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Introduction

Many important developments and concepts in mathematics originate with the
N -body problem. It describes the motion of N mass points which move ac-
cording to Newton’s equations of motion under the influence of their mutual
attraction governed by Newton’s law of gravity. The N -body problem has many
applications in astronomy and astrophysics, the most notable one being our so-
lar system. Looking at larger astronomical scales further N -body systems come
into view, for example globular clusters or galaxies. If the internal structure of
the stars, interstellar material, processes leading to the birth or death of stars,
and various other effects are neglected, then a galaxy can be described as an
N -body system. For the solar system N is a fairly small number, and it is to an
excellent degree of precision possible to predict the exact positions of all N bod-
ies. For a galaxy however, N is of the order of 1010–1012, and keeping track of
all these mass points is neither feasible nor even desired. Instead, the evolution
of the in some sense averaged mass distribution of the galaxy is the issue. Such
a statistical description of a large ensemble of gravitationally interacting mass
points leads to a mathematical problem which is far more tractable in certain
of its aspects than the N -body problem is even for very moderate N . In the
present treatise results for certain nonlinear systems of partial differential equa-
tions are presented, which are used in the modeling of galaxies, globular clusters,
and many other systems where a large ensemble of mass points interacts by a
force field which the ensemble creates collectively.

In order to motivate the equations which describe such a particle ensemble
let us continue to think of a galaxy. If U =U(t,x) denotes its gravitational
potential depending on time t∈R and position x∈R

3, then an individual star
of unit mass with position x and velocity v∈R

3 obeys Newton’s equations of
motion

ẋ= v, v̇ =−∂xU(t,x), (1)

as long as it has no close encounters with other stars. Here ∂xU denotes the
gradient of U with respect to x. To describe the galaxy as a whole we introduce
its density f = f(t,x,v)≥0 on phase space R

3×R
3. The integral of f over any

region of phase space gives the mass or number of particles (stars) which at
that instant of time have phase space coordinates in that region. In a typical
galaxy collisions among stars are sufficiently rare to be (in a first approximation)
negligible. Hence f is constant along solutions of the equations of motion (1)
and satisfies a first order conservation law on phase space, the characteristic
system of which are the equations of motion (1) of a single test particle:

∂tf +v ·∂xf −∂xU ·∂vf =0. (2)

Of course this equation can be derived in a more rigorous way like other conser-
vation laws, using Gauß’ Theorem. The spatial mass density ρ=ρ(t,x) induced
by f determines the gravitational potential U according to Newton’s law for
gravity, subject to the usual boundary condition at spatial infinity:

∆U =4πγρ, lim
|x|→∞

U(t,x)=0, (3)
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ρ(t,x)=

∫

f(t,x,v)dv ; (4)

for the moment γ =1. The equations (2), (3), (4) form a closed, nonlinear
system of partial differential equations which governs the time evolution of a
self-gravitating collisionless ensemble of particles. No additional equations such
as an equation of state are needed to close this system, as would be the case for
fluid type models. A more detailed discussion of the derivation of such a system
and its underlying physical assumptions can be found in [73].

At the beginning of the last century the astrophysicist Sir J. Jeans used this
system to model stellar clusters and galaxies [65] and to study their stability
properties. In this context it appears in many textbooks on astrophysics such
as [13,26]. If we want to model an ensemble of mass points which interact by a
repulsive electrostatic potential, we choose γ =−1. This form of the system is
important in plasma physics where it was introduced by A. A. Vlasov around
1937 [109,110]. In the mathematics literature the system of equations (2), (3),
(4) has become known as the Vlasov-Poisson system.

Besides being nonlinear the specific mathematical difficulty of this system
lies in the fact that an equation on phase space is coupled to an equation on
space. The Vlasov equation easily provides a-priori bounds on Lp-norms of f(t)
for any p∈ [1,∞], but upon integration with respect to v only an L1-bound on
ρ(t) survives, which does not give good bounds for ∂xU .

The Vlasov-Poisson system is just one example of a class of partial dif-
ferential equations known as kinetic equations. Other such systems are the
Vlasov-Maxwell system, a Lorentz invariant model for a dilute plasma where
the particles interact by electrodynamic fields, and the Vlasov-Einstein system
which describes a self-gravitating collisionless ensemble of mass points in the
framework of General Relativity; for more details we refer to Section 1.1. In
these systems the standing assumptions are that the particle ensemble is suf-
ficiently large to justify a description by a (smooth) density function on phase
space and that collisions are sufficiently rare to be neglected. If collisions are
to be included a Boltzmann collision operator replaces the zero on the right
hand side of the Vlasov equation (2). One can then consider situations where
collisions are the only interaction among the particles, the case of the classical
Boltzmann equation of gas dynamics, or situations where both short and long
range interactions are taken into account, like in the Vlasov-Poisson-Boltzmann
or Vlasov-Maxwell-Boltzmann systems.

We refer to [18, 22, 28, 43, 44] for systems including collisions. The present
treatise is concerned with the collisionless case. We essentially consider two top-
ics: The existence of classical, smooth solutions to the initial value problem, and
the nonlinear stability of stationary solutions. In dealing with these problems
we focus on the Vlasov-Poisson system, for the stability problem we restrict
ourselves even further and consider only the gravitational case. The motivation
for this approach is as follows. For the Vlasov-Poisson system the mathemat-
ical understanding of the initial value problem is fairly complete, while on the
other hand the techniques which were successful there can provide a guide to
attacking open problems for related systems. For the stability problem in the
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gravitational case, which as noted above was one of the starting points of the
whole field, a successful approach began to appear in the last few years, with
techniques which hopefully will reach beyond kinetic theory. In spite of the
restriction to the Vlasov-Poisson system we frequently comment on results and
open problems for related systems so that this treatise can serve as a guide into
the whole field of collisionless kinetic equations.

There are important questions concerning kinetic equations and even con-
cerning the Vlasov-Poisson system which we do not discuss. An obvious one,
which comes to mind in connection with our point of departure, the N -body
problem, is the following: Consider a sequence of N -body problems where N
increases to infinity and where the initial data, which can be interpreted as sums
of Dirac δ distributions on phase space, converge in an appropriate sense to a
smooth initial distribution function on phase space. Do the solutions of the
N -body problems at later times then converge to the solution of the Vlasov-
Poisson system launched by this initial distribution? A positive answer to this
question could be considered as a rigorous derivation of the Vlasov-Poisson sys-
tem from the N -body problem, but the question is open. Partial results, where
the Newtonian interaction potential 1/|x| is replaced by less singular ones, are
given in [54, 85].

Notation and preliminaries

Our notation is mostly standard or self-explaining, but to avoid misunderstand-
ings we fix some of it here. For x,y∈R

n the Euclidean scalar product and norm
are denoted by

x ·y :=

n
∑

i=1

xiyi, |x| :=
√

x ·x.

The open ball of radius R>0 with center x∈R
n is denoted by

BR(x) :={y∈R
n | |x−y|<R}; BR :=BR(0).

For ξ∈R the positive part of this number is

ξ+ :=max{ξ,0}.

For a set M ⊂R
n, 1M denotes its indicator function:

1M (x)=1 if x∈M, 1M (x)=0 if x /∈M.

For a differentiable function f = f(t,x,v), t∈R, x,v∈R
3,

∂tf, ∂xf, ∂vf

denote its partial derivatives with respect to the indicated variable; in the case
of x or v these are actually gradients. If U =U(x) we also write ∇U =∂xU for
the gradient. For t∈R we denote by f(t) the function

f(t) :R3×R
3∋ (x,v) 7→f(t,x,v).
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By
Ck(Rn), Ck

c (Rn)

we denote the space of k times continuously differentiable functions on R
n, the

subscript c indicates compactly supported functions. The Lebesgue measure
of a measurable set M ⊂R

n is denoted by vol(M). The norm on the usual
Lebesgue spaces Lp(Rn), 1≤p≤∞, is denoted by ‖·‖p, where by default the
corresponding integral extends over R

n with n=3 or n=6 as the case may be.
We denote by L1

+(Rn) the set of non-negative integrable functions on R
n. For

f ∈L1
+(R6) we define the induced spatial density ρf ∈L1

+(R3) by

ρf (x) :=

∫

f(x,v)dv;

integrals without explicitly specified domain of integration always extend over
R

3. For ρ :R3→R measurable the induced potential is denoted by

Uρ(x) :=−γ

∫

ρ(y)

|x−y|dy,

provided the latter convolution integral exists, also Uf :=Uρf
, and if f = f(t,x,v)

or ρ=ρ(t,x) also depend on time t we write ρf (t,x) :=ρf(t)(x), Uρ(t,x) :=
Uρ(t)(x) etc. It will often not be necessary to write the subscripts at all.

For the convenience of the reader we collect some facts from potential theory.

Lemma P1 Let ρ∈C1
c (R3). Then the following holds:

(a) Uρ is the unique solution of

∆U =4πγρ, lim
|x|→∞

U(x)=0

in C2(R3). Moreover,

∇Uρ(x)=γ

∫

x−y

|x−y|3 ρ(y)dy,

Uρ(x)=O(|x|−1), ∇Uρ(x)=O(|x|−2) for |x|→∞.

(b) For any p∈ [1,3[,
‖∇Uρ‖∞≤ cp‖ρ‖p/3

p ‖ρ‖1−p/3
∞ ,

where the constant cp >0 depends only on p, in particular, c1 =3(2π)2/3.
Moreover, the second order derivative satisfies, for any 0<d≤R,

‖D2Uρ‖∞≤ c
[

R−3‖ρ‖1+d‖∇ρ‖∞+(1+ln(R/d))‖ρ‖∞
]

,

with c>0 independent of ρ,R,d, and

‖D2Uρ‖∞≤ c
[

(1+‖ρ‖∞)(1+ln+‖∇ρ‖∞)+‖ρ‖1

]

.
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Proof. We only sketch the proof since most of this is well known. The formula
for ∇Uρ is obtained by shifting the x-variable into the argument of ρ first. After
differentiating under the integral once the derivative can be moved from ρ to the
kernel 1/|x−y| using Gauß’ Theorem; one has to exclude a small ball of radius
ǫ about the singularity y =x when doing so, but the corresponding boundary
term vanishes as ǫ→0. This procedure is then applied to the formula for ∇Uρ,
except that now the boundary term survives in the limit ǫ→0, and the resulting
singularity is no longer integrable at y =x. Hence for any d>0 and i,j =1,2,3,

∂xi∂xj Uρ(x) = −γ

∫

|x−y|≥d

[

3
(xi−yi)(xj −yj)

|x−y|5 − δij

|x−y|3
]

ρ(y)dy

−γ

∫

|x−y|≤d

[· · ·] (ρ(y)−ρ(x))dy+
4π

3
γδijρ(x);

the difference ρ(y)−ρ(x) in the latter integral kills one power of the singular-
ity so the integral exists. The uniqueness assertion is usually referred to as
Liouville’s Theorem, and the asymptotic behavior is easy to deduce from the
compact support of ρ. We consider (b) in more detail. For any R>0, Hölder’s
inequality implies that

|∇Uρ(x)| ≤
∫

|x−y|<R

|ρ(y)|
|x−y|2 dy+

∫

|x−y|≥R

|ρ(y)|
|x−y|2 dy

≤ 4πR‖ρ‖∞+

(

4π

2q−3
R3−2q

)1/q

‖ρ‖p,

where 1/p+1/q=1 and hence q >3/2. We optimize this estimate by choosing
R=(c‖ρ‖p/‖ρ‖∞)p/3 with a suitable constant c>0 and obtain the estimate for
∇Uρ. With 0<d≤R the formula for ∂xi∂xj Uρ implies that

|D2Uρ(x)| ≤ 4π

3
|ρ(x)|+‖∇ρ‖∞

∫

|x−y|≤d

4

|x−y|2 dy

+

∫

d<|x−y|≤R

4

|x−y|3 |ρ(y)|dy+

∫

|x−y|>R

4

|x−y|3 |ρ(y)|dy

≤ c
[

‖ρ‖∞+d‖∇ρ‖∞+‖ρ‖∞ ln(R/d)+R−3‖ρ‖1

]

.

The second form of the estimate results by the choice R=1, and d=1/‖∇ρ‖∞
if ‖∇ρ‖∞≥1, else d=1. 2

We also need certain Lp-estimates for the potential, based on the weak Young’s
inequality.

Lemma P2 (a) Let 1<p,q,r<∞ with 1/p+1/q=1+1/r. Then for all func-
tions g∈Lp(Rn), h∈Lq

w(Rn) the convolution g∗h :=
∫

g(·−y)h(y)dy∈
Lr(Rn) satisfies

‖g∗h‖r ≤ c‖g‖p‖h‖q,w.
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Here c= c(p,q,n)>0, and by definition, h∈Lq
w(Rn) iff h is measurable

and

‖h‖q,w := sup
τ>0

τ
(

vol{x∈R
n | |h(x)|>τ}

)1/q

<∞;

the latter expression does not define a norm.

(b) If ρ∈L6/5(R3) then Uρ ∈L6(R3) with weak derivative ∇Uρ :=γ ·/| · |3∗ρ∈
L2(R3), and there exists a constant c>0 such that

1

8π

∫

|∇Uρ|2dx=
1

2

∫ ∫

ρ(x)ρ(y)

|x−y| dxdy≤ c‖ρ‖2
6/5.

Proof. As to the weak Young’s inequality recalled in (a), cf. [74, 4.3]. The
assertions for Uρ and ∇Uρ follow with n=3, p=6/5, and h= | · |−1, q =3 or
h= | · |−2, q =3/2. The estimate in (b), a special case of the Hardy-Littlewood-
Sobolev inequality, follows by Hölder’s inequality. If ρ∈C1

c (R3) then γ ·/| · |3 ∗ρ
is the gradient of Uρ, and integration by parts together with the Poisson equation
yields the equality of the two integrals. The general case follows by a density
argument. 2
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Chapter 1

Classical solutions to the
initial value problem

1.1 The initial value problem—An overview

Before going into details we give an overview of this chapter and of the history
and current state of the mathematical treatment of the initial value problem for
collisionless kinetic systems. We also introduce some systems which are related
to the Vlasov-Poisson system

∂tf +v ·∂xf −∂xU ·∂vf =0, (1.1)

∆U =4πγρ, lim
|x|→∞

U(t,x)=0, (1.2)

ρ(t,x)=

∫

f(t,x,v)dv ; (1.3)

as a rule, t∈R, x, v∈R
3. If the particles are allowed to move at relativistic

speeds a first modification is to replace the Vlasov equation (1.1) by

∂tf +
v

√

1+ |v|2
·∂xf −∂xU ·∂vf =0. (1.4)

Here v should be viewed as momentum so that v/
√

1+ |v|2 is the correspond-
ing relativistic velocity; like all other physical constants the speed of light is
normalized to unity. The system (1.4), (1.2), (1.3) is called the relativistic
Vlasov-Poisson system, and again one distinguishes the gravitational case γ =1
and the plasma physics case γ =−1. In spite of its name this system is not fully
relativistic, i.e., not Lorentz invariant. To obtain a Lorentz invariant system
the field equation has to be modified accordingly. In the plasma physics case
this yields the relativistic Vlasov-Maxwell system which we write for a plasma
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with two particle species of opposite charge; otherwise, all physical constants
are again normalized to unity:

∂tf
±+

v
√

1+ |v|2
·∂xf±±

(

E+
v

√

1+ |v|2
×B

)

·∂vf± =0,

∂tE−curlB =−4πj, ∂tB+curlE =0,

divE =4πρ, divB =0,

ρ(t,x)=

∫

(f+−f−)(t,x,v)dv, j(t,x)=

∫

v
√

1+ |v|2
(f+−f−)(t,x,v)dv.

