimate resulting from their minimizing property.

2. Variational Setup

We denote the set of non-negative, Lebesgue integrable functions by Ll(R”). For
feLL(R® and p € LL(R?) we denote by

p,f»(X)IZ/ f(t,x,v)dv, Up(x);:_/ p(y) d
= R3 |x =yl

the induced spatial density and gravitational potential; we write Uy =U, . Similarly,
for fe L} (R*) and e L} (R?),

N S p(y) .

o= [ Fiian Upwi=- [ LDods,
/ R? g R [x = (3,0)]

and to abbreviate we sometimes write p and U instead of of and Uj; notice that the

latter is defined on R3. In what follows we do not explicitly denote the domain of inte-
gration—R3 or R2—unless in cases of ambiguity. The integrability properties of these
potentials are investigated in Sect. 3. Next we define the various parts of the energy

functional. For f € L1 (R®) and f e LL(R*),

Exin(f) = 1// > f(x,v)dvdx, Exin(f):= 1/ 191 f (%, 0)did,

505 )
Epox(/) ———//”f(x)pf(”d dy, Epou() ———// L azas.

denote the kinetic and potential energies of the non-flat and flat components. The total
energy of each component is then defined by

H(f) := Exin(f)+Epot (), H(f):= Exin(f) + Epot (f).
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Finally,
- -1 1
HUD=H+ R+ [Upmprwdes s [ U600
—H()+H()+ / Us)ps(x)ds

is the total energy of the state (f, f). In Sect. 3, where we investigate the existence
of all these integrals on the constraint set defined below, we will also see that the two
interaction terms are equal.

‘We wish to minimize this functional over the constraint set

A= { (£ DI f €LL®), FeLL®, 1/ <M. [If Ik <N,
WA <M1 g <N Exin(F)+ Exin(f) < 00,
f(f,X3,l~1,U3)=f()?,—)€3,1~1,—v3)},

where M:=(M,N ,M ,1\7 ) denotes the constraint vector whose components are all
strictly positive, || - ||, denotes the usual L?” norm, and

0<k<7/2, 0<k<2.

In Sect. 3 and 5 we will see that the total energy functional is well defined and bounded
from below on this set. The following theorem is our main result.

Theorem 2.1. Let (f;, fj) C Fm be a minimizing sequence of H. Then there exists
(fo, fo) € Fm, a subsequence again denoted by (f;, f 1) and a sequence of shift vectors
(aj)CR such that with T; f;(x,v) := fj(x+(a;,0),v), T; fj()E v): —fj(x+aj,v)

T fi— fo, Tj fj — fo weakly in L'*'/*(R®) or LHI/%(R“) respectively,
Epoi(T} ;= fo) = 0, Epoi(T; f;— fo) =0,

and
/(pT.ffj _pfo)Uijj—fodx —0.

Moreover ( fy, fo) is a minimizer of H over Fm.

The spatial shifts parallel to the (x1,x2) plane are necessary due to the invariance of the
total energy and the constraint set under such shifts. If ( fo, fo) is a minimizer of H, then
(T fo.T; fo) is a minimizing sequence for any choice of shift vectors @ j € R? which is
weakly convergent to a minimizer only if we shift our frame of reference accordingly.
The constraints on || f|]141/4 and ||f||1+1/,; in the definition of the set Fyp play the
role of the Casimir constraints, and it does not seem to be possible to include these Ca-
simirs into the functional to be minimized, as was done for example in [14] for the purely
three dimensional and in [24] for the purely flat problem. In the latter cases these Casi-
mir functionals can be replaced by more general ones of the form f f D(f(x,v))dvdx
with some suitable prescribed function ®. The Casimir constraint determines the micro-
scopic equation of state of the resulting steady states, and the choice in the present paper
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restricts these steady states to the so-called polytropic case, cf. Thm. 7.2. In astrophys-
ics polytropic states have been and are studied extensively, also in the context of dark
matter, cf. the discussion in [5,8,18,23,31] and the references there. However, from the
applications point of view it is desirable to extend the present analysis to non-polytropic
and possibly non-isotropic states along the lines in [14—16]. Such an extension does not
seem straightforward to the authors since the form of the constraints and in particular
their scaling properties play an important role.

3. Preliminaries

We start by collecting some well known estimates for the spatial densities and potential
energies induced by elements from the constraint set Fy.

Lemma3.l. Let (f, f)eFm and define n:=k+3/2, ii:=k+1. Then pse
Ll+]/n(R3)’ pf€L1+1/ﬁ(R2) with

105 ll141/n < CNED/OD By ()Y CE),

1o sy <CN SV B (162,

and

—Epot (/) <CllpslIg/s < CmExin ()2,
—Epot (N =ClI5 7133 < CmEin ()2,
where the constant C > 0 is universal and Cy1 > 0 depends on the constraint vector M.

By the restrictions on k and k, 1+1/n>6/5 and 1+1/ii > 4/3 so that pofeE LSS (R3),
pf€L4/3(R2).

Proof. Given R > 0 we split the v-integral and use Holder’s inequality and the definition
of the kinetic energy to find that

prx)= f(x,v)dv+/ fx,v)dv

[v[<R [v|>R

4o 1/(k+1) k/tetl)
5(?R3) (/fl+l/k(x,v)dv) +ﬁ/|v|2f(x,v)dv.

We optimize this estimate in R, take the resulting estimate for p s (x) to the power 1 +1/n
and integrate with respect to x to obtain the estimate for o r. The estimate for p 7 follows

the same lines. The last two inequalities follow by interpolation and the Hardy-Little-
wood-Sobolev inequality. O

In order to analyze the mixed term in H( f, f) we need some information on the
integrability of the flat potential in R3.

Lemma 3.2. Let p € L*3(R?). Then U; € L°(R?) and

U511 Low3) < ClIAI 143 ®2)-
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Proof. We use the general form of the Minkowski inequality, cf. [20, 2.4], and the weak
Young inequality to obtain

() \° -

1U316= /R/ (/R =G, 0)|dy) s
5 1/6 6
p°(Fy o
/ /(/ (Ix— y|2+x3 XS) dy | dx

P o
=C/[ mdy} di=ClI5x]- 17 NG g,

-5/6
-

~116
§C||P||L4/3(R2 || IZ/S(RZ)

the function |-|~* is an element of the weak L?” space an/)” (R™), cf. [20,4.3]. O

We also need to investigate the integrability of U, restricted to the (x1, x2) plane.

Lemma 3.3. There exists a bounded linear operator
S: LR — LY (R?)

such that for p € C.(R3) compactly supported and continuous, Sp = U »(+,0); notice that
for such p the induced potential U, is a continuous, pointwise defined function.
We write U, (-,0)=Sp € LY (R?) also for p € L%3(R3) so that

UG, 0142y < Cllpll L6r5 (R3) -

If in addition p € L*3(R?), then the following mixed potential energies exist and are
equal:

/Uﬁ(x)p(x)dx=/Up(£,0),5(i)di.

Proof. Fubini’s theorem together with the Holder inequality and Lemma 3.2 imply that
for p e C.(R?), p e C.(R?),

N loWMp@I .
/IUp(x,O)p(X)IdXS/ dedy:/|U\ﬁ\(Y)P(Y)|dy

=< C||,0||L6/5(R3) | |,5||L4/3(R2)-

The estimate for [|U,(+,0)[| .42, follows by taking the supremum over all p € C, (R?)
with [[0]4/3r2) = 1. This shows that the operator S is bounded with respect to the
indicated norms on the dense subset C.(R3) of L%3(R3) so that it can be extended as
stated. Since the mixed potential energies now exist they are equal again by Fubini’s
theorem. O

It will be useful to view the potential energy as a bilinear form which induces a scalar
product. More precisely we define for p, o € L6/ (R?),

1 [ pmo
<p,0>pot~—2/—|x_y| dydx
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with the analogous definition for (5,5 )pot, f,6 € L*/3(R?), and

p(x)p(y)
[x—(3,0)]

It is well known that (-, -)pot is a scalar product on L6/5 (R3), cf. [20, 9.8], and the same
is true on L*/3(R?). The induced norms are denoted by

(0, P)pot dydx. (3.1

1/2
1101 1pot == (0. P) gt~ 115]Ipot := (5. ) g -

Finally, {f, g)pot := (0 s, pg)pot €tc., provided that the induced spatial densities belong
to the proper L? space, so that with this notation,

Epot(f)==(f, [hpor=—=1flpor (32)

etc. The Cauchy-Schwarz inequality corresponding to the mixed case (3.1) is estab-
lished next. It tells us how strong the mixed potential energy term is in comparison to
the potential energies of its individual components.

4/3

Lemma 3.4. Let p e LY (R3), 5 e LY (R?). Then

(P B)pot| < 1121 lpot 18] lpot-

Proof. We first show the assertion under the additional assumption that p,p e C2°
are compactly supported and smooth. In that case U, is smooth and bounded. Let
d € C2°(R) besuchthatd > 0and [d=1,andlet§¢(x) :=e~1d(x /€) denote the induced
8-sequence; € > 0. Then

lim/Up()?,x3)8€(X3)dX3:Up(i,O)
e—0

pointwise for ¥ € R?, while the latter integral is bounded in modulus by ||U olloo. Using

Lebesgue’s theorem and the fact that (-, ) pot is a scalar product on L5 (R3) we can now
argue as follows:

1
(0. 5) pot|—‘ / Up(X,0)5(0)dx| =

— llm ‘// Up(X,x3)8°(x3)p(X)dx3dx

=€11_I)%|</O,,0®5 pot|

1 [ 5(E)5(T)8 (x3)8¢ 12
. 511_13})(5// PX)P(¥)8¢ (x3)8¢(3) dxdy)

lx —yl
B(E) A7) (x3)8¢ (v3) 172
< 1ollpo lim // )5 dxdy
|x — I
=110 lpot ||p||pm,

in the last step we used that [§€ =1 for € > 0. The general case follows by approxi-
mating p and p by compactly supported, smooth functions, observing the fact that both
sides of the inequality are continuous with respect to the L (R3)-norm for p and the
L*3(R?)-norm for 4. O
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4. The Decoupled Minimizers

In the next sections the existence and properties of the minimizers of the decoupled
problems where one of the components is missing will become important. Here we
briefly collect the relevant facts. A function g on R? x R? is called spherically symmet-
ric if for every A € SO(d), g(Ax, Av) =g(x,v).

For each M, N > 0 the energy H(f) has a minimizer fO3D in the set

FiPyi={f € LL®OIFI =M. 1 lliajx <N, Buin() <o)

The minimizer is unique up to spatial shifts, spherically symmetric, has negative energy,
ie., H(f03D) < 0, saturates the constraints, i.e., ||f03D||1 =M, ||fO3D| [1+1/x =N, and has
compact spatial support. There exists a constant R* > 0 which is independent of M and
N such that the radius of this spatial support is

R = R* M @k=1)/3 y—(2k+2)/3 4.1
By spherical symmetry,
fO3D(x~7x37 ﬂ? U3) = f(;’D(i’ —X3, ﬁa _U3)-

Similarly, the energy H(f) has a minimizer fI* in the set

Fity = {F e LL&) NI =M, 1171115 <N, Biin(f) < 00},

A slight complication arises from the fact that we do at the moment not know whether
this minimizer is again unique up to spatial shifts. However, there does exist a two-
parameter family ( ff)jN) M.N=0 such that fAlfIIjN is a minimizer of H( f ) over }'E,IL’N
which saturates the constraints, has negative energy, is axially symmetric with respect
to the x3 axis, i.e., spherically symmetric as a function of X, v, and has compact spatial
support. There exists a constant R* independent of M and N such that the radius of this
spatial support is

R=R*MEN—K+D) (4.2)

In what follows f(f L always denotes the corresponding member of the above family. In
particular, if

M= (M.N, M, N)= (M3D,MFL),

then f03D denotes the minimizer of H over F ;/ID n and f(;: L denotes fAEILN'

Since the above facts are known or follow by arguments already’available in the
literature we defer their discussion to the Appendix.
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5. Properties of H

First we establish a lower bound for H on Fu and certain a-priori bounds along mini-
mizing sequences.

Lemma 5.1. (a) The functional H is bounded from below on Fyy, i.e.,
—oo <infH =:hpm <0.
Fm

(b) Along every minimizing sequence (f;, fj) C Fwm of H both the kinetic and the poten-
tial energies are bounded, more precisely, for j sufficiently large,

Exin (1) + Exin (/1) +| Epot (/) +| Epot (f)] < Cm,
where the constant Cy > 0 depends only on M.
Proof. Lemma 3.1 and Lemma 3.4 imply that for (f, ) € Fwm,

<11 pot!l F1lpot < Cv Exin(f)"* Exin (f) /4
<CMmExin () +CrmExin ()Y

[

the value of the constant Cyy may change from line to line. Using Lemma 3.1 again this
yields the estimate

H(f, )= Exin(f) — Cv Exin ()" + Exin (f) — Cv Exin () /2. (5.1)
Hence hyp > —o00. Moreover,
It <HO. Y = HOD) +HO) + / Jopodz <0.

Hence along a minimizing sequence H( f;, fj) <0 for j sufficiently large, and by (5.1),

2 - 2
(B2 = Cn/2) "+ (Ban( 72 = Cu/2) " = Cy/2
Another reference to Lemma 3.1 completes the proof. O

In order to pass to the limit along a minimizing sequence we need the following
compactness properties of the potential energies; by 15 we denote the indicator function
of the set S, and we recall (3.2) and the corresponding notation.

Lemma 5.2. Let (p;) C L'*V/"(R?) and (5;) € L'*V/A(R?) be such that
pj — po weakly in LR, pj— po weakly in LR,
Then for each R > 0,
1Bz (0j = P0)llpot = 0, |15, (0j = po)l|pot = 0 as j — oo.

Proof. The convergence of the non-flat potential energy is proved for example in [27,
Lemma 2.5]. For the flat case we refer to [10, Lemma 3.6]. O
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A crucial step in the analysis is to show that minimizing sequences do not spread out
in space and that up to spatial shifts not all the mass can leak out to infinity. This is the
content of the next result.