Here f± = f±(t,x,v) are the densities of the positively or negatively charged
particles on phase space respectively, E =E(t,x) and B =B(t,x) denote the
electric and magnetic field, and the source terms in the Maxwell field equa-
tions are the charge and current density ρ=ρ(t,x) and j = j(t,x). According
to [71, p. 124] it was this system (with v instead of v/

√

1+ |v|2) which Vlasov
introduced into the plasma physics literature in 1937. The major assumption
that collisions can be neglected is satisfied if the plasma is very hot and/or very
dilute, a good example being the solar wind. If a fully relativistic description
in the gravitational case is desired the corresponding Vlasov equation has to be
coupled to Einstein’s field equations

Gαβ =8πT αβ.

Here the Einstein tensor Gαβ is a nonlinear second order differential expression
in terms of the Lorentz metric gαβ on the spacetime manifold M , and T αβ

is the energy momentum tensor. The equations of motion of a test particle
are the geodesic equations in the metric gαβ so that the corresponding Vlasov
equation is that first order differential equation on the tangent bundle TM of
the spacetime manifold M which has the geodesic equations as its characteristic
system. The corresponding density f on phase space TM determines the energy
momentum tensor T αβ. For the present treatise there is no need to make this
more precise, and we refer to [3] for an introduction to the Vlasov-Einstein
system.

We first consider classical solutions of the Vlasov-Poisson system (1.1), (1.2),
(1.3), i.e., solutions where all relevant derivatives exist in the classical sense. A
local existence and uniqueness result to the initial value problem was established
by R. Kurth [69]. A first global existence result was proven by J. Batt [6] for
a modified system where the spatial density ρ is regularized. The first global
existence result for the original problem was again obtained by Batt [7] for
spherically symmetric data. In the course of this proof an important contin-
uation criterion was established: A local solution can be extended as long as
its velocity support is under control. In Section 1.2 we prove the local exis-
tence result together with this continuation criterion, since it forms the basis
for results towards global existence. The analogous result is valid for the rela-
tivistic Vlasov-Poisson and Vlasov-Maxwell systems [36], see also [15, 66], and
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for the Vlasov-Einstein system in the spherically symmetric, asymptotically flat
case [100]. In Section 1.3 spherical symmetry is shown to imply global existence
for the Vlasov-Poisson system. It is also shown to be essential that the particle
distribution is given by a regular function on phase space; if the particles are
allowed to be δ-distributed in velocity space blow-up in finite time can occur.

The next major step was a global existence result for the Vlasov-Poisson
system with sufficiently small data by C. Bardos and P. Degond [5]. The anal-
ogous result was achieved for the Vlasov-Maxwell system by R. Glassey and
W. Strauss [37], and for the Vlasov-Einstein system in the spherically symmet-
ric, asymptotically flat case by G. Rein and A. Rendall [100]. The corresponding
techniques are discussed in Section 1.4 for the case of the Vlasov-Poisson system.

The development for the Vlasov-Poisson system culminated in 1989 when in-
dependently and almost simultaneously two different proofs for global existence
of classical solutions for general data were given, one by K. Pfaffelmoser [87]
and one by P.-L. Lions and B. Perthame [80]. Since the two approaches are
quite different from each other and both have their strengths we present them
both in Section 1.6. In sharp contrast to the N -body problem global existence
is obtained both for the repulsive and for the attractive case. In the former case
the total energy is positive definite while in the latter it is indefinite, but as
shown in Section 1.5, the same a-priori bounds can be derived in both cases.

It may seem strange to discuss results for spherically symmetric and for small
initial data when there is a result for general ones. The reason is that for the
restricted data more information on the behavior of the solution is obtained, and,
more importantly, the techniques employed may be useful for similar problems
where a general result is not yet available.

For the Vlasov-Maxwell system no analogous global existence result for gen-
eral data has been proven yet. However, two points have to be emphasized
here: Firstly, our discussion so far refers to the full three dimensional problem,
and much progress has been made for lower dimensional versions of the Vlasov-
Maxwell system [31–33]. Secondly, our discussion so far is restricted to classical,
smooth solutions. In a celebrated paper R. DiPerna and P.-L. Lions proved
global existence of appropriately defined weak solutions for the Vlasov-Maxwell
system, cf. [21]. A somewhat simplified proof of this result under somewhat
more restrictive assumptions can be found in [99]. A variety of tools for kinetic
equations, which are used in these results and in many others, is discussed in a
much broader context in [89].

Granted that global existence holds for both the attractive and the repulsive
case of the Vlasov-Poisson system one certainly expects a different behavior
of the two cases for large times. Results in this direction were obtained in
[24, 63, 88], and they are discussed in Section 1.7.

1.2 Local existence

A local existence and uniqueness theorem is the necessary starting point for all
further investigations. Since the basic approach to proving such a result is used
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for many related systems again and again, it is worthwhile to give a complete
proof here. To begin with we make precise what we mean by a classical solution:

Definition. A function f : I×R
3×R

3→ [0,∞[ is a classical solution of the
Vlasov-Poisson system on the interval I ⊂R if the following holds:

(i) The function f is continuously differentiable with respect to all its vari-
ables.

(ii) The induced spatial density ρ=ρf and potential U =Uf exist on I×R
3.

They are continuously differentiable, and U is twice continuously differ-
entiable with respect to x.

(iii) For every compact subinterval J ⊂ I the field ∂xU is bounded on J×R
3.

(iv) The functions f,ρ,U satisfy the Vlasov-Poisson system (1.1), (1.2), (1.3)
on I×R

3×R
3.

It is essential that the local existence result not only provides unique local
solutions for a sufficiently large class of initial data, but also says in which way
a solution can possibly stop to exist after a finite time.

Theorem 2.1 Every initial datum
◦

f∈C1
c (R6),

◦

f≥0, launches a unique clas-

sical solution f on some time interval [0,T [ with f(0)=
◦

f. For all t∈ [0,T [
the function f(t) is compactly supported and non-negative. If T >0 is chosen
maximal and if

sup{|v| | (x,v)∈ suppf(t), 0≤ t<T }<∞

or
sup

{

ρ(t,x) |0≤ t<T, x∈R
3
}

<∞,

then the solution is global, i.e., T =∞.

A classical solution can be extended as long as its velocity support or its spatial
density remain bounded. This rules out a breakdown of the solution by shock
formation where typically the solution remains bounded but a derivative blows
up; if the solution blows up, ρ must blow up due to a concentration effect.

Due to the requirement that the initial datum be compactly supported,
the solutions obtained in the theorem enjoy stronger properties than what is
required in the definition. This requirement can be replaced by suitable fall-
off conditions at infinity [57]. Since such an extension of the result is mostly
technical we adopt the simpler case. One can weaken the requirements on
a solution and still retain uniqueness. Exactly how far one can weaken the
solution concept without loosing uniqueness is not yet completely understood.

In order to prove the theorem we need to be able to solve the Vlasov equation
for a given field F =−∂xU . First we consider the characteristic flow.
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Lemma 2.2 Let I ⊂R be an interval and let F ∈C(I×R
3;R3) be continuously

differentiable with respect to x and bounded on J ×R
3 for every compact subin-

terval J ⊂ I. Then for every t∈ I and z =(x,v)∈R
3×R

3 there exists a unique
solution I ∋s 7→ (X,V )(s,t,x,v) of the characteristic system

ẋ= v, v̇ =F (s,x) (2.1)

with (X,V )(t,t,x,v)= (x,v). The characteristic flow Z := (X,V ) has the follow-
ing properties:

(a) Z : I×I×R
6→R

6 is continuously differentiable.

(b) For all s,t∈ I the mapping Z(s,t,·) :R6→R
6 is a C1-diffeomorphism with

inverse Z(t,s,·), and Z(s,t,·) is measure preserving, i.e.,

det
∂Z

∂z
(s,t,z)=1, s,t∈ I, z∈R

6.

Proof. Most of this is standard theory for ordinary differential equations, in
particular, Z(r,t,Z(t,s,z))=Z(r,s,z) by uniqueness. Hence Z(s,t,Z(t,s,z))= z,
i.e., Z−1(s,t,·)=Z(t,s,·). In order to see that the flow is measure preserving,
we rewrite the characteristic system in the form

ż =G(s,z), G(s,x,v) := (v,F (s,x)).

The assertion then follows from the fact that

d

ds
det

∂Z

∂z
(s,t,z)=divzG(s,Z(s,t,z))det

∂Z

∂z
(s,t,z)=0;

divergence-free vector fields induce measure preserving flows, a fact also known
as Liouville’s Theorem. 2

The relation between the characteristic flow and the Vlasov equation is as
follows:

Lemma 2.3 Under the assumptions of Lemma 2.2 the following holds:

(a) A function f ∈C1(I×R
6) satisfies the Vlasov equation

∂tf +v ·∂xf +F (t,x) ·∂vf =0 (2.2)

iff it is constant along every solution of the characteristic system (2.1).

(b) For
◦

f∈C1(R6) the function

f(t,z) :=
◦

f(Z(0,t,z)), t∈ I, z∈R
6

is the unique solution of (2.2) in the space C1(I×R
6) with f(0)=

◦

f. If
◦

f
is non-negative then so is f ,

suppf(t)=Z(t,0,supp
◦

f), t∈ I

and for every p∈ [1,∞],

‖f(t)‖p =‖
◦

f‖p, t∈ I.
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Proof. For a solution z(s) of the characteristic system (2.1),

d

ds
f(s,z(s))= (∂tf +v ·∂xf +F ·∂vf)(s,z(s)).

This proves (a), since through each point (t,x,v) there passes a characteristic
curve. The remaining assertions follow immediately with Lemma 2.2. 2

Before giving a rigorous proof of Theorem 2.1 an “exploratory” computation
is instructive, which the experts of the trade would usually accept as a proof
in itself. For this computation let f be a solution on some time interval [0,T [.
What are the crucial quantities that must be controlled in order to control the
solution? Assuming that f(t) has compact support as will indeed be the case
for the solution constructed below, let

P (t) := sup
{

|v| | (x,v)∈ suppf(t)
}

, t∈ [0,T [. (2.3)

Since ‖f(t)‖∞ and ‖f(t)‖1 are constant by Lemma 2.3,

‖ρ(t)‖∞≤CP 3(t), ‖ρ(t)‖1 =C

so that by Lemma P1
‖∂xU(t)‖∞≤CP 2(t).

By the characteristic system

P (t)≤P (0)+C

∫ t

0

P 2(s)ds, (2.4)

where C depends only on
◦

f and changes its value from line to line. This estimate
gives local-in-time control on P and the quantities which we estimated against
P . In order to get a smooth solution we need to control derivatives, i.e., we
need to go through another Gronwall loop as above, but for the differentiated
quantities. The x-derivative of ρ can be estimated against the x-derivative of
f and hence of the characteristics; note that the support of the solution is
now under control. If we differentiate the characteristic system with respect to
initial data we get a Gronwall inequality for ∂xZ(s,t,x,v), involving ∂2

xU so that
∂xZ(s,t,x,v) will be bounded by the exponential of the time integral of ∂2

xU .
The crucial point is that in the estimate for the latter quantity in Lemma P1 (b),
∂xρ enters only logarithmically, and the whole chain of estimates leads to a linear
Gronwall estimate for ∂xρ. Hence the derivatives are under control as long as
the function P is.

If is useful to go through the arguments of the above exploratory compu-
tation in the form of a rigorous proof at least once in a mathematical lifetime,
and here is your chance:

Proof of Theorem 2.1. We fix an initial datum
◦

f∈C1
c (R6) with

◦

f≥0. For

later use we also fix two constants
◦

R>0 and
◦

P >0 such that

◦

f(x,v)=0 for |x|≥
◦

R or |v|≥
◦

P.

14



We consider the following iterative scheme. The 0th iterate is defined by

f0(t,z) :=
◦

f(z), t≥0, z∈R
6.

If the nth iterate fn : [0,∞[×R
6→ [0,∞[ is already defined we define

ρn :=ρfn , Un :=Uρn

on [0,∞[×R
3, and we denote by

Zn(s,t,z)= (Xn,Vn)(s,t,x,v)

the solution of the characteristic system

ẋ= v, v̇=−∂xUn(s,x)

with Zn(t,t,z)= z. Then

fn+1(t,z) :=
◦

f(Zn(0,t,z)), t≥0, z∈R
6

defines the next iterate. The idea of the proof is to show that these iterates
converge on some time interval in a sufficiently strong sense and to identify the
limit as the desired solution.
Step 1. Using Lemma 2.2, 2.3, and Lemma P1 it is a simple proof by induction
to see that the iterates are well defined and enjoy the following properties:

fn∈C1([0,∞[×R
6), ‖f(t)‖∞ =‖

◦

f‖∞, ‖f(t)‖1 =‖
◦

f‖1, t≥0,

fn(t,x,v)=0 for |v|≥Pn(t) or |x|≥
◦

R+

∫ t

0

Pn(s)ds

where

P0(t) :=
◦

P, Pn(t) := sup
{

|Vn−1(s,0,z)| | z∈ supp
◦

f, 0≤ s≤ t
}

, n∈N,

ρn ∈C1([0,∞[×R
3), ‖ρ(t)‖1 =‖

◦

f‖1, ‖ρ(t)‖∞≤ 4π

3
‖

◦

f‖∞P 3
n(t), t≥0,

ρn(t,x)=0 for |x|≥
◦

R+

∫ t

0

Pn(s)ds,

and finally

∂xUn∈C1([0,∞[×R
3), ‖∂xUn(t)‖∞≤C(

◦

f)P 2
n(t)

where by Lemma P1 (b) with p=1,

C(
◦

f ) :=4 ·31/3π4/3‖
◦

f‖1/3
1 ‖

◦

f‖2/3
∞ . (2.5)

Since this particular constant enters into the length of the interval on which the
iterates converge, the information on which parameters it depends is important
for the proof of the continuation criterion.
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Step 2. Let P : [0,δ[→]0,∞[ denote the maximal solution of the integral equation

P (t)=
◦

P +C(
◦

f)

∫ t

0

P 2(s)ds

i.e.,

P (t)=
◦

P
(

1−
◦

PC(
◦

f )t
)−1

, 0≤ t<δ :=
(

◦

PC(
◦

f )
)−1

;

without loss of generality
◦

f 6=0. We claim that for every n∈N0 and t∈ [0,δ[ the
estimate

Pn(t)≤P (t)

holds. The assertion is obvious for n=0. Assume it holds for some n∈N0. Then
by Step 1,

|Vn(s,0,z)| ≤ |v|+
∫ s

0

‖∂xUn(τ)‖∞dτ ≤
◦

P+C(
◦

f)

∫ s

0

P 2
n(τ)dτ

≤
◦

P+C(
◦

f )

∫ t

0

P 2(τ)dτ =P (t)

for any 0≤ s≤ t<δ and z∈ supp
◦

f so that the assertion follows by induction.
On the interval [0,δ[ the following estimates hold:

‖ρn(t)‖∞≤ 4π

3
‖

◦

f‖∞P 3(t), ‖∂xUn(t)‖∞≤C(
◦

f)P 2(t), n∈N0.