Proposition 5.3. Let (f;, ];j) C Fm be a minimizing sequence of H. Then there exists a
sequence (a ) C R? of shift vectors, €y > 0, and Ry > 0 such that for all sufficiently large

jeN,
/ /fjdvdxzeo, / ) /fjdﬁdizeo.
(a;,0)+Bg, aj+Bg,

Here Bg, and BRO denote the closed ball of radius Ry about the origin in R3 or R?
respectively.

Remark. It is important that the same shift vectors work for both the non-flat and the
flat component.

Proof. LetUj:=Uy;, pj:=p 7 and let R3P and RF denote the radii of the decoupled

minimizers f5° and fI- subje'ct to constraints M3P and MFL, ¢f. Sect. 4. Since
Tim 4 5 <HUP AT =R T + [ Ul
we get that for j sufficiently large,
H(fj)+H(fj)+/Ujﬁjdi < H(f(?D)+H(f§L)+%/Ugngde.
Since H(f;) > H(f3P) and H(f;) > H(fEL) this implies that

1 3D EL // o3P () et (F)
/Ujp]dx<2/U dx = Z.0)—y] ——————dxd

MM
~ 2(R3D+RFL) ©2)

for all sufficiently large j € N.
For R > 1 we write

1 1
] = 1{|x|§1/R}(x)m +1{1/R<|x|<R}(x)ﬂ +1{jx=Rr) (%)

= Kh(X)+K%(x)+ K3 (x).

x|

With this splitting
// pl(y)pl(X)d dy=J1+Jr+J3.

‘/ iPids (£.0)— |

The second and third terms are estimated straightforwardly:

J2 SR// pj(Mpj(X)dxdy,
|(&,0)—yI <R

J3sR*‘//pj(y)ﬁj(i)didngMR*‘.
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For J; we first apply the Holder inequality and then the general form of the Minkowski
inequality as in the proof of Lemma 3.2 to obtain the estimate

/ PR s
i <1/R 1(x,0) —-|

<Clpjllisi/nllpj* (K )™ D 0y
<Clpjls1/nll Bjllier/all(K )" 0,
<Cllpjli+1/nllpjllis1/aR™" <CmR™7,

Ji=lpjll+1/n

n+l

where

1 1\ 2 n
yi=—+= >1, oi=———>0;
n+l n+l y n+l
recall that 3/2 <n <5 and 1 <n < 3. With (5.2) we find that

MM

s g 7 | Vb=

and hence

e MM MM
2= 2(RD LRIy R

—CMmR7°.
For R sufficiently large the right hand side is positive, so that

0<R™! MM MM CmR™° <// (x)p;(3)dxdy
< - ~Cm < p;(x)p;(3)dxdy.
2(R3D + RFL) R [x—(5,0)| <R ! !

(5.3)

The existence of the shift vectors (@) with the asserted properties is now a consequence
of the following lemma. O

Lemma 5.4. Let p € LL(R3), o€ Ll(R2) with

0</ ,o(x)dx,/ o()dy<M <o
R3 R2

and such that for some 8¢, ro >0,

// p(x)o(y)dxdy > d.
lx—(3.0)| <ro

Then there exist €y, Ry > 0 depending only on by, ro, and M such that

€ </ o (x)dx and € </ o(y)dy
[x—(a,0)|<Ro [y—al<Ro

for some @ € R?.
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Proof. Let z € R3 be given. Note first that

[ R 12— .01 <ro, [ = .0 <ro]

c{(x,y)eR5||z—x|<2r0, |x—(y,0)|<ro},

/ ( / a@)dx) d5
|z—(¥,0)|<ro [x—=(3,0)|<ro
< / ( / o(i)di) dx.
|z—x|<2rg [x—(3,0)|<ro

Multiplying with p(z) and integrating with respect to z € R? we obtain

/ () ( / a@dx) didz
|z—(3,0)|<ro [x—(3,0)|<ro

E/,O(Z) (/ G(&)dﬁ) dxdz. 5.4
lz—x[<2ro \J |x—(3,0)|<ro

Changing the order of integration, the right hand side of (5.4) can be rewritten as

[ ] e ( / #(G)d5 ) dzdx
xeR3J|z—x|<2rg [x—(3,0)|<ro
-/ ( / p(z)dz) ( / a@)d&) dx
xeR3 \J|z—x|<2rg [x—=(3,0)[<ro

:/ R(x)S(x)dx,
R3

and hence

where the functions R and § are defined by
R(x) :=/ p)dz, S(x) :=/ o(y)dy. (5.5)
|x—z|<2ro lx—=(3.0)l<ro
From our hypothesis,
<[ o[ o () dids
zeR3 lz—(3.0)|<ro

3 . -
3/ p(z)/ / o(y)dxdydz,
Anry Jzer3 2= (5.0)| <ro / |x—(5,0) | <ro

so that combining with (5.4) we are led to

80<i3/ R(x)S(x)dx. (5.6)
471'r0 R3

As a direct consequence of our definitions (5.5) we find that

[Rlloo <M, [Slloc =M. (5.7
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Furthermore,

||R||1=/ / ,o(z)dzdxz/ / ()dxds
xeR3J|z—x|<2rg z€R3 J|z—x|<2rg

4 4
§8M?r B

and

||S||1=/ / o(&)d&dm/ / o (§)dxd5
xeR3 J|x—(3,0)|<ro yeR2 J|x—(5,0)|<ro

4 4
SM?V().

We may thus continue with (5.6) as follows:

3
80<—3/ R(x)S(x)dx
dry JR3

s%ﬂ(RS)“znoo / (R(x)S(x))'?dx
drry R3

1/2 1/2
< 3||RS||1/2(/R(x)dx) (/S(x)dx)

<2V2M|R S|

So there exists a € R? such that

s\
R(a)S(a) > (2«/§M) .
In view of (5.7) this implies that
8 83
R(a) > W and S(a)> —= 8M3'
Finally we write a = (a,a3) witha € R2, a3 € R and observe that

2

5
a@dyz/ o ()di=S@)> L.
/|a5~<ro \(@.a3)— 5.0 <ro sM?3

In addition, S(a) > O clearly implies |a3| < rp, so that

52
/ p(z)dzZ/ p(2)dz=R(a)> ==,
|z—(a,0)|<3ro la—z|<2ro 8M

which is exactly our claim with

82
.__ 0 —
€):=——=, Ro:=3rp.

237

(5.8)
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In what follows it is important to control the parameters €g and R in Proposition 5.3
if the constraint vector M varies. This is the content of the following corollary.

Corollary 5.5. Let the constraint vector M satisfy the bounds

O<M;<M<M,, 0<M; <M
N

M,,
0<N;<N<N,, 0<N; < N,.

=<
=

Then the parameters €y and Ro in Proposition 5.3 can be chosen independently of M
and (fj, fj), depending only on the bounds M; and M,,.