We aim to show that the iterative scheme converges uniformly on any compact
subinterval of [0,δ[. Hence we fix 0<δ0 <δ. In order to estimate terms like

∂xUn(t,Xn)−∂xUn(t,Xn+1)

a bound on ∂2
xUn is needed, uniformly in n.

Step 3. There exists some constant C >0 depending on the initial datum and
on δ0 such that

‖∂xρn(t)‖∞+‖∂2
xUn(t)‖∞≤C, t∈ [0,δ0], n∈N0.

In the following proof of this assertion the constant C may change its value
from line to line; it is only important that it does not depend on t∈ [0,δ0] or on
n∈N0. First we note that

|∂xρn+1(t,x)|≤
∫

|v|≤P (t)

∣

∣

∣
∂x

[

◦

f(Zn(0,t,x,v))
]
∣

∣

∣
dv≤C ‖∂xZn(0,t,·)‖∞.

We fix x,v∈R
3 and t∈ [0,δ0] and write (Xn,Vn)(s) instead of (Xn,Vn)(s,t,x,v).

If we differentiate the characteristic system defining Zn with respect to x we
obtain the estimates

|∂xẊn(s)|≤ |∂xV (s)|, |∂xV̇n(s)|≤‖∂2
xUn(s)‖∞|∂xXn(s)|.
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If we integrate these estimates, observe that ∂xXn(t)= id, ∂xVn(t)=0, and add
the results we find that

|∂xXn(s)|+ |∂xVn(s)|≤1+

∫ t

s

(

1+‖∂2
xUn(τ)‖∞

)

(|∂xXn(τ)|+ |∂xVn(τ)|) dτ.

By Gronwall’s Lemma,

|∂xXn(s)|+ |∂xVn(s)|≤ exp

∫ t

0

(

1+‖∂2
xUn(τ)‖∞

)

dτ,

and hence

‖∂xρn+1(t)‖∞≤C exp

∫ t

0

‖∂2
xUn(τ)‖∞dτ, 0≤ s≤ t≤ δ0.

We insert the estimate on ρn+1 from Step 2 and the above estimate on ∂xρn+1

into the second estimate for ∂2
xUn+1 from Lemma P1 (b) to find that

‖∂2
xUn+1(t)‖∞≤C

(

1+

∫ t

0

‖∂2
xUn(τ)‖∞dτ

)

.

By induction,
‖∂2

xUn(t)‖∞≤CeCt, t∈ [0,δ0], n∈N0,

if we increase C so that ‖∂2
xU0‖∞≤C, and the claim of Step 3 is established.

Step 4. We show that the sequence (fn) converges to some function f , uniformly
on [0,δ0]×R

6. Firstly, for n∈N, and t∈ [0,δ0], z∈R
6,

|fn+1(t,z)−fn(t,z)|≤C|Zn(0,t,z)−Zn−1(0,t,z)|.

For 0≤ s≤ t we have, suppressing the t and z arguments of the characteristics,

|Xn(s)−Xn−1(s)| ≤
∫ t

s

|Vn(τ)−Vn−1(τ)|dτ,

|Vn(s)−Vn−1(s)| ≤
∫ t

s

[

|∂xUn(τ,Xn(τ))−∂xUn−1(τ,Xn(τ))|

+ |∂xUn−1(τ,Xn(τ))−∂xUn−1(τ,Xn−1(τ))|
]

dτ

≤
∫ t

s

[

‖∂xUn(τ)−∂xUn−1(τ)‖∞+C|Xn(τ)−Xn−1(τ)|
]

dτ.

If we add these estimates and apply Gronwall’s Lemma we obtain the estimate

|Zn(s)−Zn−1(s)| ≤ C

∫ t

0

‖∂xUn(τ)−∂xUn−1(τ)‖∞dτ

≤ C

∫ t

0

‖ρn(τ)−ρn−1(τ)‖2/3
∞ ‖ρn(τ)−ρn−1(τ)‖1/3

1 dτ

≤ C

∫ t

0

‖ρn(τ)−ρn−1(τ)‖∞dτ ≤C

∫ t

0

‖fn(τ)−fn−1(τ)‖∞dτ ;
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note that the support of both ρn(t) and fn(t) is bounded, uniformly in n and
t∈ [0,δ0]. Summing up we obtain

‖fn+1(t)−fn(t)‖∞≤C∗

∫ t

0

‖fn(τ)−fn−1(τ)‖∞dτ,

and by induction,

‖fn+1(t)−fn(t)‖∞≤C
Cn

∗ tn

n!
≤C

Cn

n!
, n∈N0, 0≤ t≤ δ0.

This implies that the sequence is uniformly Cauchy and converges uniformly
on [0,δ0]×R

6 to some function f ∈C([0,δ0]×R
6). The limit has the following

properties:

f(t,x,v)=0 for |v|≥P (t) or |x|≥
◦

R+

∫ t

0

P (s)ds

and
ρn →ρ :=ρf , Un →U :=Uf

as n→∞, uniformly on [0,δ0]×R
3.

Step 5. In this step we show that the limiting function f has the regularity
required of a solution to the Vlasov-Poisson system. Since

‖∂xUn(t)−∂xUm(t)‖∞≤C‖ρn(t)−ρm(t)‖2/3
∞ ‖ρn(t)−ρm(t)‖1/3

1

and

‖∂2
xUn(t)−∂2

xUm(t)‖∞ ≤ C
[

(1+ln(R/d))‖ρn(t)−ρm(t)‖∞

+d‖∂xρn(t)−∂xρm(t)‖∞+R−3‖ρn(t)−ρm(t)‖1

]

for any 0<d≤R the sequences (∂xUn) and (∂2
xUn) are uniformly Cauchy on

[0,δ0]×R
3; notice that due to the compact support in x, uniformly in n, the L1-

difference of the ρ’s can be estimated against the L∞-difference which converges
to zero by the previous step, and while the L∞-difference of the derivatives of the
ρ’s can according to Step 3 only be estimated by a uniform and not necessarily
small constant, it has the factor d in front which can be chosen smaller than
any prescribed ǫ. Hence

U, ∂xU, ∂2
xU ∈C([0,δ0]×R

3).

This in turn implies that

Z := lim
n→∞

Zn∈C1([0,δ0]× [0,δ0]×R
6),

which is the characteristic flow induced by the limiting field −∂xU . Hence

f(t,z)= lim
n→∞

◦

f(Zn(0,t,z))=
◦

f(Z(0,t,z)),
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and f ∈C1([0,δ0]×R
6) is a classical solution of the Vlasov-Poisson system. Since

the arguments from Steps 3–5 hold on any compact subinterval of the interval
[0,δ[ this solution exists on the latter interval, and it is straight forward to verify
the remaining properties from the above definition of a classical solution such
as the differentiability of ρ and U with respect to t.
Step 6. In order to show uniqueness we take two solution f and g according to
the definition with f(0)= g(0), which both exist on some interval [0,δ]. By (iii)
in the definition of solution and Lemma 2.3 both f(t) and g(t) are supported in
a compact set in R

6 which can be chosen independent of t∈ [0,δ]. The estimates
for the difference of two iterates fn−fn−1 can now be repeated for the difference
f −g to obtain the estimate

‖f(t)−g(t)‖∞≤C

∫ t

0

‖f(s)−g(s)‖∞ds

on the interval [0,δ], and uniqueness follows.
Step 7. In order to prove the continuation criterion, let f ∈C1([0,T [×R

6) be
the maximally extended classical solution obtained above, and assume that

P ∗ := sup{|v| | (t,x,v)∈ suppf}<∞,

but T <∞. By Lemma 2.3,

‖f(t)‖∞ =‖
◦

f‖∞, ‖f(t)‖1 =‖
◦

f‖1, 0≤ t<T.

The idea is to use the control of the length δ of the interval on which we con-
structed the solution in Steps 1–5 to show that, if we use the procedure above
for the new initial value problem where we prescribe f(

◦

t) as initial datum at

time t=
◦

t, we extend the solution beyond T if
◦

t is chosen sufficiently close to
T . This is then the desired contradiction. To carry this out we notice first that

C(f(
◦

t))=C(
◦

f), cf. (2.5). The maximal solution of the equation

P (t)=P ∗+C(f(
◦

t))

∫ t

◦

t

P 2(s)ds

exists on some interval [
◦

t,
◦

t +δ∗[ the length δ∗ of which is independent of
◦

t. But

since f(
◦

t,x,v)=0 for |v|≥P ∗ by definition of the latter quantity, the functions
Pn will be bounded by P on this interval, and all the estimates from Steps 2–5
can be repeated on the interval [

◦

t,
◦

t +δ∗[ so that our solution does exist there.
If the a-priori bound on ρ holds this gives an a-priori bound on the field −∂xU
and hence on the quantity P ∗ as well, and the proof is complete. 2

Concluding Remarks. (a) The above proof is essentially given in [7] although
the result is not stated there.
(b) The analogous result, in particular the analogous continuation criterion is
valid for the relativistic Vlasov-Maxwell system [36] or the Vlasov-Einstein sys-
tem in the case of spherical symmetry and asymptotic flatness [100]; for these
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systems the control of the velocity support has to be replaced by control of the
momentum support. Due to the nonlinear nature of the Einstein equations the
continuation criterion is not valid for the Vlasov-Einstein system in general.
(c) Uniqueness within weaker solution concepts is considered in [81, 103,114].
(d) Uniqueness is violated within the framework of measure-valued, weak solu-
tions to the Vlasov-Poisson system in one space dimension [83], cf. also [82].

1.3 Spherically symmetric solutions

The estimates used in the proof of the local existence result are not strong
enough to yield global existence. Indeed, it is a priori not clear that solutions
should exist globally in time. In the plasma physics case one might argue that
the particles repulse each other and hence the spatial density should remain
bounded. But in the gravitational case the particles attract each other, and a
gravitational collapse seems conceivable. To make these doubts more substantial
we consider spherically symmetric solutions which by definition are invariant
under simultaneous rotations of both x and v:

f(t,x,v)= f(t,Ax,Av), A∈SO(3).

If f is a solution, this transformation produces another one which by uniqueness
coincides with f if the initial datum is spherically symmetric. Hence spherical
symmetry is preserved by the Vlasov-Poisson system. For a spherically sym-
metric solution

ρ(t,x)=ρ(t,r), U(t,x)=U(t,r), r := |x|,

with some abuse of notation, and

∂rU(t,r)=
4πγ

r2

∫ r

0

ρ(t,s)s2ds, ∂xU(t,x)=∂rU(t,r)
x

r
. (3.1)

Example of a “dust” solution which blows up. Let γ =1. A likely candi-
date for a gravitational collapse is a spherically symmetric ensemble of particles
which all move radially inward in such a way that they all arrive at the center
at the same time. Hence let us consider a distribution function of the form

f(t,x,v)=ρ(t,x)δ(v−u(t,x))

where δ is the Dirac distribution. In such a distribution there is at each point in
space only one particle velocity given by the velocity field u(t,x)∈R

3, in other
words, there is no velocity scattering. Notice that such an f is forbidden in
our definition of solution, more importantly, it is not a distribution function
on phase space, but we consider it anyway. Formally, such an f satisfies the
Vlasov-Poisson system provided the spatial density ρ and the velocity field u,
which now are the dynamical variables, satisfy the following special case of the
Euler-Poisson system:

∂tρ+div(ρu)=0, (3.2)

20



∂tu+(u ·∂x)u=−∂xU, (3.3)

∆U =4πρ, lim
|x|→∞

U(t,x)=0.

This system represents a self-gravitating, ideal, compressible fluid with the
strange equation of state that the pressure is zero, a situation which in as-
trophysics is sometimes referred to as dust. More information on how to pass
from the Vlasov-Poisson system to the pressure-less Euler-Poisson system can
be found in [20]. As initial datum to this system we take a homogeneous ball
about the origin with all the particles at rest:

ρ(0)=
3

4π
1B1 , u(0)=0.

For such data the following ansatz is reasonable:

ρ(t,x)=
3

4π

1

R3(t)
1BR(t)

(x), u(t,x)=
Ṙ(t)

R(t)
x,

i.e., we assume that the system retains the shape of a homogeneous ball, but the
ball may contract (or expand). The radius R : [0,T [→]0,∞[ of the ball has to be
determined such that a solution of the system above is obtained. It is straight
forward to see that the continuity equation (3.2) is satisfied for |x| 6=R(t); it
holds in a weak sense everywhere. Moreover,

∂xU(t,x)=R−3(t)x, ∂tu(t,x)=

(

R̈

R
− Ṙ2

R2

)

(t)x, (u ·∂x)u=
Ṙ2

R2
(t)x.

Hence Newton’s law (3.3) is equivalent to the equation

R̈=−R−2 (3.4)

which is nothing but the equation for the radial motion of a mass point in a
central gravitational field. Our initial data translate into the condition

R(0)=1, Ṙ(0)=0.

The corresponding solution of (3.4) becomes 0 in finite time which means that
all the mass of the solution of the pressure-less Euler-Poisson system collapses
to a point in finite time.

This blow-up result for a system which does not belong to kinetic theory
but seems to be closely related to the Vlasov-Poisson system might motivate
one to look for a corresponding blow-up example for the latter. But in 1977,
J. Batt proved the following result, which was the first global existence result
for the Vlasov-Poisson system in three space dimensions—the result holds for
both γ =1 and γ =−1:
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Theorem 3.1 Let
◦

f∈C1
c (R6),

◦

f≥0 be spherically symmetric. Then there ex-
ists a constant P0 >0 such that for the corresponding classical solution of the
Vlasov-Poisson system,

f(t,x,v)=0 for |v|≥P0, 0≤ t<T, x∈R
3,

in particular, the solution is global in time, T =∞. The constant P0 depends

only on ‖
◦

f‖1,‖
◦

f‖∞, and
◦

P, where
◦

f(x,v)=0 for |v|≥
◦

P.

Proof. With M :=‖
◦

f‖1 =‖f(t)‖1, formula (3.1) implies that

|∂xU(t,x)|≤M/r2, r= |x|, t≥0.

On the other hand by Lemma P1 (b) with p=1,

|∂xU(t,x)|≤C‖ρ(t)‖2/3
∞ ≤CP 2(t);

for technical reasons P is redefined to be non-decreasing:

P (t) := sup{|v| | (x,v)∈ suppf(s), 0≤ s≤ t}.

Combining both estimates we find that

|∂xU(t,x)|≤Cmin{1/r2,P 2(t)}.