Proof. Under the given bounds on M we can choose R >0 depending only on these
bounds such that the left hand side in (5.3) is bounded from below by a parameter §p > 0
also depending only on these bounds. To this end, observe that M and M are bounded
both from below and above, Cy is bounded from above, and the radii R°P and R are
bounded from above in view of (4.1) and (4.2). Given (5.8) this completes the proof. O

The last tool needed for the proof of Theorem 2.1 is the fact that the energy
infimum Ay is sub-additive in M. While up to now all components of the constraint
vector M were strictly positive, this sub-additivity is for technical reasons needed also
in situations where the flat or the non-flat component of a constraint vector vanishes,
e, M= (M3D, MFL) and MFL =0 or M3P =0. In such a case hy is obviously taken to

denote H( f03D) or H( f(f L) respectively, where ng is the minimizer of H over }'S/BD

and fé: L is the one over fgh, cf. Sect. 4. We say that the constraint vector M € [0, oo[*
is nontrivial, if

(M >0and N >0) 0r(1l~4>0and1§7>0).

Proposition 5.6. For all M, M, € [0, co[*,
hvy v, < hvyy +hwm, -

If both M| and My are nontrivial, then this inequality is strict. If M| satisfies uniform
bounds from above and below as in Corollary 5.5, and if either this is true also for Mp
or one component of Mo vanishes and the other one satisfies such uniform bounds, then
there exists € > 0 depending only on these bounds such that

hM1+M2 = hMl +hM2 —E€.

Proof. Consider two minimizing sequences (., fjl) C Fwm, and (f?, flz) C Fm, with

Hf} FD = by, HT 7 — b,

We can assume that the minimizing sequences are shifted in such a way that the
assertions of Proposition 5.3 hold with eé, 63, R(l), and R%, and without spatial shifts. If
one component of M or M, vanishes, say the flat one of M, the corresponding trivial
minimizing sequence ( ng ,0) need of course not be shifted, and we take for R(2) the

radius of the minimizer f03D and for 63 its mass.
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By the Minkowski inequality, ( f jl +f 2 fjl + sz) € Fm,+M,, and hence

htyom, SH ] + 17, 71+ 7D
=H(f}, [H+HUT. D)
=20f} ot =20 F}+ Fhpot =20 f} . F7dpot = 20f 7+ F} dpor
<Hf} FH+HST T = b, + i,

If M| and M have both at least one nontrivial component, say, in both cases the non-flat
one, then the corresponding potential interaction energy is bounded away from zero so
that the estimate above is strict:

1 2
1 p;(x)p5(y)
L2y ol 02y s T dxd
(fj»fj)pot <p]’p])P0t_2//13RIXBR2 |x_y| xay
0 0

1,2
1 €0€0
= 1 2"
2R0+R0

Assume now that we have positive uniform lower and upper bounds for M| and M.
Then the above lower bound for the interaction term is bounded from below by some
€ >0 depending only on the uniform bounds on the constraint vectors, where we use
Corollary 5.5 and in addition (4.1) if the flat component of M vanishes. If the non-flat
component of M, vanishes we use (4.2) instead. O

Remark. The uniform sub-additivity is also valid if both M| and M have exactly one
nontrivial component which is uniformly bounded from below and above, but this case
is not needed in what follows.

6. Proof of Theorem 2.1

Let (f}, fj) € Fm be a minimizing sequence for . We choose shift vectors a; € R?
such that the assertion of Proposition 5.3 holds. To keep the notation simple we rede-
fine (f7, fj) as the minimizing sequence shifted by these vectors as in the statement of
Theorem 2.1. Hence according to Proposition 5.3,

605/ /fjdvdeM, 605/ /fjdﬁdifﬁ;l. 6.1)
[x|<Ro [¥|<Ro

This new sequence is of course minimizing as well. The definition of JFy; implies the
a-priori bounds

il <N Fill e <N
Hence after extracting a subsequence which we denote by the same symbol,
fi— fo weakly in L'"V¥(RS),  f; —~ fo weakly in LIVERY).
From this weak convergence it follows that

1 follv <M. 11 foll < M. 1 follisx <N ol g <N,
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and

Exin(fo) <limsup Exin(f}) <00, Exin(fo) <limsup Exin(f;) < 00.

Jj—o00 Jj—o00
By Lemma 3.1 the corresponding spatial densities p; := p; and pji=p 7, are bounded

in L'1/7(R3) or L1+1/7(R2) respectively. After extracting a subsequence again,
p;j — po weakly in L'1/"(R3),  5; — o weakly in L'*1/7(R?),

It is easy to see that in fact pg = p s, and pp = p i The essential step is to prove that up
to extracting yet another subsequence the potential energy terms converge, i.e.,

1fj = follpot+11.f7 — follpot = 0 as j — oo;

by Lemma 3.4 it then follows that also (f; — fo, fj — fo)pot = O.
For R> R >Ry we define Bg, g:={x eR3|R; <|x| <R} with the obvious
definition of Bg, g, and we split the functions f; and f; as follows:

fj:lBRl XR3fj+13R1_RXR3fj+lBR'DOXR3fJ. = f]l +fj2+f3’
F F F Fo_ Ffl, 2,3
Ji=1p e fit gy oxrafitg, gefi=tfj+fi+f;.
Lemma 5.2 implies that for R > R; > Ry fixed,
Lf}+ 17 = fo = follpot+11LF} + F7 = fo = fllpot = Oas j—>o00.  (62)
So we only need to show that for any € > 0 and R sufficiently large,
timin (117 lpo 117 lpor) <. (6.3)
Once this is established we use the triangle inequality for || - [|po to conclude that

1 2 1 2 3 3
£ = follpor < I1LF}+ £7 = £3 = 13 llpot + 1157 lpot +11.£3 pot-

We can surely find R > 1 such that the right hand side is as small as we want for j
sufficiently large. Hence for j — oo,

Epot(fj) = Epot(f0)

and with the same argument,

Epot (f]) - Epot(fO) .

/Uj,ojdx—>/(70podx,

and all together this implies that

H(fo. fo) = lim H(f. fj)=ha.

Finally by Lemma 3.4,
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This is the desired minimizing property of ( fo, ﬂ)).
We prove (6.3) by contradiction, so assume that (6.3) is false, i.e.

Je1>0VR > 13jo €NV = jo: [1£7 pot+11/5 lpot = €1.
Then we can choose a subsequence such that without change of labeling it satisfies either
VR >13joeNYj > jo: |If]lpor > €1/2 (6.4)
or
YR >13jo €N = jo: |1/} llpo = €1/2. (6.5)

In the following we consider the first case; the second one can be treated analogously.
The contradiction is arrived at by splitting f; and f; as above and then using the uniform
sub-additivity from Proposition 5.6. Let us denote

0._ FO._ F
fj -—lBRoxR*fj’ fj '_IE'ROXR2fJ"
Since the splitting parameters satisfy the relation R > R > Ry, (6.1) implies that

co=<IIf I <l Ih =M. e <|IfIh <I1f] 1h <M. (6.6)

We also need uniform lower bounds for the L'*'/*-norm and L'*/K-norm. By
Lemma 3.1,

k+1 1
1L = 10911 < CRO 1Y 1141w < CRO AN,

with an analogous estimate for f ;. Hence with (6.1),
0<Ceo) <IIf sk <N, 0<Cleo) < f} Iy, <N. (6.7)

From the assumption (6.4) we now derive such bounds also for f 13. By Lemma 3.1 with
0 €]0, 1] an interpolation parameter and o := (1 —0)(1+k)/(1+n),

2(1—-6
1120 = Epat (DI = Cllpl2)s = Cllpl 11Ty < CUARNLIR 5o (6.8)