Hence for any characteristic (x(s),v(s)) which starts in the support of
◦

f we have
for i=1,2,3 and 0≤ s≤ t<T the estimate

|ẍi(s)|≤ |∂xiU(s,x(s))|≤C∗min{1/|xi(s)|2,P 2(t)}

where the constant C∗ depends only on the L1 and L∞-norms of
◦

f. Let ξ :=xi.
Then ξ∈C2([0,t]) with

|ξ̈(s)|≤ g(ξ(s)), 0≤ s≤ t,

where
g(r) :=C∗min{1/r2,P 2(t)}≥0, r∈R.

If ξ̇(s) 6=0 on ]0,t[, i.e., ξ̇ does not change sign, it follows that

|ξ̇(t)− ξ̇(0)|2 ≤ |ξ̇(t)− ξ̇(0)| |ξ̇(t)+ ξ̇(0)|= |ξ̇(t)2− ξ̇2(0)|=2

∣

∣

∣

∣

∫ t

0

ξ̇(s)ξ̈(s)ds

∣

∣

∣

∣

≤ 2

∫ t

0

|ξ̇(s)|g(ξ(s))ds=2

∫

ξ([0,t])

g(r)dr≤2

∫

g(r)dr=8C∗P (t),

and hence
|ξ̇(t)− ξ̇(0)|≤2

√
2C∗P 1/2(t).

If ξ̇(s)=0 for some s∈]0,t[ we define

s− := inf
{

s∈]0,t[| ξ̇(s)=0
}

, s+ := sup
{

s∈]0,t[| ξ̇(s)=0
}
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so that 0≤ s−≤ s+≤ t, ξ̇(s−)= ξ̇(s+)=0, and the first case applies on the in-
tervals [0,s−] and [s+,t]. Hence

|ξ̇(t)− ξ̇(0)|≤ |ξ̇(t)− ξ̇(s+)|+ |ξ̇(s−)− ξ̇(0)|≤4
√

2C∗P 1/2(t).

Since ξ̇ = ẋi = vi this implies that

P (t)≤P (0)+4
√

6C∗P 1/2(t), t∈ [0,T [,

the proof is complete. 2

Given the blow-up example for the pressure-less Euler-Poisson system on the
one hand and the global existence result for the spherically symmetric Vlasov-
Poisson system on the other, the question arises whether there are similar semi-
explicit solutions to the Vlasov-Poisson system and how they behave. A family
of such examples has been constructed by Kurth [70]:

Semi-explicit spherically symmetric solutions. It is easy to check that

f0(x,v) :=
3

4π3

{

(

1−|x|2−|v|2 + |x×v|2
)−1/2

, where (. . .)>0 and |x×v|<1,
0 , else

defines a time independent solution with spatial density and potential

ρ0(x)=
3

4π
1B1(x), U0(x)=

{

|x|2/2−3/2 , |x|≤1,
−1/|x| , |x|>1;

note that due to spherical symmetry the particle angular momentum x×v is
preserved along characteristics, the particle energy |v|2/2+U0(x) is preserved
because U0 is time independent, and f0 is a function of these invariants. The
transformation

f(t,x,v) := f0(x/R(t),R(t)v−Ṙ(t)x)

turns this steady state into a time dependent solution with spatial mass density

ρ(t)=
3

4π

1

R3(t)
1BR(t)

,

provided the function R=R(t) solves the differential equation

R̈−R−3 +R−2 =0,

and R(0)=1. Notice that in this example the spatial density is constant on a
ball with a time dependent radius, like for the Euler-Poisson example stated
above. Depending on α := Ṙ(0) the solution behaves as follows:

• If α=0 then R(t)=1, t∈R, and we recover the steady state f0.

• If 0< |α|<1 then

R(t)= (1−αcosφ(t))/(1−α2),
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where φ(t) is uniquely determined by

φ(t)−αsinφ(t)= (1−α2)3/2(t− t0),

t0 :=−(1−α2)−3/2(φ0−αsinφ0), φ0 :=arccosα.

The solution is time periodic with period 2π(1−α2)−3/2.

• If |α|=1 then
R(t)= (1+φ2(t))/2

where φ(t) is uniquely determined by

φ(t)+φ3(t)/3=2(αt+2/3).

The solution is global, but R(t)→∞ for |t|→∞, and R is strictly decreas-
ing on ]−∞,t0] and strictly increasing on [t0,∞[ where t0 =−2/(3α).

• If |α|>1 then
R(t)= (|α|coshφ(t)−1)/(α2−1),

where φ(t) is uniquely determined by

φ(t)−|α|sinhφ(t)=−(α2−1)3/2(t− t0),

t0 := (α2−1)−3/2(φ0−|α|sinhφ0), coshφ0 =α, sgnφ0 =sgnα.

The solution is global with R(t)→∞ for |t|→∞, and R is strictly de-
creasing on ]−∞,t0] and strictly increasing on [t0,∞[.

Rigorously speaking, this example does not fit into our definition of solution,
because f becomes singular at the boundary of its support, but the induced
field allows for well defined characteristics, and f is constant along these. In
no case does the solution blow up. To understand this difference to the dust
example discussed above it should be observed that as opposed to the former
there is velocity scattering in these solutions.

Concluding Remarks. (a) The original proof of Theorem 3.1 given in [7]
considered only the gravitational case γ =1, which is the more difficult case
anyway. It relied on a detailed analysis of the characteristic system, written
in coordinates adapted to the symmetry: For a spherically symmetric solution,
f(t,x,v)= f(t,r,u,α), where r := |x|, u := |v|, and α is the angle between x and
v. It is easy to check that the modulus of angular momentum ru sinα= |x×v|
is conserved along characteristics, and this fact was exploited in [7]. The above
proof of Theorem 3.1 is due to E. Horst [58], where an analogous result is shown
also for axially symmetric solutions which by definition are invariant under
rotations about some fixed axis. To prove the latter result a-priori bounds on
the kinetic energy of the solution and on ‖ρ(t)‖5/3 were established first. These
a-priori bounds are discussed in Section 1.5, since they become essential for the
global results in Section 1.6.
(b) Angular momentum invariants have proven useful in related situations. For
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example, in the plasma physics case global existence of classical solutions to the
relativistic Vlasov-Poisson system has been shown for spherically symmetric
and for axially symmetric initial data [29,34]. In the gravitational case blow-up
occurs for that system, cf. Section 1.7.
(c) Under the assumption of spherical symmetry the relativistic Vlasov-Maxwell
system reduces to the plasma physics case of the relativistic Vlasov-Poisson
system, and global existence holds.
(d) The above Kurth solutions are to our knowledge the only time dependent
solutions to the Vlasov-Poisson system, the behavior of which can be determined
analytically. Notice that the boundary condition lim|x|→∞U(t,x)=0 is part of
our formulation of this system, i.e., we consider only isolated systems. Other
semi-explicit solution families which do not satisfy this boundary condition are
considered in [8]. For a cosmological interpretation of these solutions, which
do not represent bounded particle ensembles, we refer to [25]. No Kurth type
examples are known for the related systems.

1.4 Small data solutions

For a nonlinear evolution equation a natural question is whether sufficiently
small initial data lead to solutions which decay and hence are global in time.
This happens if the linear part of the equation has some dispersive property
which is strong enough to dominate the nonlinearity as long as the solution is
small. By no means all nonlinear PDEs have this property, but kinetic equations
as a rule do. For the Vlasov-Poisson system this was established in [5]. In the
following discussion of this result initial data are always taken from the set

D :=
{

◦

f∈C1
c (R6) |

◦

f≥0, ‖
◦

f‖∞≤1, ‖∂(x,v)

◦

f‖∞≤1,

◦

f(x,v)=0 for |x|≥
◦

R or |v|≥
◦

P
}

where
◦

R,
◦

P >0 are arbitrary but fixed. Constants denoted by C may depend
on these parameters and may change from line to line. The following theorem
holds for both γ =1 and γ =−1.

Theorem 4.1 There exists some δ >0 such that for any initial datum
◦

f∈D
with ‖

◦

f‖∞ <δ the corresponding solution is global and satisfies the following
decay estimates for t>0:

‖ρ(t)‖∞≤Ct−3, ‖∂xU(t)‖∞≤Ct−2, ‖∂2
xU(t)‖∞≤Ct−3 ln(1+ t).

The idea of the proof is as follows:

• If the field is zero, ∂xU =0, the free motion of the particles causes ρ to
decay:

ρ(t,x) =

∫

◦

f(X(0,t,x,v),V (0,t,x,v))dv =

∫

◦

f(x− tv,v)dv

= t−3

∫

◦

f(X,(x−X)/t)dX ≤Ct−3.
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If the field is not zero but decays sufficiently fast this argument remains
valid, i.e., the determinant of the matrix ∂vX(0,t,x,v) which comes up in
the change of variables above grows like t3.

• By Lemma P1 a decay of ρ translates into a decay of the field.

If the decay of the field which is needed in the first step is asymptotically
slower than the one resulting in the second step, then one can “bootstrap” this
argument and obtain the decay estimates on the whole existence interval of the
solution, which implies that the solution is global.

We approach the result through a series of lemmas, the first one being a
local perturbation result about the trivial solution. It provides some finite time
interval which can be made as long as desired and on which the solution exists
and the field is sufficiently small to start the bootstrap argument outlined above.

Lemma 4.2 For any ǫ>0 and T >0 there exists some δ >0 such that every

solution with initial datum
◦

f∈D satisfying ‖
◦

f‖∞ <δ exists on the interval [0,T ]
and satisfies the estimate

‖∂xU(t)‖∞+‖∂2
xU(t)‖∞≤ ǫ, t∈ [0,T ].

Proof. By Step 2 of the proof of Theorem 2.1 the solution for any initial datum
◦

f∈D exists on the interval [0,(C(
◦

f )
◦

P )−1[ where by (2.5),

C(
◦

f )=4 ·31/3π4/3‖
◦

f‖1/3
1 ‖

◦

f‖2/3
∞ ≤C0‖

◦

f‖∞,

with C0 depending only on the parameters
◦

R and
◦

P. Hence if δ := (2C0

◦

PT )−1,

the solution exists on the prescribed time interval [0,T ], provided ‖
◦

f‖∞ <δ. Let
P̃ : [0,2T [→]0,∞[ denote the maximal solution of

P̃ (t)=
◦

P+
1

2T
◦

P

∫ t

0

P̃ 2(s)ds,

a function which depends only on
◦

R,
◦

P, and T . If ‖
◦

f‖∞ <δ then C(
◦

f )≤
(2T

◦

P)−1, and hence f(t,x,v)=0 for |v|≥ P̃ (t) and t∈ [0,T ]. This implies that

‖ρ(t)‖∞≤ 4π

3
P̃ 3(T )‖

◦

f‖∞,

and we also have

‖ρ(t)‖1≤
(

4π

3

)2
◦

R3
◦

P3‖
◦

f‖∞,

for all t∈ [0,T ]. After making δ smaller if necessary, Lemma P1 (b) implies
the desired estimates for ∂xU and ∂2

xU . For the latter quantity we have to go
through the estimates in Step 3 of the proof of Theorem 2.1 applied to the
solution instead of the iterates to find that ‖∂xρ(t)‖∞ <C where the constant

depends only on
◦

R and
◦

P. Then by Lemma P1 (b),

‖∂2
xU(t)‖∞≤C

(

δ+d+(1− lnd)δ
)
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for any 0<d<1, t∈ [0,T ] and
◦

f∈D which ‖
◦

f‖∞ <δ. The right hand side can
be made less than ǫ by first choosing d sufficiently small and then again making
δ smaller if necessary. 2

The following decay condition on the field is the substitute for ∂xU to vanish
identically in the first step of the bootstrap argument. Let a>0 and α>0. A
solution satisfies the free streaming condition with parameter α on the interval
[0,a] if the solution exists on [0,a] and satisfies the estimates

‖∂xU(t)‖∞≤α(1+ t)−3/2

‖∂2
xU(t)‖∞≤α(1+ t)−5/2

}

(FSα)

there. The next lemma justifies this terminology: Under the assumption the
long time asymptotics of certain quantities are like in the case where the field
vanishes identically, provided the parameter α is chosen sufficiently small.

Lemma 4.3 If α>0 is small enough then any solution f with initial datum
◦

f∈D, which satisfies the free streaming condition (FSα) on some interval [0,a],
has the following properties for all t∈ [0,a]:

(a) f(t,x,v)=0 for |v|≥
◦

P +1 and x∈R
3.

(b) |det∂vX(0,t,x,v)|≥ 1
2 t3 for (x,v)∈R

6.

(c) For t>0, x∈R
3 the mapping X(0,t,x,·) :R3→R

3 is a C1-diffeomorphism.

(d) ‖∂xρ(t)‖∞≤4π(
◦

P+1)3.

Proof. Let s 7→ (x(s),v(s)) be a characteristic with |v(0)|≤
◦

P. Then for any
t∈ [0,a] by (FSα),

|v(t)|≤
◦

P+

∫ t

0

‖∂xU(s)‖∞ds≤
◦

P+α

∫ t

0

(1+s)−3/2ds≤
◦

P+2α,

which implies (a) if α≤1/2. As to (b) we define for 0≤ s≤ t≤a and (x,v)∈R
6

the function
ξ(s) :=∂vX(s,t,x,v)−(s− t)id.

Clearly,

ξ̈(s)=−∂2
xU(s,X(s,t,x,v)) ·∂vX(s,t,x,v), ξ(t)= ξ̇(t)=0,

and by (FSα),
|ξ̈(s)|≤α(1+s)−5/2 (|ξ(s)|+(t−s)) .

Upon integrating this inequality twice and switching the order of integration we
obtain the estimate

|ξ(s)| ≤
∫ t

s

∫ t

τ

|ξ̈(σ)|dσdτ =

∫ t

s

∫ σ

s

|ξ̈(σ)|dτ dσ

≤ α

∫ t

s

(1+σ)−3/2 (|ξ(σ)|+(t−σ)) dσ

≤ 2α(t−s)+α

∫ t

s

(1+σ)−3/2|ξ(σ)|dσ.
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By Gronwall’s Lemma,

|ξ(s)|≤2α(t−s)exp

(

α

∫ t

s

(1+σ)−3/2dσ

)

≤2αe2α(t−s).

If we take s=0, recall the definition of ξ, and divide by t we can rewrite this as

∣

∣

∣

∣

1

t
∂vX(0,t,x,v)+id

∣

∣

∣

∣

≤2αe2α. (4.1)

The assertion in (b) follows if α>0 is sufficiently small. In addition, by (4.1)
the mapping considered in (c) is one-to-one:

|X(0,t,x,v)−X(0,t,x,v̄)|=
∣

∣

∣

∣

∫ 1

0

∂vX(0,t,x,τv+(1−τ)v̄)(v− v̄)dτ

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ 1

0

[−t id+ t id+∂vX(0,t,x,τv+(1−τ)v̄)](v− v̄)dτ

∣

∣

∣

∣

≥ t |v− v̄|−2αe2αt |v− v̄|≥ 1

2
t |v− v̄|

for v,v̄∈R
3, x∈R

3, and t∈]0,a]; for the last estimate α is again chosen smaller
if necessary. Hence the mapping X(0,t,x,·) is a C1-diffeomorphism onto its
range which is an open set. Assume that it were not onto R

3. Then the range
X(0,t,x,R3) has a boundary point x0 which is not an image point. Choose
a sequence (vn)⊂R

3 such that X(0,t,x,vn)→x0. By the previous estimate,
vn →v0 converges, and by continuity, x0 =X(0,t,x,v0) is an image point. This
is a contradiction, and the assertion in (c) is established. As to (d), clearly

‖∂xρ(t)‖∞≤ 4π

3
(

◦

P+1)3‖∂xf(t)‖∞,

and
|∂xf(t,z)|≤‖∂z

◦

f‖∞ (|∂xX(0,t,z)|+ |∂xV (0,t,z)|).

By definition of the initial data set D, ‖∂z

◦

f‖∞≤1, so it remains to estimate
the derivatives of the characteristics. Proceeding as above we define

ξ(s) :=∂xX(s,t,x,v)− id

so that
|ξ̈(s)|≤α(1+s)−5/2 (|ξ(s)|+1), ξ(t)= ξ̇(t)=0.

The resulting Gronwall estimate yields, for α sufficiently small,

|ξ(s)|≤2αe2α≤1,

and

|ξ̇(s)|≤
∫ t

s

|ξ̈(τ)|dτ ≤α

∫ t

s

(1+τ)−5/2 (|ξ(τ)|+1) dτ ≤1.
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Since ∂xV (0,t,x,v)= ξ̇(0) we have shown that

|∂xX(0,t,z)|+ |∂xV (0,t,z)|≤3,

and the proof is complete. 2

After these preparations we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. We start by fixing some α>0 sufficiently small for all
the assertions of Lemma 4.3 to hold, and we consider some interval [0,a] with

a>1 on which (FSα) holds for some solution f with initial datum
◦

f∈D. For
t∈]0,a] and x∈R

3 the change of variables v 7→X =X(0,t,x,v) and Lemma 4.3
(b), (c) imply that

ρ(t,x) =

∫

◦

f(X(0,t,x,v),V (0,t,x,v))dv

=

∫

◦

f(X,V (0,t,x,v(X))
∣

∣det∂vX−1(0,t,x,v(X))
∣

∣ dX ≤ 8π

3

◦

R3‖
◦

f‖∞t−3;

v(X) denotes the inverse of the change of variables. Hence by Lemma 4.3 (d),

‖ρ(t)‖∞≤C1t
−3, ‖∂xρ(t)‖∞≤C1, t∈ [0,a],

where the constant C1 depends only on
◦

R and
◦

P. By Lemma P1,

‖∂xU(t)‖∞≤3(2π)2/3‖
◦

f‖1/3
1 C

2/3
1 t−2≤C2t

−2,

and for t∈ [1,a] with R= t and d= t−3≤R,

‖∂2
xU(t)‖∞≤C

[

t−3 + t−3 + t−3 lnt4
]

≤C2(1+lnt)t−3,

where again the constant C2 depends only on
◦

R and
◦

P. We fix some time T0 >1
such that for all t≥T0,

C2t
−2≤ α

2
(1+ t)−3/2, C2(1+lnt)t−3≤ α

2
(1+ t)−5/2

which means that the decay obtained as output in the above estimates is stronger
than the one in the free streaming condition (FSα). Lemma 4.2 provides δ >0

such that any solution launched by an initial datum
◦

f∈D with ‖
◦

f‖∞ <δ exists
on the maximal existence interval [0,T [ with T >T0, and

‖∂xU(t)‖∞+‖∂2
xU(t)‖∞ <

α

2
(1+T0)

−5/2, t∈ [0,T0].

By continuity the free streaming condition (FSα) holds on some interval [0,T ∗[
with T ∗∈]T0,T ], and we choose T ∗ maximal with this property. On [T0,T

∗[,

‖∂xU(t)‖∞ ≤ C2t
−2≤ α

2
(1+ t)−3/2,

‖∂2
xU(t)‖∞ ≤ C2(1+lnt)t−3≤ α

2
(1+ t)−5/2,
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which implies that T ∗ =T , and by Lemma 4.3 (a) and the continuation criterion
from Theorem 2.1, T =∞. 2

Concluding Remarks. (a) Lemma 4.2 is a special case of the fact that solu-
tions depend continuously on initial data, cf. [90, Thm. 1].
(b) Global existence for small initial data was established for the relativistic
Vlasov-Maxwell system in [37], and these techniques lead to analogous results
for nearly neutral and nearly spherically symmetric data [30, 90]. Similar tech-
niques have been employed for the spherically symmetric, asymptotically flat
Vlasov-Einstein system [100].

1.5 Conservation laws and a-priori bounds

Conservation laws represent physically relevant properties of the system, and
they lead to a-priori bounds on the solutions used for the global existence result.
As a matter of fact we have already stated and used one such conservation
law, namely conservation of phase space volume: The characteristic flow of the
Vlasov equation is measure preserving, cf. Lemma 2.2, and this leads to the
a-priori bounds

‖f(t)‖p =‖
◦

f‖p, p∈ [1,∞],

as long as the solution exists. For p=1 this is conservation of mass
∫ ∫

f(t,x,v)dvdx=

∫

ρ(t,x)dx=M,

which can also be viewed as a consequence of the local mass conservation law

∂tρ+divj =0, (5.1)

where the mass current j is defined as

j(t,x) :=

∫

vf(t,x,v)dv.

Eqn. (5.1) follows by integrating the Vlasov equation with respect to v and
observing that the total v-divergence ∂xU ·∂vf =divv(f∂xU) vanishes upon in-
tegration. Conservation of phase space volume follows from the Vlasov equation
alone, regardless of the field equation to which it is coupled. The resulting a-
priori bounds are much too weak to gain global existence, since in particular
only a bound on the L1-norm of ρ results.

However, the system is also conservative. There is no dissipative mecha-
nism in the system, and hence energy is conserved. It is a straight forward
computation to see that for a classical solution the total energy

1

2

∫ ∫

|v|2f(t,x,v)dvdx− γ

8π

∫

|∂xU(t,x)|2dx (5.2)

is constant as long as the solution exists. There is however an immediate prob-
lem: In the gravitational case γ =1 the energy does not have a definite sign,
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and hence it is conceivable that the individual terms in (5.2), kinetic and poten-
tial energy, become unbounded in finite time while the sum remains constant.
This does indeed happen for solutions of the N -body problem when two bodies
collide, and it also happens for the counterexample to global existence for the
pressure-less Euler-Poisson system in Section 1.3. If we consider the plasma
physics case both kinetic and potential energy are obviously bounded. But as
we will see shortly the same is true also in the gravitational case, which may
come as a surprise.

Since conservation of energy plays a vital role in the stability analysis in the
second part of this treatise, our presentation in the rest of the present section
is a bit more general than necessary for the existence problem. The kinetic and
the potential energy of a state f ∈L1

+(R6) are defined as

Ekin(f) :=
1

2

∫ ∫

|v|2f(x,v)dvdx,

Epot(f) :=− γ

8π

∫

|∇Uf (x)|2dx=
1

2

∫

Uf (x)ρf (x)dx.

The spatial density ρf is bounded in an appropriate norm by the kinetic energy
Ekin(f). The reason is that the kinetic energy is a second order moment in
velocity of f , while ρf is a zeroth order moment. For later purposes we prove a
more general result than needed right now.

Lemma 5.1 For k≥0 we denote the k-th order moment density and the k-th
order moment in velocity of a non-negative, measurable function f :R6→ [0,∞[
by

mk(f)(x) :=

∫

|v|kf(x,v)dv

and

Mk(f) :=

∫

mk(f)(x)dx=

∫ ∫

|v|kf(x,v)dvdx.

Let 1≤p,q≤∞ with 1/p+1/q=1, 0≤k′≤k<∞ and

r :=
k+3/q

k′+3/q+(k−k′)/p
.

If f ∈Lp
+(R6) with Mk(f)<∞ then mk′(f)∈Lr(R3) and

‖mk′(f)‖r ≤ c‖f‖(k−k′)/(k+3/q)
p Mk(f)(k

′+3/q)/(k+3/q)

where c= c(k,k′,p)>0.

Proof. We split the v-integral defining mk′ (f) into small and large v’s and

31



optimize with respect to the splitting parameter, more precisely, for any R>0,

mk′(f)(x) ≤
∫

|v|≤R

|v|k′

f(x,v)dv+

∫

|v|>R

|v|k′

f(x,v)dv

≤ ‖f(x,·)‖p

(

∫

|v|≤R

|v|k′qdv

)1/q

+Rk′−k

∫

|v|kf(x,v)dv

≤ c‖f(x,·)‖pR
k′+3/q +Rk′−kmk(f)(x),

where we used Hölder’s inequality. Let

R :=
[

mk(f)(x)/‖f(x,·)‖p

]1/(k+3/q)

,

which up to a constant is the choice which minimizes the right hand side as a
function of R>0. Then

mk′(f)(x)≤ c
(

‖f(x,·)‖p

)(k−k′)/(k+3/q)(

mk(f)(x)
)(k′+3/q)/(k+3/q)

.

If we take this estimate to the power r and integrate in x we can by the definition
of r again apply Hölder’s inequality, and the assertion follows. 2

Together with Lemma P2 the potential energy can be estimated in terms
of the kinetic energy in such a way that by conservation of energy both terms
individually remain bounded along classical solutions also in the case γ =1. This
was first observed by Horst [57].

Proposition 5.2 Let f be a classical solution of the Vlasov-Poisson system on
the time interval [0,T [ with induced spatial density ρ. Then for all t∈ [0,T [,

Ekin(f(t)), |Epot(f(t))|, ‖ρ(t)‖5/3≤C,

where the constant depends only on the initial datum f(0)=
◦

f, more precisely
on its L1 and L∞-norms and its kinetic energy.

Proof. If γ =−1 the kinetic and potential energy are both non-negative and
hence bounded by conservation of energy. The bound on ρ follows by Lemma 5.1
with k=2, k′ =0, p=∞, q =1, r=5/3:

‖ρ(t)‖5/3≤ c‖f(t)‖2/5
∞ Ekin(f(t))3/5.

If γ =1 we use Lemma P2 (b) and Lemma 5.1 with k =2, k′ =0, p=9/7, r=6/5
to obtain

|Epot(f(t))|≤ c‖ρ(t)‖2
6/5≤ c‖f(t)‖3/2

9/7Ekin(f(t))1/2 =CEkin(f(t))1/2,

where the constant C has the claimed dependence. By conservation of energy

Ekin(f(t))−CEkin(f(t))1/2≤Ekin(f(t))+Epot(f(t))≤Ekin(
◦

f),
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which implies the bound on the kinetic energy also for the case γ =1. 2

With these additional bounds at hand one may hope to improve the estimates
in the local existence result in such a way that global existence follows. Indeed,
by Lemma P1 (b) with p=5/3 and Proposition 5.2,

‖∂xU(t)‖∞≤C ‖ρ(t)‖4/9
∞ ≤CP 4/3(t) (5.3)

with P as defined in (2.3). Hence

P (t)≤P (0)+

∫ t

0

‖∂xU(s)‖∞ds≤P (0)+C

∫ t

0

P 4/3(s)ds. (5.4)

This certainly is an improvement compared to our first attempt at bounding P ,
cf. Eqn. (2.4), but the improvement is not sufficient to yield a global bound.

One way to improve this argument is to observe that an a-priori bound on
a higher order Lp-norm of ρ(t) allows for a smaller power of the L∞-norm of
ρ(t) in the estimate (5.3) and thus for a smaller power of P (s) in the Gronwall
inequality (5.4). In the estimate (5.3) we would need an exponent less or equal
to 1/3 on ‖ρ(t)‖∞ to obtain a Gronwall estimate on P leading to a global bound.
If we compare this to Lemma P1 (b) and use Lemma 5.1 with p=∞, k =3, k′ =0
we obtain a less demanding continuation criterion which we note for later use:

Proposition 5.3 If for a local solution f on its maximal existence interval
[0,T [ the quantity ‖ρ(t)‖2 or M3(t) is bounded, then the solution is global.

Concluding Remarks. (a) The a-priori bounds in Proposition 5.2 together
with compactness properties of the solution operator to the Poisson equation can
be used to prove the existence of global weak solutions for the Vlasov-Poisson
system [4,61]. These solutions are not known to be unique nor are they known
to satisfy the above conservation laws.
(b) For the relativistic Vlasov-Poisson system the kinetic energy

∫ ∫

√

1+ |v|2f(t,x,v)dvdx

is of lower order in v than in the non-relativistic case, and the potential energy
turns out to be of the same order in the sense of the above estimates. Indeed,
in the gravitational case the a-priori bounds from Proposition 5.2 do not hold
and solutions can blow up, cf. Theorem 7.4. For the plasma physics case the
bound on the kinetic energy yields only a bound on ‖ρ(t)‖4/3, and these a-priori
bounds are then too weak for the proofs of global existence in the next section
to extend to the relativistic case.

1.6 Global existence for general data

The aim of this section is to prove the following theorem:
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Theorem 6.1 Any non-negative initial datum
◦

f∈C1
c (R6) launches a global

classical solution of the Vlasov-Poisson system.

Let [0,T [ be the right maximal existence interval of the local solution provided
by Theorem 2.1; all the arguments apply also when going backwards in time.
For technical reasons we redefine the quantity P (t) and make it non-decreasing:

P (t) :=max
{

|v| | (x,v)∈ suppf(s), 0≤ s≤ t
}

.

We need to show that this function is bounded on bounded time intervals. By
Proposition 5.3 it also suffices to bound a sufficiently high order moment in
v. This is the approach followed by P.-L. Lions and B. Perthame [80]. The
approach followed by K. Pfaffelmoser [87] is to fix a characteristic (X,V )(t)
along which the increase in velocity

|V (t)−V (t−∆)|≤
∫ t

t−∆

∫ ∫

f(s,y,w)

|y−X(s)|2 dwdyds (6.1)

during the time interval [t−∆,t] is estimated. In the Gronwall argument leading
to (5.4) we first split x-space to obtain the estimate (5.3) and then split v-space
to obtain the estimate for ρ in Proposition 5.2. Pfaffelmoser’s idea is that instead
of doing one after the other one should split (x,v)-space in (6.1) into suitably
chosen sets. Since this approach is more elementary and gives better estimates
on the possible growth of the solution, we discuss it first, following a greatly
simplified version due to J. Schaeffer [105,106]. The Lions/Perthame approach,
which has the greater potential to generalize to related situations, is presented
second.