With f = ff this implies that
0<Ce)=IIfIh <M. 0<Ce) <|If] 11k <N. (6.9)
To arrive at a contradiction we insert the splitting of f; and f] into the energy functional:
£\ 1 71 2 2 3 73
H(fj,fj)—H(fj,fj)"‘H(fj,fj)"'H(fj7fj)
=207 ]+ I pot =20} f ]V pot = 20F7 £} + £ dpot =20 F} 7 pot
=2 fF F]+ F o =20 F ot —20f )+ £7 . 7 pot = 20f5 F} dpot

=H(f}, [H+HUT, FH+HU )
—[1—]2—i1—iz—]l—.lz—fl—jz. (6.10)
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Using the Cauchy-Schwarz inequality for (-, -)pot, i.€., Lemma 3.4 for the mixed terms

Ji and J;, and the boundedness of potential energies along the minimizing sequence,
cf. Lemma 5.1, we obtain the estimates

1+ <CI Ao =€ (1157 = Fllpor 118 )

T 7 F2 2 £2 £2

B+ T =Cl o =€ (1177 = Fllpor+11 7 lper)-
For R>2R; and x € Bg,, y € Bg,oc We note that

1 1 1
<

< =—,
=yl 7 Iyl=Ri ~ Iyl=Iyl/2 Iyl

and we combine this with the Holder inequality to estimate I, fz, Jr, and f2 as follows:

B R, 1/2
1252/ p,;(x)dx/ Iyl 1p,,<y)dys€||pj||§/5(;) :
Bg, BRr,o
1/2
7 < o=y gz O N T -2 (R
h=2 [ pjxydx [ YAy =Clipjllas| &)
Bp, BR,oo

o B 3 Rl 1/2
p,-(x)dx/ 15 1p,-<y>dysC||p,-||6/s||p,-||4/3(7) ,
BR,oo

J2§2/

Bpr

j2§2/
B

We wish to apply the uniform sub-additivity from Proposition 5.6 to the constraint
vectors induced by (f jl, f jl) and (f3, f ].3). To this end, let

1

o B ) R\ 2
pj(X)dX/ [yl lpj()’)dy§C||Pj||6/5||:0j||4/3 (7) .
BR.oo

1

M c= (LI o 1 I L 0
M= 1 ey LA TG A 0, = 1,2,3.

From (6.6), (6.7), (6.9) we have the required uniform bounds for M}. and (M3, N?).

With respect to fj3 we now distinguish two cases. Either this function also satisfies such

non-zero uniform bounds or it is negligible, more precisely:

Case 1. 3e) >0VR >13joeNVj > jy: |Ep0t(fj3)| > ¢;. In this case the analogue of
the potential energy estimate (6.8) for ff implies that

0<C@) =IIfjlli =M, 0<C(e) <}l <N

So we have obtained uniform positive bounds for each entry of the quantities M; and

M;’ from above and below. By Proposition 5.6,

R FD+HT T+ T = g+ + gy = e
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with € > 0 independent of the splitting parameters R > 2R; and of j. Recalling (6.10)
we find that
hm—H(f;, fj)+e <h+h+h+h+Ji+h+Ji+)
= C1 11 pot+ 17 por +1117 = Flpox #1177 = Fllpo+ (R1/ B2
We choose R > Rg such that
Cr1 3 por +11 £ llpo) < €/4.
Next we choose R > 2R such that C1(R;/R)'/> <¢€/4. For j large,

~ 1 ~ ~
=Ry F)+e = 3e+C[ILFF = fllpor+11F7 = Flpor .

and by (6.2) this contradicts the fact that (f;, fj) is minimizing.

Case2. Ve >03R > 1V joeNIj> jo: ||f]3||pot <€, provided R > R,. In this case we
neglect ];].3 in the sub-additivity argument and recall that Proposition 5.6 yields €; >0
only depending on the bounds for M}, M]3., and N; such that
hypt +hyz +h s 03 >h 3 A3 +er+hype
M} M:; T3 NG 0,0) = M}+(Mj,1vj,o,0) 2 M3
z hM}+(Mj.,NJ3,0,0)+M§ te
= I3 w3 ,0.0) 3 T €2+ R 0,73, 3 Z M F €2

By the assumption of the present case we can choose a subsequence which we keep on
denoting as before such that || f j3||p0t <e€ for all j €N, where € will be determined in
terms of € below; if necessary we increase R so that R > R.. By Lemma 3.4,

1(f5+ f7)potl < Ce.
Together with the assumption of the present case,
HU5 [ =HUD+HSE) =20} £ )por = H(S}) —€* —Ce.
We choose R > 2R > 2Ry such that in (6.10), I; +---+J> < €. Hence by (6.10),
H S5, f=HUS FHO+HUT FH+HST L ) —e
ZH(f} T+ T+ (S =€ =Ce
= hagt + iy +h i v 00) —e?—Ce
>hwm; +ey—e>—Ce.
If € is chosen properly in terms of €3,
H(f, fj) >hyp+e€2/2 as j— o0.

This contradicts the minimizing property of (f;, fj). If one considers the case (6.5)
instead of (6.4), all the arguments remain the same with the roles of the flat and non-flat
components interchanged. The proof of Theorem 2.1 is complete.
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7. Properties of the Minimizer

First we exclude the possibility that for a minimizer fo=0 or fo=0. Indeed the next
result shows that the constraints are to some extent saturated by any minimizer.

Proposition 7.1. Let ( fo, fo) € Fm be a minimizer of H over Fu. Then

folh=M Vv || folh =M
Ifoller/k =N, [l foll 4 5=

Proof. We define for a, b, c,d, e > 0 a rescaled state (fo*, fd") as

Jo(x,v):==afo(bx,cv), f(;*(i, ) :=d fo(bX,ed);

because of the mixed potential energy term x and X must be scaled in the same way.
Then

Exin(f§) =ab™>¢ ™ Exin(f0), Exin(f§) =db™ e * Exin(fo0),
Epot(f§) =a*b™>c O Epoy(f0), Epm(fgv =d*b3e ™ Epot (o),

/ Ug pidx =adb™ Z/Uo,oodx.
Assume that || fo||1+1/x < N. Then we choose
a:c3, b=d=e=1.
For this choice of parameters f(;k = fo,

=1 ol 1 e1e = FDN follia i,

and
HU ) = Ein(fo) + Epor fo) +H(Jo) + / Oopodx.

We can choose ¢ > 1 so that the rescaled state still lies in .7-"M and has lower energy which
is a contradiction. The analogous argument shows that || f0| l141 = =N.

In order to prove that at least one of the two mass constraints is saturated we assume
that || foll1 < M A | f0| 1 < M, and we choose the scaling parameters

a:c_7, b:d:c_4, e=c.
For this choice,

A=l follr, 1751 =21l follhs

£ w1k = cR=DIED £k llf(;ﬁllm/,; =C(2k_4)/(k+1)||f0||1+1/,;,
and

HE, f) =H(fos fo)-
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Since 0 <k <7/2 and 0 <k <2 we can choose ¢ > 1 such that (fo f(;") € Fwm and both
M= (111 LA i LA 7Ny ) and M—M* are non-trivial. The strict
sub-additivity in Proposition 5.6 implies the desired contradiction:

hw < hw +hvi—ve < HOG £ =Hfo, fo) =hm.
O

The main result of this section is the fact that the minimizers are functions of the
particle or local energy. We use the Lagrange multiplier method presented for example
in [4,14,15,27,29].

Theorem 7.2. Let (fy, fo) be a minimizer as obtained in Theorem 2.1 with induced
potentials (U, Up). Then

k
folx,v) = (B=5e) ae,

.
foli, ) = (BEEI0) g,
+

where E(x,v) := % |v]2+ U (x) + U (x) and (-) denotes the positive part. The Lagrange
multipliers are defined as

1 2k+5 -
Ey:= ( Ekin(fo)+2Epot(fo)+/U0P0dX),
folli \ 3
. 1 . - - _
- (<k+2>Ekin(fo>+2Epot<fo>+ / Uopodx),
Il foll1
and
_ 2(k+DExin(fo) = (k+1DEwin(f0)
1foll 1417k ||f0||1+1/,;

Proof. Let (fo, fo) be a minimizer of H with corresponding potentials (U, Uo). For f
such that (f, fo) € Fm we define

G(f):=H(f. fo).
Then
g(f) - g(fO) = Ekin(f) - Ekin(fO) + Epot(f) - Epot(fO)
+/(pf—po)l7odx. (7.1)
For each fixed € > 0 we define the set

Se={ ) eR0 e < for vy <]
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Let ne L>®(R%) be a real-valued function with compact support such that 7 >0 a.e.
for (x,v) €R6\suppf0 and suppn C (R6\suppf0)USe. Forte[0,T]and T = (||n]||1 +
lnll1+17k+1Inlloc) ™" €/2 we define

fz(x,v):=a3(t)||fo||1ﬁ(x,a(t)v),
where
a(t):(nfonm/k 1 fo+nll: )“‘*“/3.
[l folli Il fo+enlli+1/k
Forte[0,T],

el =1 follt,  HSfelliwr/ke =1 foll1+1/k

and fp+tn >0 a.e. For € small enough,

AL <) fo+ il <11 foll1 +5,

[1.foll
= 5 <[ fo+nllsyk < [ folliv1/x+5,

which implies that « is a smooth function on [0, 7] and

il Jf o+t *ndxdv

fotenll |l fostnllsy/k

, k+1
o' (t)= 3 a(t)

Moreover, o” is bounded on [0, T']. From (7.1) we conclude that for r € [0, T'],

(Rl __lfolhe
g(fo g(f())_(ozz(t)ﬂfo"'tﬂ“l a2l fo+nll

2 2
+(—||f0||1 I)Epot(f0)+—||f0||lt /,OnUodx

]) Exin(fo)+ Exin (1)

Il fo+tnll3 I fo+tnll3
|| fol|2 2 ( Il follh -
PP L] Gyt Y (LB 11 S /poUodx
I fo+nl2 ™" [ fo+tnlli
t ~
s ot / pnUodx. (7.2)
Il fo+tnll
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By Taylor expansion at t =0,

1/k
Ml i ket e [y ndxdv )
Ol fo+lh 1l "™ 3 Nl 5l ’
t
[l foll1 —14+0(D),

a2 fo+tnll
2
2 t
1follf _,__2lmlhe

—1= o).
I fo+nll7 [l foll1
2
t
||f0||1 2=t+0(l‘2),
I fo+1nll
t
Il foll1 _1=_I|77II1 +O(2).
Il fo+inlli [l foll1
t
Il foll1 —1+0(2).
[l fo+tnlh

If we substitute these expansions into (7.2), we find that

G~ G fo) =1 / / (E— Eo+f) Myndvdx +0(?)

with Eg and A as given in the theorem. Since G(f;) attains its minimum at 7 =0, the
choice of 1 and € — 0 imply that £ — Eg >0 on R®\ supp fy and

Eo—E\F
fo= . a.e. on supp fo.

If we repeat this argument with the roles of flat and non-flat states exchanged, i.e., for
G(f):=H(fo, f), we obtain the assertion for fo. O

The previous theorem states that for a minimizer ( fo, fo) both components are func-
tions of the local or particle energy in the induced potential Ug , = Up+ Up. Since the
latter is time-independent, the particle energy is conserved along particle orbits, i.e.,
along the characteristics of the Vlasov equations (1.1) and (1.2) respectively. Hence fj
and fj satisfy these equations at least formally, and we are justified to refer to ( fo, fo)
as a steady state of the system (1.1)—(1.4). We do not discuss the regularity of this steady
state further. However, to conclude this section we want to address the question whether
these states have spatially compact support.

Proposition 7.3. Let ( fy, fo) be a minimizer as obtained in Theorem 2.1 and assume
that

0<k<5/2and0<k<1.
Then Uy, Uo, £0, ﬁoGLoo(R3) with
lim Up(x)=0, lim Uy(x)=0,
|x]—00

[x]—00

Eo, Eg <0, and po and po have compact support.
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Proof. Consideradensity 5 € L1 NL?(R?). ThenU; € L™ (R?) withlim|y| 00 U5 (x) =
0, provided p > 2.1If p is defined on R? then the same is true provided p > 3/2. We prove
this assertion for the flat case. Here

oy
r2 |x = (5,0)]

Sy . Ny -
—G.0l<r |x—(,0)] r—G0>R X —(,0)]
S/ P({) d§+llp||1
li—l<,/R2—22 |x = (3, 0)] R
lolh

(P=2)/p|| 5
<CR'"P P||p||Lp({W_ﬂS R2—x§})+ R

~Us(x)=

Since this holds for any R > 0 the assertion follows; notice that for R > 0 fixed the first
term goes to zero for |x| — co. By the weak Young inequality and Lemma 3.3, Up €
LO(R?) and Uy (-,0) € L*(R?), and again by the weak Young inequality and Lemma 3.2,
Uy € L*(R?) and Uy € L°(R?). Hence Up . € L*(R?) N LO(R?). If we integrate the rela-
tions between fj, fo, and Up . from Theorem 7.2 with respect to v or v respectively we
obtain the relations

p=c(Eg—Upe)", p=Eg—Upe(-,00)7, (7.3)

where ¢ and & depend on A and k or A and k respectively. From the integrability assertions
for the potential we conclude that the spatial densities have the required integrability pro-
vided 6/n >3/2, i.e., n <4 which means k <5/2, and 4/n > 2 i.e., n <2 which means
k<l1.

It therefore remains to show that Eg <0 and Eo <0 as claimed; the assertion on the
support of the densities then follows. Assume that Eg > 0. Then for |x| large, po(x) >
¢(Ep/2)" which contradicts its integrability, and the same argument works for pg. Now
assume that Eg=0. Then po(x) =c(—Up(x))", and this again contradicts the inte-
grability of pg since —Up > C/|x| for large |x| and C > 0. We prove this for [70, the
argument for Uy being completely analogous. We choose R > 0 such that

/ Bo(5)d5 =:m >0,
|JI<R

Next we observe that for |y| < R and |x| > 2R,

1 1
lx—=(3.0)  Ix]

R
<—0.
~ (Ix[=R)?