1.6.1 The Pfaffelmoser/Schaeffer proof

Let us single out one particle in our distribution, the increase in velocity of which
we want to control over a certain time interval. Mathematically speaking, we

fix a characteristic (X,V )(t) with (X,V )(0)∈ supp
◦

f, and we take 0≤∆≤ t<T .
After the change of variables

y =X(s,t,x,v), w=V (s,t,x,v) (6.2)

Eqn. (6.1) takes the form

|V (t)−V (t−∆)|≤
∫ t

t−∆

∫ ∫

f(t,x,v)

|X(s,t,x,v)−X(s)|2 dvdxds, (6.3)

because f is constant along the volume preserving characteristic flow. For pa-
rameters 0<p≤P (t) and r>0, which will be specified later, we split the domain
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of integration in (6.3) into the following sets:

Mg :=

{

(s,x,v)∈ [t−∆,t]×R
6
∣

∣

∣
|v|≤p ∨ |v−V (t)|≤p

}

,

Mb :=

{

(s,x,v)∈ [t−∆,t]×R
6
∣

∣

∣
|v|>p ∧ |v−V (t)|>p

∧
[

|X(s,t,x,v)−X(s)|≤ r|v|−3

∨|X(s,t,x,v)−X(s)|≤ r|v−V (t)|−3
]

}

,

Mu :=

{

(s,x,v)∈ [t−∆,t]×R
6
∣

∣

∣
|v|>p ∧ |v−V (t)|>p

∧|X(s,t,x,v)−X(s)|>r|v|−3

∧|X(s,t,x,v)−X(s)|>r|v−V (t)|−3

}

.

The logic behind the names of these sets is as follows. In the set Mg velocities
are bounded, either with respect to our frame of reference or with respect to
the one particle which we singled out. Hence Mg is the good set—we know
how to proceed if the velocities are bounded. The set Mb is the bad set, since
here velocities are large, and in addition the particle whose contribution to the
integral in (6.3) we are computing is close in space to the singled out particle, i.e.,
the singularity of the Newton force is strong. Notice however that the latter type
of badness is coupled with the former via the condition |X(s,t,x,v)−X(s)|≤
r|v|−3. Both Mg and Mb are going to be estimated in a straight forward manner,
while on the set Mu the time integral in (6.3) will be exploited in a crucial way to
bound its contribution in terms of the kinetic energy. It is the ugly set although
the ideas involved in its estimate are beautiful.

To estimate the contribution of each of these sets to the integral in (6.3) the
length of the time interval [t−∆,t] is chosen in such a way that velocities do
not change very much on that interval. Recall that by (5.3),

‖∂xU(t)‖∞≤C∗P (t)4/3, t∈ [0,T [,

for some C∗ >0 so if
∆ :=min

{

t,
p

4C∗P (t)4/3

}

(6.4)

then
∣

∣

∣
V (s,t,x,v)−v

∣

∣

∣
≤∆C∗P (t)4/3≤ 1

4
p, s∈ [t−∆,t], x,v∈R

3. (6.5)

The contribution of the good set Mg. For (s,x,v)∈Mg by (6.2) and (6.5),

|w|<2p ∨ |w−V (s)|<2p.

Hence the change of variables (6.2) implies the estimate
∫

Mg

f(t,x,v)

|X(s,t,x,v)−X(s)|2 dvdxds≤
∫ t

t−∆

∫

ρ̃(s,y)

|y−X(s)|2 dyds,
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where

ρ̃(s,y) :=

∫

|w|<2p∨|w−V (s)|<2p

f(s,y,w)dw≤Cp3,

and by Proposition 5.2,

‖ρ̃(s)‖5/3≤‖ρ(s)‖5/3≤C.

Therefore, by the estimate (5.3),

∫

Mg

f(t,x,v)

|X(s,t,x,v)−X(s)|2 dvdxds≤Cp4/3∆. (6.6)

The contribution of the bad set Mb. For (s,x,v)∈Mb by (6.2) and (6.5),

1

2
p< |w|<2|v| ∧ 1

2
p< |w−V (s)|<2|v−V (t)|

∧
[

|y−X(s)|<8r|w|−3 ∨ |y−X(s)|<8r|w−V (s)|−3
]

.

On the other hand, |w|≤P (t) and |w−V (s)|≤2P (t) for w∈ suppf(s,y,·), 0≤
s≤ t. Thus by (6.2) and since ‖f(s)‖∞ =‖

◦

f‖∞,

∫

Mb

f(t,x,v)

|X(s,t,x,v)−X(s)|2 dvdxds

≤
∫ t

t−∆

∫

1
2p<|w|≤P (t)

∫

|y−X(s)|<8r|w|−3

f(s,y,w)

|y−X(s)|2 dydwds

+

∫ t

t−∆

∫

1
2p<|w−V (s)|≤2P (t)

∫

|y−X(s)|<8r|w−V (s)|−3

f(s,y,w)

|y−X(s)|2 dydwds

≤Cr ln
4P (t)

p
∆. (6.7)

The contribution of the ugly set Mu. The main idea in estimating the contri-
bution of the set Mu is to integrate with respect to time first, using the fact
that on Mu the distance of X(s,t,x,v) from X(s) can be bounded from below
linearly in time. Let (x,v)∈R

6 with |v−V (t)|>p and define

d(s) :=X(s,t,x,v)−X(s), s∈ [t−∆,t].

We Taylor-expand this difference to first order around a point s0∈ [t−∆,t]
where the difference is minimal:

|d(s0)|=min
{

|d(s)| | t−∆≤ s≤ t
}

.

To this end, we define

d̄(s) :=d(s0)+(s−s0)ḋ(s0), s∈ [t−∆,t].
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Then
d(s0)= d̄(s0), ḋ(s0)= ˙̄d(s0),

and
|d̈(s)− ¨̄d(s)|= |V̇ (s,t,x,v)− V̇ (s)|≤2‖∂xU(s)‖∞≤2C∗P (t)4/3.

Hence,

|d(s)− d̄(s)| ≤ C∗P (t)4/3(s−s0)
2≤C∗P (t)4/3∆|s−s0|

≤ 1

4
p |s−s0|<

1

4
|v−V (t)||s−s0|. (6.8)

On the other hand, by (6.5),

|ḋ(s0)|= |V (s0,t,x,v)−V (s0)|≥ |v−V (t)|− 1

2
p>

1

2
|v−V (t)|,

and by the definition of s0, distinguishing the cases s0 = t−∆, s0∈]t−∆,t[, and
s0 = t,

(s−s0)d(s0) · ḋ(s0)≥0.

Hence for all s∈ [t−∆,t] the estimate

|d̄(s)|2 ≥ 1

4
|v−V (t)|2|s−s0|2

holds. Combining this with (6.8) finally implies that the estimate

|d(s)|≥ 1

4
|v−V (t)||s−s0| (6.9)

holds for all s∈ [t−∆,t] and (x,v)∈R
6 with |v−V (t)|>p. To exploit this we

define auxiliary functions

σ1(ξ) :=

{

ξ−2 , ξ >r|v|−3

(

r|v|−3
)−2

, ξ≤ r|v|−3 ,

and

σ2(ξ) :=

{

ξ−2 , ξ >r|v−V (t)|−3

(

r|v−V (t)|−3
)−2

, ξ≤ r|v−V (t)|−3 .

The definition of Mu, the fact that the functions σi are non-increasing and the
estimate (6.9) imply that

|d(s)|−21Mu(s,x,v)≤σi(|d(s)|)≤σi

(

1

4
|v−V (t)||s−s0|

)

for i=1,2 and s∈ [t−∆,t]. Hence we can estimate the time integral in the
contribution of Mu in the following way:

∫ t

t−∆

|d(s)|−21Mu(s,x,v)ds ≤ 8 |v−V (t)|−1

∫ ∞

0

σi(ξ)dξ

= 16|v−V (t)|−1

{

r−1|v|3 , i=1
r−1|v−V (t)|3 , i=2

,
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and since this estimate holds for both i=1 and i=2,

∫ t

t−∆

|d(s)|−21Mu(s,x,v)ds ≤ 16r−1|v−V (t)|−1min
{

|v|3,|v−V (t)|3
}

≤ 16r−1|v|2.

Therefore,

∫

Mu

f(t,x,v)dvdxds

|X(s,t,x,v)−X(s)|2 ≤
∫ ∫

f(t,x,v)

∫ t

t−∆

|d(s)|−21Mu(s,x,v)dsdvdx

≤ Cr−1

∫ ∫

|v|2f(t,x,v)dvdx≤Cr−1, (6.10)

since according to Proposition 5.2 the kinetic energy is bounded.
Adding up the estimates (6.6), (6.7), (6.10) we arrive at the following control

on the increase in velocity along the characteristic which we singled out:

|V (t)−V (t−∆)| ≤ C
(

p4/3 +r ln
4P (t)

p
+r−1∆−1

)

∆.

= C
(

p4/3 +r ln
4P (t)

p
+r−1max

{

1/t,4C∗P (t)4/3/p
})

∆;

recall the definition of ∆=∆(t) in (6.4). We choose the parameters p and r in
such a way that the terms in the sum on the right hand side of this estimate
are of the same order in P (t):

p=P (t)4/11, r=P (t)16/33;

without loss of generality, P (t)≥1 so that p≤P (t), otherwise we replace P (t) by
P (t)+1. Since P is non-decreasing and by Theorem 2.1, limt→T P (t)=∞ if T <
∞, there exists a unique T ∗∈]0,T [ such that 1/t≤4C∗P (t)4/3/p=4C∗P (t)32/33

for t≥T ∗. Hence for t≥T ∗,

|V (t)−V (t−∆)|≤CP (t)16/33 lnP (t)∆.

Thus, for any ǫ>0 there exists a constant C >0 such that

|V (t)−V (t−∆)|≤CP (t)16/33+ǫ∆, t≥T ∗. (6.11)

Let t>T ∗ and define t0 := t and ti+1 := ti−∆(ti) as long as ti ≥T ∗. Since

ti− ti+1 =∆(ti)≥∆(t0)

there exists k∈N such that

tk <T ∗≤ tk−1 < · · ·<t0 = t.
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Repeated application of (6.11) yields

|V (t)−V (tk)| ≤
k
∑

i=1

|V (ti−1)−V (ti)|≤CP (t)16/33+ǫ
k
∑

i=1

(ti−1− ti)

≤ CP (t)16/33+ǫt.

By the definition of P ,

P (t)≤P (tk)+CP (t)16/33+ǫt

so that for any δ >0 there exists a constant C >0 such that

P (t)≤C(1+ t)33/17+δ, t∈ [0,T [,

and by Theorem 2.1 the proof is complete. 2

1.6.2 The Lions-Perthame proof

We present the ideas developed in [80] within the framework of classical solutions
and use them to verify the continuation criterion in Proposition 5.3. Let

mk(t,x) :=mk(f(t))(x), Mk(t) :=Mk(f(t)), t∈ [0,T [, x∈R
3;

the right hand terms were defined in Lemma 5.1. The field induced by the
potential U is denoted by

F (t,x) :=−∂xU(t,x).

The proof is split into a number of steps; constants denoted by C may depend
on the initial datum, and their value may change from line to line. The order k
of the moment to bounded is specified below, but in any case, k≥3.
Step 1: A differential inequality for Mk. Using the Vlasov equation, integration
by parts, Hölder’s inequality, and Lemma 5.1 with p=∞, q =1, k′ =k−1, and
hence r=(k+3)/(k+2) we obtain the following differential inequality

∣

∣

∣

∣

d

dt
Mk(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ ∫

|v|k (−v ·∂xf −F ·∂vf) dvdx

∣

∣

∣

∣

=

∣

∣

∣

∣

k

∫ ∫

|v|k−2v ·Ff dvdx

∣

∣

∣

∣

≤k

∫ ∫

|v|k−1f dv |F |dx

≤ k‖F (t)‖k+3‖mk−1(t)‖(k+3)/(k+2)

≤ C‖F (t)‖k+3Mk(t)(k+2)/(k+3). (6.12)

Step 2: Straight forward estimates for the field. By Lemma P2 (a) and Propo-
sition 5.2 the estimate

‖F (t)‖p ≤C, t∈ [0,T [, (6.13)
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holds for any p∈]3/2,15/4], and the constant C can be chosen to be independent
of p. Hence the estimate

τpvol
{

x∈R
3 | |F (t,x)|>τ

}

≤Cp, τ >0,

holds for all 3/2<p≤15/4, with C independent of p, so that the estimate also
holds in the limiting case p=3/2, which implies that

‖F (t)‖3/2,w ≤C, t∈ [0,T [. (6.14)

This estimate also follows from the fact that the mapping L1(R3)∋ρ 7→ρ∗1/| · |2
is of weak-type (1,3/2), cf. [108, V.1.2, Thm. 1].
Step 3: A representation formula for ρ and further estimates for the field. In
order to proceed with the differential inequality (6.12) we need a suitable esti-
mate for ‖F (t)‖k+3, which is not provided by Step 2. To this end we first derive
a representation formula for the spatial density ρ. The Vlasov equation can be
rewritten as follows:

∂tf +v ·∂xf =−divv(fF ).

We treat the right hand side as an inhomogeneity and integrate this equation
along the free streaming characteristics to obtain the following formula:

f(t,x,v) =
◦

f(x− tv,v)−
∫ t

0

divv(fF )(s,x+(s− t)v,v)ds

=
◦

f(x− tv,v)−divv

∫ t

0

(fF )(s,x+(s− t)v,v)ds

+divx

∫ t

0

(s− t)(fF )(s,x+(s− t)v,v)ds.

Integration with respect to v yields

ρ(t,x) =

∫

◦

f(x− tv,v)dv+divx

∫ t

0

(s− t)

∫

(fF )(s,x+(s− t)v,v)dvds

=: ρ0(t,x)+divxσ(t,x).

We split the field accordingly:

F =F0 +F1 :=−∂xUρ0 −∂xUdivσ.

The first term is easy to control. Because of the estimate

ρ0(t,x)=

∫

◦

f(x− tv,v)dv = t−3

∫

◦

f(X,(x−X)/t)dX ≤Ct−3

the density contribution ρ0(t) is bounded on [0,T [ in any Lp-norm. Hence
Lemma P2 (a) implies that ‖F0(t)‖r is bounded on [0,T [ for any r>3/2. To
proceed with F1 we need an auxiliary result, a consequence of the Calderon-
Zygmund inequality:
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Lemma 6.2 For any p∈]1,∞[ there is a constant c>0 such that for all σ∈
C1

c (R3;R3),
‖(·/| · |3)∗(divσ)‖p≤ c‖σ‖p.

Proof. Let E := (·/| · |3)∗(divσ). Integration by parts shows that for i=1,2,3,

Ei(x)= lim
ǫ→0

3
∑

j=1

(

Iij
1,ǫ(x)−Iij

2,ǫ(x)
)

where

Iij
1,ǫ(x) =

∫

|x−y|=ǫ

xi−yi

|x−y|3 σj(y)
xj −yj

|x−y| dΣ(y),

Iij
2,ǫ(x) =

∫

|x−y|>ǫ

∂yj

xi−yi

|x−y|3 σj(y)dy.

For i 6= j the surface integral of the kernel in Iij
1,ǫ vanishes, and since σ∈C1

c (R3),

Iij
1,ǫ →0 for ǫ→0. For i= j the integral of this kernel equals 4π/3 so that
∑

j Iij
1,ǫ →4πσ/3 for ǫ→0, uniformly on R

3, and by the compact support as-

sumption this convergence holds in Lp. The limit of Iij
2,ǫ can be estimated in

the desired way by [108, II.4.2, Thm. 3], and the proof is complete. 2

Using this lemma for the term F1 in the above splitting and the established
bound on F0 we arrive at the estimate

‖F (t)‖k+3≤C(1+‖σ(t)‖k+3), t∈ [0,T [. (6.15)

In order to proceed we need another auxiliary result:

Lemma 6.3 For all functions g∈L1∩L∞(R3) and h∈L
3/2
w (R3),

∫

|gh|dx≤3(3/2)2/3‖g‖1/3
1 ‖g‖2/3

∞ ‖h‖3/2,w.

Proof. For any τ >0 the “layer cake representation” [74, 1.13] implies that

∫

|h|>τ

|h|dx≤3‖h‖3/2
3/2,wτ−1/2,

and hence
∫

|gh|dx =

∫

|h|≤τ

|gh|dx+

∫

|h|>τ

|gh|dx≤ τ‖g‖1 +3‖h‖3/2
3/2,wτ−1/2‖g‖∞.

If we choose τ :=‖h‖3/2,w(3/2)2/3 (‖g‖∞/‖g‖1)
2/3

the assertion follows. 2

Step 4: Gronwall estimate for Mk. In order to derive a Gronwall inequality for
the moment Mk we need to estimate ‖σ(t)‖k+3 in terms of a moment, cf. Steps 1
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and 3. We fix some time t0∈]0,T [, to be chosen in a suitable way later on. Then
for any t∈]t0,T [ we have by the definition of the quantity σ in Step 2,

‖σ(t)‖k+3 =

∥

∥

∥

∥

∫ t

0

(s− t)

∫

(fF )(s,·+(s− t)v,v)dvds

∥

∥

∥

∥

k+3

≤
∥

∥

∥

∥

∫ t0

0

· · ·
∥

∥

∥

∥

k+3

+

∥

∥

∥

∥

∫ t

t0

· · ·
∥

∥

∥

∥

k+3

=: I1 +I2.

By Lemma 6.3, Eqn. (6.14), a change of variables, and the boundedness of f ,

∫

(|F |f)(s,x+(s− t)v,v)dv≤C(t−s)−2

(
∫

f(s,x+(s− t)v,v)dv

)1/3

.

We use this estimate and Lemma 5.1 for the term I1:

I1 ≤ C

∥

∥

∥

∥

∥

∫ t0

0

(t−s)−1

(
∫

f(s,·+(s− t)v,v)dv

)1/3

ds

∥

∥

∥

∥

∥

k+3

≤ C

∫ t0

0

(t−s)−1

∥

∥

∥

∥

∫

f(s,·+(s− t)v,v)dv

∥

∥

∥

∥

1/3

(k+3)/3

ds

≤ C

∫ t0

0

(t−s)−1Mk(s)1/(k+3)ds.

This estimate is good as long as we stay away from the singularity of the inte-
grand, but for s close to t, i.e., on the interval [t0,t] we have to argue differently.
We fix some parameter 3/2<r≤15/4, to be specified later, and its dual expo-
nent defined by 1/r+1/r′=1. Then by Hölder’s inequality and (6.13),

I2 ≤
∥

∥

∥

∥

∥

∫ t

t0

(t−s)

(
∫

|F (s,·+(s− t)v)|rdv

)1/r

‖
◦

f‖
(r′−1)/r′

∞

(
∫

f(s,·+(s− t)v,v)dv

)1/r′

ds

∥

∥

∥

∥

∥

k+3

≤ C

∫ t

t0

(t−s)1−3/r

∥

∥

∥

∥

∫

f(s,·+(s− t)v,v)dv

∥

∥

∥

∥

1/r′

(k+3)/r′

ds.

Let l>0 be such that (l+3)/3=(k+3)/r′; such a choice is possible, since

(k+3)/r′≥6/r′ >1.

Applying Lemma 5.1 to the v-integral in the last estimate we conclude that

I2≤C

∫ t

t0

(t−s)1−3/rMl(s)
1/(k+3)ds.
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In order to continue it is convenient to have Mk non-decreasing in t so we replace
Mk(t) by sup0≤s≤tMk(s). Collecting the estimates for I1 and I2 we obtain by
(6.15) the following estimate for the field:

‖F (t)‖k+3 ≤C

(

1+Mk(t)1/(k+3) ln
t

t− t0
+Ml(t)

1/(k+3)(t− t0)
2−3/r

)

. (6.16)

If on the other hand we integrate the differential inequality from Step 1 we
obtain the estimate

Ml(s)≤Ml(0)+C sup
0≤s≤t

‖F (s)‖l+3

∫ s

0

Ml(τ)(l+2)/(l+3)dτ,

which implies that for 0≤ s≤ t,

Ml(s)≤C

(

1+ tl+3 sup
0≤s≤t

‖F (s)‖l+3
l+3

)

. (6.17)

In order to close the Gronwall loop for the quantity Mk we must estimate the
Ll+3-norm of the field F (s) in terms of Mk(s), which by Lemma 5.1 means that
we must estimate it in terms of the L(k+3)/3-norm of the spatial density. The
way to do the latter is to again use Lemma P2 (a), so we now must adjust the
exponents k,l,r properly. We need that

3

k+3
+

2

3
=1+

1

l+3
, i.e., l+3=

(

3

k+3
− 1

3

)−1

=
3(k+3)

6−k
.

Since l must be positive, k must satisfy the restriction

3≤k<6.

On the other hand we have to observe the relation between k,l,r′ used above:

k+3

6−k
=

l+3

3
=

k+3

r′

which implies that

r′ =6−k, i.e.,
1

r
=1− 1

r′
=

5−k

6−k
.

Now we recall that for the estimates above the restriction

3

2
<r≤ 15

4
, i.e.,

3

2
<

6−k

5−k
≤ 15

4

was required. We end up with the result that the exponents k,l,r can be chosen
such that all the relations introduced so far do indeed hold iff

3<k≤51/11.
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This is the range of exponents for which we now establish a bound on Mk. By
Lemma P2 (a) and Lemma 5.1,

‖F (s)‖l+3≤C‖ρ(s)‖(k+3)/3 ≤CMk(t)3/(k+3), 0≤ s≤ t<T.

and by (6.16) and (6.17),

‖F (t)‖k+3≤C

(

1+Mk(t)1/(k+3) ln
t

t− t0
+Mk(t)

3(l+3)

(k+3)2 tl+3(t− t0)
2−3/r

)

.

We have to examine the various exponents. Clearly,

2−3/r>0.

Since 1/r′ >1/3 we have l+3>k+3, and hence

1

k+3
− 3(l+3)

(k+3)2
=

1

k+3

(

1− 3(l+3)

k+3

)

<0.

By monotonicity there exists a unique time t∗∈]0,T [ such that

Mk(t)
1

k+3−
3(l+3)

(k+3)2 <t2−3/r, t≥ t∗;

without loss of generality Mk(0)>0. For t≥ t∗ we choose t0∈]0,t[ such that

(t− t0)
2−3/r =Mk(t)

1
k+3−

3(l+3)

(k+3)2 ,

and hence
‖F (t)‖k+3 ≤Ctl+3 lntMk(t)1/(k+3) lnMk(t).

If we insert this estimate into the integrated differential inequality from Step 1
we finally arrive at the estimate

Mk(t)≤C +C

∫ t

t∗
sl+3 lnsMk(s)lnMk(s)ds, t∈ [t∗,T [.

Hence Mk is bounded on bounded time intervals, and by Proposition 5.3 the
proof is complete. 2

Concluding Remarks: (a) In addition to being more elementary the Pfaffel-
moser/Schaeffer proof yields better bounds on P (t) and ‖ρ(t)‖∞. Using a some-
what different refinement of the original Pfaffelmoser proof Horst [60] showed
that for any δ >0,

P (t)≤C(1+ t)1+δ, ‖ρ(t)‖≤C(1+ t)3+δ, t≥0.

(b) The Pfaffelmoser/Schaeffer proof has been employed for the Vlasov-Poisson
system in a spatially periodic, plasma physics setting [12] and in a cosmological
setting [101].
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(c) The Lions/Perthame ideas have the greater potential to generalize to re-
lated systems. In [14] global existence was established for the Vlasov-Fokker-
Planck-Poisson system. In this system collisional effects are included by a linear
approximation of the Boltzmann collision operator, and instead of the Vlasov
equation (1.1) the so-called Vlasov-Fokker-Planck equation

∂tf +v ·∂xf −(∂xU +βv) ·∂vf =3βf +σ∆vf

is coupled to (1.2), (1.3), where β,σ >0. Notice that the method of characteris-
tics does not apply to this equation. The Lions/Perthame techniques were also
successful for a version of the Vlasov-Poisson system which includes a damping
term modeling the fact that charges in motion radiate energy [68].
(d) A proof based on the ideas of Lions and Perthame but using moments with
respect to x and v is given in [27].
(e) The above global existence results extend easily to the plasma physics case
with several particle species, with a fixed ion background, or with a fixed ex-
terior field. If on the other hand the system is considered on a spatial domain
with boundary, where a variety of boundary conditions for the particles can be
posed like specular reflexion, absorption, or an inflow boundary condition, then
the situation changes drastically, and in general not even a local existence and
uniqueness result is known. We refer to [38–40, 62, 111] for results on Vlasov-
type systems with boundary conditions.
(f) For the plasma physics case of the relativistic Vlasov-Poisson system and for
the relativistic Vlasov-Maxwell system no global classical existence result for
general data has been proven yet, cf. also the concluding remarks of Section 1.5.
In addition to the papers mentioned in Section 1.1 we mention [86] where C. Pal-
lard introduced significant new ideas for the Vlasov-Maxwell system.
(g) The ideas of Pallard have very recently been exploited by S. Calogero [17]
to prove global existence of classical solutions for general data to the Vlasov-
Nordström system

∂tf +
v

√

1+ |v|2
·∂xf −

[(

∂tφ+
v

√

1+ |v|2
·∂xφ

)

v+
1

√

1+ |v|2
∂xφ

]

·∂vf =0,

∂2
t φ−∆φ=−e4φ

∫

f
dv

√

1+ |v|2
.

In view of the notoriously difficult Vlasov-Einstein system the Vlasov-Nordström
system can serve as a toy model to gain experience with relativistic, gravitation-
ally interacting particle ensembles. It is much simpler than the former, physi-
cally correct system, but the Vlasov equation is relativistic in the sense that its
characteristic system are the geodesic equations in the metric e2φdiag(−1,1,1,1),
and the field equation for the function φ=φ(t,x) is hyperbolic. Notice that com-
pared to the Vlasov-Maxwell system the source term in the field equation here
is of lower order in v, which is important for the success of the proof.
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1.7 Asymptotic behavior

Due to Proposition 5.2 the global existence proofs go through and give the same
bounds for both the plasma physics and the gravitational case. The latter fact
is not satisfactory, since in the plasma physics case the particles repulse each
other—in the case of several particle species with charges of different sign this
is true at least on the average—and thus the spatial density should decay as
t→∞. In the present section we present results of this type, which also form a
link to the next chapter where we study the stability of steady states. The main
tool are certain identities satisfied by a solution; the second one was introduced
and exploited in [63, 88] and put into a larger context in [23].

Theorem 7.1 Let f be a classical solution of the Vlasov-Poisson system with

non-negative initial datum
◦

f∈C1
c (R6). Then the following identities hold for all

times:
1

2

d2

dt2

∫ ∫

|x|2f(t,x,v)dvdx=2Ekin(f(t))+Epot(f(t)), (7.1)

d

dt

[

1

2

∫ ∫

|x− tv|2f(t,x,v)dvdx+ t2Epot(f(t))

]

= tEpot(f(t)). (7.2)

Proof. We start by proving yet another identity which is sometimes referred to
as the dilation identity, cf. [35]. By the Vlasov equation,

d

dt

∫ ∫

x ·vf(t,x,v)dvdx =

∫ ∫

x ·v(−v ·∂xf +∂xU ·∂vf)dvdx

=

∫ ∫

|v|2f dvdx−
∫

x ·∂xU ρdx.

Now the formulas for the potential and its gradient imply that

∫

x ·∂xU ρdx = γ

∫ ∫

x · x−y

|x−y|3 ρ(t,y)ρ(t,x)dydx

=
1

2
γ

∫ ∫

(x−y) · x−y

|x−y|3 ρ(t,y)ρ(t,x)dydx

= −1

2

∫

U ρdx=−Epot(f(t)).

Hence
d

dt

∫ ∫

x ·vf(t,x,v)dvdx=2Ekin(f(t))+Epot(f(t)). (7.3)

Together with

1

2

d

dt

∫ ∫

|x|2f dvdx=
1

2

∫ ∫

|x|2(−v ·∂xf +∂xU ·∂vf)dvdx=

∫ ∫

x ·vf dvdx
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this implies the identity (7.1). Since the total energy H :=Ekin+Epot is con-
served,

d

dt

[

1

2

∫ ∫

|x− tv|2f(t,x,v)dvdx+ t2Epot(f(t))

]

=
d

dt

[

1

2

∫ ∫

|x|2f dvdx+ t2H(f(t))− 1

2
t
d

dt

∫ ∫

|x|2f dvdx

]

=2tH(f(t))− 1

2
t
d2

dt2

∫ ∫

|x|2f dvdx= tEpot(f(t)),

and the proof is complete. 2

In the plasma physics case the identity (7.2) implies that solutions decay.

Corollary 7.2 In the plasma physical case γ =−1 there exists for every solution
of the Vlasov-Poisson system with initial datum as above a constant C >0 such
that the following estimates hold for all t≥0:

‖∂xU(t)‖2 ≤ C (1+ t)−1/2, (7.4)
∫ ∫

|v−x/t|2f(t,x,v)dvdx ≤ C(1+ t)−1, (7.5)

‖ρ(t)‖5/3 ≤ C (1+ t)−3/5. (7.6)

Proof. Since γ =−1, the quantity

g(t) := t2Epot(f(t))≥0

is non-negative. The identity (7.2) takes the form

d

dt

[

1

2

∫ ∫

|x− tv|2f(t,x,v)dvdx+g(t)

]

=
g(t)

t
, t>0.

Integration of this identity from 1 to t≥1 yields

1

2

∫ ∫

|x− tv|2f(t,x,v)dvdx+g(t)=C +

∫ t

1

g(s)

s
ds (7.7)

for some constant C >0 which depends on f(1). We drop the double integral
and apply Gronwall’s Lemma to the resulting inequality to obtain the estimate
g(t)≤Ct for t≥1, and this proves (7.4). Insertion of the estimate for g into (7.7)
proves (7.5). To obtain the estimate (7.6) we repeat the argument from the proof
of Lemma 5.1, but instead of splitting the ρ integral according to |v|</>R we
split according to |v−x/t|</>R, and instead of the kinetic energy density
∫

|v|2f dv we use the quantity
∫

|v−x/t|2f dv. 2

It should be emphasized that this type of decay remains true if the plasma
consists of several species of particles with charges of different sign. In particular,
this shows that in the plasma physics case the Vlasov-Poisson system as stated
above does not have stationary solutions.