If we restrict the convolution integral defining Uy to the set {| y| < R} and expand the
kernel as indicated the assertion on f/o follows. The same argument works for Uy so
that indeed —Up , > C/|x| as claimed. If Eg=0 then 5o(¥)=c(—Up.(¥,0))" which
contradicts the integrability of 0. Notice that under the present assumptions on k and k
it follows thatn <3 andn <2. O
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8. Stability

In this section we show how the minimizing property of a minimizer (fy, fo) € Fm

leads to a stability estimate. Given a second state (f, f) € Fy and denoting the effective
potential of the minimizer by Uy ., a simple computation shows that

. - 1
HCE ) =H(fo, o)+ / / (§|U|2+U0,e(x)) (f = fo) (. v) dvdx
+// (%|6|2+Uo,e<f,0)) (f — fo) &, 0)dvdx
—1f = follpor = 11 = ol gy = 2(f = fo, f = fo)pot.

With E(x,v) = 5 |v|?+Up ¢ (x) and
A s .o o= [[ B (7= oy dvd

¢ [ EG080G - focpaia. s
we can rewrite this expansion as

H(f, H=H(fo, fo)+d(f, ). (fo, fo))
—11f = follpor = 1. F = fol I3 =20 = fo. f = fodpor- (82)

We need to show that d((f, f), (fo. f0)) = 0 with equality only if (f, /)= (fo, fo). To
this end we restrict ourselves to states (f, f) € Fu such that

/f=/fo, /f1+1/k=/f01+1/k7 /f=/fo, /];m//z:/fom/l{ (8.3)

Remark. From a physics point of view a galaxy and its halo are typically perturbed by
the gravitational field of some distant exterior object. In particular, the perturbation will
result in a measure preserving redistribution of the particles in phase space, and will
hence preserve the constraints in (8.3). On the other hand, the fact that the perturbations
lie in Fv means that the stars are only shifted within the galactic plane and not perpen-
dicularly to it. This is certainly an unphysical restriction. To remove it is a non-trivial
problem for future research.

Using (8.3) and the strict convexity of the function [0, co[> ¢ + ¢ P for p > 1 we find
that

~ - A .
d((f?f)v(vafO))Z//(E—Eo)(f—fO)+ 1+l/k/ (fl 1/k_f01+1/k)

oo
> [[ [ Ev+iss -1

+//[<E—Eo)+1f(}/£] (f = fo)=0:
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Theorem 7.2 implies that the last expressions are non-negative, and the strict convexity
implies that equality holds only if ( £, f) = (fo, fo).

In order to establish a stability result, we now wish to apply the above estimates to the
time evolution ( f(¢), f (#)) of a perturbation of ( fy, fo). Clearly, we need to require that
(f(0), f (0)) € Fm satisfies the constraints (8.3). More importantly, in view of the fact
that nothing is known on the initial value problem for the system (1.1)—(1.4), we have to
assume that this system has solutions 7 — (f (¢), f (t)) which preserve the total energy,
the constraints (8.3), and ( f (), f (1)) € Fm.- To keep the rest of the discussion simple we
furthermore assume that the minimizer ( fo, fo) is unique in Fyj up to spatial shifts. If the
minimizer is up to spatial shifts only isolated with respect to the distance measurement
used in the stability estimate below, the result remains unchanged. If the minimizers are
not even isolated one can prove the stability of the whole set of minimizers; we refer to
[26] for the corresponding modifications of the arguments.

Stability estimate. Assume the minimizer ( fy, fo) is unique in Fm. Then for every € >0
there exists § > 0 such that for any solution t — (f (t), f (t)) of (1.1)—(1.4) satisfying the
above assumptions the following is true: If

d((£(0), £(0)), (fo, fo))+11.£©) = follpot+11.F(0) = follpot <8,

then

d((f (), @) fo. fo)+I1f (1) = Follpor +11.F (1) = follpor <€
up to spatial shifts parallel to the (x1,x2) plane and as long as the solution exists.

We do not call this a theorem because it is not clear that sufficiently regular solutions to the
initial value problem do indeed exist. Assuming the latter the proof is by contradiction.

If the assertion were false, there exists € > 0, a sequence of solutions (t — (f; (?), f] 1))
and a sequence of times (¢;) such that for all j €N,

d((fi(0), £;00)), (fo, fo))+11.£1(0) = follpot +11£5(0) = follpot < 1/j,  (8.4)
but
d((fi ), F;t)), fo, o) +11 £ ) — follpot+11fi ) = follpot =€, (8.5)

regardless of how we shift (f;(z;), fj(t 7)) in space. Now (8.4) and the fact that d is
non-negative imply that all three terms in (8.4) converge to zero. By Lemma 3.4 this is
true also for the mixed term ( f;(0) — fo, f] ) — f())pot, and since H is preserved, (8.2)
implies that

Hfi (), £) =Hfi(0), £;(0) = H(fo, fo)-

Since (f;(t;), fj(t;)) € Fwm this means that (f;(t;), fj(t;)) is a minimizing sequence
for H in Fy. By Theorem 2.1 there exists a subsequence such that up to spatial shifts,

1155 (2) = follpor+11.£(2) = ol lpor = O;
at this point the uniqueness assumption for ( fo, fo) enters. Again by Lemma 3.4 this

is true also for the mixed term (f;(¢;) — fo, f(t;) — fo)pot, and (8.2) with (f, =

(fj(t)), f;(t;)) implies that also d ((f;(¢;), f;(t})), (fo, fo)) — 0. Hence all three terms
in (8.5) converge to zero, which is a contradiction.
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9. Appendix: Facts on the Decoupled Minimizers

Here we establish the claims on the decoupled variational problems referred to in Sect. 4.
Several of these claims, in particular for the non-flat case, can be found in the literature.
Existence. In most of the previous investigations the existence of minimizers in the
decoupled cases was not done exactly for the problems stated in Sect. 4: Either the Casi-
mir functional, which in the case at hand corresponds to the LYYk norm, was included
into the functional to be minimized, i.e., an energy-Casimir functional instead of the
energy was minimized, and only the constraint on the L! norm was posed, or the energy
was minimized under the constraint that the sum of the mass and the Casimir functional
was fixed. In the three dimensional case the problem with two constraints in the form
stated in Sect. 4 has been dealt with in [2,29]. We briefly show how the method used in
[2] can be adapted to the flat case.

With the help of the Riesz rearrangement inequality [20, 3.7] and the fact that the
kinetic energy as well as the constraints are invariant under spherically symmetric rear-
rangements, the problem is reduced to minimizing H( f), where the functions f in the
constraint set have the form

F&, ) =p(x],]]),

with ¢ : [0, co[>— [0, oo[ non-increasing in each argument. This monotonicity implies
that for 1 <g <1+1/k,

3 i rlol 3
fq(i,ﬁ)lflzlﬁlsz/ / ¢! (r;s)rsdsdr <C||f1lg,
0 0

5 [x] o] 5
f(i,ﬁ)lilzlﬁl“sc/o /0 @(r,$)rs>dsdr < C Exin(f).

Hence

%]/ |5|7%/4,  for|D| < V(|%]),

f(;’g)fg(i,ﬁ):zc[|i|_2|5|—4’ for|v| > V (|x]),

where V (]x]) > 0 is an arbitrary function and the constant C depends on Eyiy ( f )5 | f [1,
and || 11, Ik quantities which are bounded along minimizing sequences. The function
g induces the spatial density

- ciagg [V o [T L3
pe(H)=Cli| /Q/ 1511-2/4 451+ €| / 15173 d13]
0 V(X))

=CIx[~1V2721 (3 + CIR[T2V 2 (D).
The choice
V(T = Vg (5] =570/ @D
yields the estimate
pg(¥) < C|x|720/Ca=D) ©.1)
with the exponent s := —2¢g/(2¢g — 1) being such that
s<—=3/2 for 1<g<3/2, s>-3/2 for qg>3/2.
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We split the estimate for fby choosing g = 1+1/k >3/2for |¥| <1and ¢ €]1,4/3[ for
|X] > 1 so that

x|~ A0 =2/ AHD - for 7] < 1 A[D] < Vi, £ (XD,

F& ) <g@ ) :=C I{I‘2|ﬁ|j4 forla’fl < lAlth > Vmé,;(lil),
|X| 72/ 5]~/ for %] > 1A D] <V, (|X]),
%7219~ for [X| > L AlD] > V, (|X]).

By (9.1) we can obtain exponents s; > —8/5 and s2 < —8/5 such that

(F) < po () < Crt for |x| <1,
PFII=Pe )= cps2 for 7] > 1.

By the Hardy-Littlewood-Sobolev inequality this implies that g has finite potential
energy. The crucial step in the existence proof for a minimizer is the convergence of the
potential energy along a minimizing sequence ( f ;). Since 0 < f i < g, the finiteness of
the potential energy for g allows us to pass to the limit using the dominated convergence
theorem.

Saturation of the constraints. Minimizers of the decoupled problems always
saturate the constraints, i.e., ||fO3D||1 =M, ||f03D||1+1/k = N, and similarly for the flat
case, because if for a minimizer one (or both) equalities were replaced by strict inequal-
ities, then this minimizer can be rescaled in such a way that the constraints become
saturated but the energy strictly decreases, which is a contradiction. A similar argument
was used in the proof of Proposition 7.1.

The Euler-Lagrange relation and symmetry. For minimizers of the flat or non-flat
problem the phase space distributions are functions of the local energy, more precisely,
they satisfy relations as stated in Theorem 7.2, the only differences being that

1 R N
E(x,v):=§|v|2+U§D(x), E(%,D) :=§|v|2+UgL(x),

and the interaction term [ UgD pg L in the definitions of Eq and Ej is dropped.
The asserted symmetry of the minimizers follows from the fact that symmetric

decreasing rearrangements in x or x strictly decrease the energy except when pgD and
,ogL and hence also the induced potentials are symmetric with respect to some point,
cf. [20, 3.7, 3.9].

Virial identity and compact support. Both flat and non-flat minimizers satisfy the

virial identity

2Exin(f35) = = Epot (f5), 2Exin(f5°) = — Epot (f50)-

This follows from the fact that these minimizers are time-independent solutions of the
corresponding Vlasov-Poisson systems. A direct proof based on their minimizing prop-
erty and scaling is given in [2, 3.2]. The virial identities together with the restrictions on
k and k immediately imply that the cut-off energies Eg and Ey in the Euler-Lagrange
relations are strictly negative. In order to show that the minimizers have compact sup-
port it therefore suffices to show that their potentials converge to zero at spatial infinity.
We indicate the corresponding argument for the 3D case, the flat one being completely
analogous. Applying the Holder inequality to the first term in the estimate

3D

M

—UgD(x)g/ Py W) M pog
lx—y|<R X =Yl R
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implies that the potential is bounded and vanishes at spatial infinity, provided pSD €

LP(R3) with p > 3/2. While a-priori this need not be the case for 0 <k <7/2 we can
use the fact that similar to (7.3),

po” =c(Eo— U™,

start with the known integrability Uo3D € L%(R3) to conclude that ,OSD € L9/"(R?), and
obtain a new integrability estimate for the potential through the weak Young inequality.
After finitely many iterations the desired integrability of pgD follows, cf. [27, Prop. 2.7].

Uniqueness for the 3D problem. First we notice that by the virial relation the Lagrange
multipliers are uniquely determined by the constraint parameters M and N. In the 3D
case we can now continue as follows. A minimizer is completely determined by its
potential. The latter satisfies the Emden-Fowler equation

1 ) |
r—z(rzU/) =c(Eg—U)", ie., r—z(rzy/)/:_cy;',

where y = Ep — U, and the constant ¢ depends only on k and M, N. The solutions of this
equation which are regular at the origin are uniquely determined by their value at the
origin. Moreover, the scaling y, (r) =ay(a’r) with A = (k+1/2)/2 turns solutions into
solutions. But the mass constraint fixes this scaling, and uniqueness of the minimizer
follows. For more details we refer to [27, p. 464]. Unfortunately, there is no analogue
to the Emden-Fowler equation in the flat case—the flat potential does not satisfy the
Poisson equation—and uniqueness in the flat case is not known.

The radius relation (4.1) in the 3D case. Each minimizer is a spherically symmetric
steady state (f,p,U) of the three dimensional Vlasov-Poisson system, and for each
choice of M and N there is a unique such steady state. If (f, p, U) is a steady state and
o, B >0 are arbitrary, then

fap(x,0) =a?Bf (ax, Bv), pas(x) =a?B2p(@x), Upp(x) =B U (ax)

defines another one. There is a unique steady state (f*, p*,U*) with || f*|[i=1=
[l f*I1141/k, and the minimizer with general M and N is obtained by rescaling f* with
the parameters

a=MI=20B N3 g ppk=2)/3 y—(+D)/3
Since R = R*/« this implies (4.1).
The radius relation (4.2) in the flat case. We do not know whether for each choice
of M and N there exists a unique minimizer fOF L and so we cannot use the argument
above to prove (4.2).

To obtain a two-parameter family of minimizers which obeys the radius relation (4.2)
we proceed as follows. Since minimizers a-posteriori saturate the constraints we redefine

Fity = F e LL@Y N Fli=M, 1171415 =N, Eun(f) <00},
For f € .7-'1F’L1 we define the rescaled function

fu,v(i9 v) ::M]F(Mf, VD).
Then

W Fwolli= 72 1 fullyyy = O HOV2HEED S (F ) = =™ 1O
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For M, N > 0 arbitrary we choose x, v such that fﬂ)u c fII:/ILN’ ie..
= M_’ENE“, V= M(E—l)/zN—(E+1)/2_

The mapping .7:{];5 f — f/w e}"ﬂjN is one-to-one and onto. Let fFl denote an
arbitrary, spherically symmetric minimizer of H over the set F] 7. Then fF’; is a min-
imizer of H over ff,lLN which we denote by fAIfILN. To see this we observe that any
function g € flli/lle can be written as g = fﬂ,v where f € .7-'5 II, and hence

HE@) =H(fu) =1 v HP = v RO =1,

If R* denotes the radius of the spatial support of /L, then the spatial support of f A]jILN
has radius

R=u 'R*= Ii*MIZN—(IQH),

and this is the remaining assertion (4.2).
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