In the stellar dynamics case, Theorem 7.1 yields a dispersion result for so-
lutions with positive energy. This was first observed in [24].
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Corollary 7.3 Consider a solution f of the Vlasov-Poisson system in the

stellar dynamics case γ =1 with positive energy: H(
◦

f )=Ekin(
◦

f)+Epot(
◦

f )>0.

Then there exist constants C1, C2 >0 which depend on H(
◦

f), ‖
◦

f‖1, ‖
◦

f‖∞ such
that for all sufficiently large times,

C1t
2≤
∫ ∫

|x|2f(t,x,v)dvdx≤C2t
2.

In particular,

sup
{

|x| | (x,v)∈ suppf(t)
}

≥ (C1/‖
◦

f‖1)
1/2 t.

Proof. By Proposition 5.2 and since the potential energy is negative,

0<2H(
◦

f)≤2Ekin(f(t))+Epot(f(t))≤C2,

and the assertion follows from the identity (7.1). 2

The corollary implies in particular that any stationary solution in the stellar
dynamics case must have negative energy.

As pointed out for example in the remarks following Proposition 5.3, global
existence does not hold for the relativistic Vlasov-Poisson system (1.4), (1.2),
(1.3) in the gravitational case [29]. This result can be seen using an identity
similar to the above.

Theorem 7.4 Let f be a spherically symmetric, classical solution to the gravi-
tational, relativistic Vlasov-Poisson system (1.4), (1.2), (1.3) with non-negative

initial datum
◦

f∈C1
c (R6) and with negative energy:

H(t) :=
1

2

∫ ∫

√

1+ |v|2f(t,x,v)dvdx− 1

8π

∫

|∂xU(t,x)|2dx=H(0)<0.

Then this solution blows up in finite time.

Proof. A computation analogous to the one leading to Eqn. (7.3) yields the
following relativistic dilation identity, which holds for any classical solution as
long as it exists:

d

dt

∫ ∫

x ·vf(t,x,v)dvdx=H(t)−
∫ ∫

1
√

1+ |v|2
f(t,x,v)dvdx.

This implies that, for t≥0,

∫ ∫

x ·vf(t,x,v)dvdx≤C + tH(0).

Moreover, with

j(t,x) :=

∫

v
√

1+ |v|2
f(t,x,v)dv
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and the previous estimate we find that

d

dt

∫ ∫

|x|2
√

1+ |v|2f(t)dvdx = 2

∫ ∫

x ·vf(t)dvdx−
∫

|x|2(∂xU ·j)(t,x)dx

≤ C +2H(0)t−
∫

|x|2(∂xU ·j)(t,x)dx.

Due to spherical symmetry, using (3.1),

∣

∣

∣

∣

∫

|x|2(∂xU ·j)(t,x)dx

∣

∣

∣

∣

≤‖f(t)‖1

∫

|j(t,x)|dx≤‖f(t)‖2
1 =C,

and hence

0≤
∫ ∫

|x|2
√

1+ |v|2f(t)dvdx≤C (1+ t)+H(0)t2.

But this estimate cannot hold for all t>0, since by assumption, H(0)<0. 2

Concluding Remarks. (a) In [93] the decay estimates from Corollary 7.2 for
the plasma physics case are used as input in the Pfaffelmoser/Schaeffer proof to
obtain the improved estimates

P (t)≤C(1+ t)2/3, ‖ρ(t)‖∞≤C(1+ t)2, t≥0.

(b) In the plasma physics case, at least for the case of only one particle species,
one may conjecture that the decay estimate

‖ρ(t)‖∞≤Ct−3, t≥0,

holds. If true, this decay rate would be sharp:

t3‖ρ(t)‖∞ 6→0, t→∞,

since with such a decay the velocities remain bounded, the diameter of the spa-
tial support grows at most linearly in t, but the mass is conserved. For small data
the above decay rate does hold. Using the techniques from Section 1.4 one can
show the following: If a solution satisfies the decay estimate ‖ρ(t)‖∞≤Ct−α

with some α>2 then any solution starting in a small neighborhood satisfies
the decay estimate with α=3. For spherically symmetric solutions the esti-
mate ‖ρ(t)‖∞≤Ct−3 ln(1+ t) was established in [59]. In space dimension one,
‖ρ(t)‖∞≤Ct−1, cf. [10].
(c) Since the analogue of Theorem 2.1 holds for the relativistic Vlasov-Poisson
system, blow-up means that ρ blows up in the L∞-norm. Moreover, it is easy
to see that in the spherically symmetric situation this blow-up has to occur at
the origin. It is an interesting open problem to show that this blow-up behavior
persists without the symmetry assumption. It is maybe not of physical but of
mathematical interest that such blow-up results hold for the (non-relativistic)
Vlasov-Poisson system in space dimensions ≥4, cf. [58, 72].
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Chapter 2

Stability

2.1 Introduction—steady states, stability, and

energy-Casimir functionals

The question of which steady states of the Vlasov-Poisson system are stable
in the gravitational case has over decades received a lot of attention in the
astrophysics literature, and it still is an active field of research in astrophysics.
The stability problem is of course also of considerable importance in plasma
physics, and we will make occasional remarks on this case, but except for such
remarks we consider only the gravitational case γ =1 in this chapter. The
corresponding results in the plasma physics case are in comparison easy to
obtain. The results of this chapter originate in the collaboration of Y. Guo and
the author [41, 42, 46–49,94, 96–98]. They are presented here in a unified way.

Before entering into a discussion of the stability question there arises a pre-
sumably simpler question: Does the system have steady states?

2.1.1 A strategy to construct steady states

If U0 =U0(x) is a time independent potential then the local or particle energy

E =E(x,v) :=
1

2
|v|2 +U0(x) (1.1)

is constant along solutions of the characteristic system

ẋ= v, v̇ =−∇U0(x).

Hence E as well as any function of E solves the Vlasov equation for the potential
U0. This leads to the following ansatz for a stationary solution:

f0(x,v)=φ(E)=φ(E(x,v)),

where φ is a suitably chosen function. By this ansatz the Vlasov equation is
satisfied. The spatial density ρ0 becomes a functional of the potential U0, and
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in order to obtain a self-consistent stationary solution of the Vlasov-Poisson sys-
tem the remaining, semi-linear Poisson equation must be solved, cf. (1.2). If a
solution exists then the above ansatz defines a steady state with induced poten-
tial U0. However, not just any solution obtained in this manner is acceptable.
The resulting phase space density f0 needs to have finite mass and possibly fi-
nite support in space; it should be noticed that the semi-linear Poisson equation
has to be solved on the whole space R

3, since it is a-priori not known where the
support of the steady state will end and whether it will be bounded in the first
place. It can be shown that these properties can hold only if the distribution
vanishes for large values of the local energy E, cf. [102, Thm. 2.1]. It turns out
to be convenient to slightly reformulate the problem:

Steady state existence problem. Specify conditions on a measurable func-
tion φ :R→ [0,∞[ with φ(η)=0 for η<0 such that there exists a cut-off energy
E0∈R and a solution U0 of the semi-linear elliptic problem

∆U0 =4π

∫

φ

(

E0−
1

2
|v|2−U0

)

dv, lim
|x|→∞

U0(x)=0, (1.2)

with
U0(x)≥E0 for |x| sufficiently large.

If U0 is a solution of this problem then up to regularity issues

f0(x,v) :=φ

(

E0−
1

2
|v|2−U0(x)

)

defines a steady state which is compactly supported and hence, if for example
f0 is bounded, has finite mass.

We do not enter more deeply into the matter of the existence of steady
states for two reasons: Firstly, in our stability analysis we actually prove the
existence of stable steady states. Secondly, steady states of the form discussed
above must a-posteriori be spherically symmetric so that the semi-linear Poisson
equation (1.2) becomes an ordinary differential equation with respect to the
radial variable r= |x|, and its analysis does not really fit into the present treatise.
In order to demonstrate the wide variety of possible steady states we present
some of the known results without proofs. If U0 is spherically symmetric the
square of the modulus of angular momentum

L := |x×v|2 (1.3)

is conserved along characteristics, and the distribution function can be taken to
depend on E and L. The so-called polytropic ansatz

f0(x,v)= (E0−E)k
+Ll

with k>−1, l>−1, k+ l+1/2>0, k<3l+7/2, leads to steady states with
finite mass and compact support, cf. [9]. In the limiting case k =3l+7/2 the
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mass is still finite but the support is the whole space, and for k >3l+7/2 the
resulting steady state has infinite mass.

The dependence on L entails additional problems in the stability analysis
which we will comment on later. In the sequel we restrict ourselves to steady
states which depend only on the particle energy, so-called isotropic states. In
[102, Thm. 3.1] it is shown that the approach above leads to a steady state with
finite mass and compact support, provided φ∈L∞

loc(R) and

φ(E)= c(E0−E)k +O((E0−E)k+δ) as E→E0−

with parameters 0<k<3/2 and δ,c>0. This result covers the isotropic poly-
tropes with 0<k<3/2. More recently, a similar generalization of the isotropic
polytropes with 0<k<7/2 has been found, cf. [55], but then a condition on
the global behavior of φ is required. We will repeatedly encounter the threshold
k=3/2 in what follows.

The steady states mentioned so far are spherically symmetric, and much less
is known about the existence of steady states with less symmetry. In addition
to the results in [49, 94], which will be discussed in the stability context, we
mention that axially symmetric steady states can be obtained as perturbations
of spherically symmetric ones via the implicit function theorem [95].

For the plasma physics case the system as stated above has no steady states,
cf. Chapter 1, Corollary 7.2. In order to have steady states in the plasma
physics case one needs to include an exterior field or a fixed ion background
or to consider the system on a bounded domain with appropriate boundary
conditions. In these situations steady states are fairly easy to obtain, cf. [11,91].
The problem becomes more challenging if one is interested in steady states with
a non-trivial magnetic field [45].

2.1.2 Stability via linearization?

We do not wish to enter a general discussion of possible stability concepts, for
which we refer to [56]. An often successful strategy to analyze the stability
properties of some steady state of a dynamical system is linearization. For
the Vlasov-Poisson system this approach is often followed in the astrophysics
literature. We briefly review some of the arguments which can for example
be found in the monographs [13,26], where the interested reader will find many
further references. Assume that f0 is a steady state with induced spatial density
ρ0 and potential U0, and let

f = f0 +g, ρ=ρ0+σ, U =U0+W,

denote a solution of the time dependent problem which starts close to the steady
state. We obtain the linearized system (linearized about f0) if we substitute the
above into the Vlasov-Poisson system, use the fact that (f0,ρ0,U0) satisfies the
system, and drop the quadratic term in the Vlasov equation:

∂tg+v ·∂xg−∇U0 ·∂vg =∂vf0 ·∂xW,
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∆W =4πσ, lim
|x|→∞

W (t,x)=0,

σ(t,x)=

∫

g(t,x,v)dv.

Now we assume that the steady state is of the form discussed above, i.e.,
f0(x,v)=φ(E). If we use the abbreviation

D := v ·∂x−∇U0 ·∂v,

observe that DE =0, and substitute the formula for the Newtonian potential
we obtain the equivalent equation

∂tg+D

[

g+φ′(E)

∫ ∫

g(t,y,w)

|x−y| dwdy

]

=0.

What we have in mind here is only an exploratory calculation so we assume that
everything is as regular as necessary for our manipulations. With some abuse
of notation we make the ansatz

g(t,x,v)= eλtg(x,v)

so that the linearized problem takes the form

λg+D

[

g+φ′(E)

∫ ∫

g(y,w)

|x−y| dwdy

]

=0. (1.4)

If Reλ<0 for all solutions (λ,g) then the steady state f0 is expected to be stable,
if Reλ>0 for one solution then it should be unstable. For finite dimensional
dynamical systems (ordinary differential equations) this expectation is of course
justified by rigorous theorems. However, for infinite dimensional dynamical
systems such as the Vlasov-Poisson system no general such results exist.

There is however a more specific problem with an attempt to prove stability
via the above spectral analysis of the linearized system. We split g into its even
and odd parts in v, i.e.,

g = g++g− where g±(x,v) :=
1

2
[g(x,v)±g(x,−v)] .

If we substitute this into the eigenvalue equation (1.4) and group together the
even and odd parts we see that we have to solve the system of equations

λg+ +Dg− = 0,

λg−+Dg++D

[

φ′(E)

∫ ∫

g+(y,w)

|x−y| dwdy

]

= 0.

We eliminate g+, and it remains to investigate the equation

λ2g− =D2g−+D

[

φ′(E)

∫ ∫

Dg−(y,w)

|x−y| dwdy

]

=0,
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where only solutions g− = g−(x,v) are relevant which are odd in v. But if the
pair (λ,g−) solves this equation then so does the pair (−λ,g−). Hence as far as
stability is concerned the best we may hope for is that all the eigenvalues λ are
purely imaginary. Since in this situation one can in general draw no conclusion
about the nonlinear stability of the steady state, not even for finite dimensional
dynamical systems, we do not pursue linearization any further.

For the plasma physics case a linearized analysis based on conserved quan-
tities instead of spectral properties is carried out in [11].

2.1.3 Energy-Casimir functionals

As noted in Chapter 1, Section 1.5 the Vlasov-Poisson system conserves energy:
The functional

H(f) :=Ekin(f)+Epot(f)=
1

2

∫

|v|2f(x,v)dvdx− 1

8π

∫

|∇Uf (x)|2dx

is constant along solutions. A natural approach to the stability question for
a conservative system is to use the energy as a Lyapunov function. This idea
meets an immediate obstacle: For the Lyapunov approach to work the steady
state must first of all be a critical point of the energy, but in the present case
the energy does not have critical points, i.e., the linear part in an expansion
about any state f0 with potential U0 does not vanish:

H(f)=H(f0)+

∫ ∫
(

1

2
|v|2 +U0

)

(f −f0)dvdx− 1

8π

∫

|∇Uf −∇U0|2dx.

However, the characteristic flow corresponding to the Vlasov equation preserves
phase space volume, cf. Chapter 1, Lemma 2.2 (b), and hence for any reasonable
function Φ the so-called Casimir functional

C(f) :=

∫ ∫

Φ(f(x,v))dvdx

is conserved as well. If the energy-Casimir functional

HC :=H+C

is expanded about an isotropic steady state

f0(x,v)=φ(E)

with the particle energy E defined as in (1.1), then

HC(f) = HC(f0)+

∫ ∫

(E+Φ′(f0))(f −f0)dvdx

− 1

8π

∫

|∇Uf −∇U0|2dx+
1

2

∫ ∫

Φ′′(f0)(f −f0)
2dvdx+ . . . . (1.5)
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At least formally, we can choose Φ such that f0 is a critical point of HC , namely
Φ′ =−φ−1, provided φ is invertible. In more abstract terms we can say that
the Hamiltonian H does not have critical points when we take as state space
the space of all phase space densities f , but given a Casimir functional defined
as above the corresponding steady state is a critical point of the Hamiltonian
restricted to the manifold which is defined by the constraint C(f)=C(f0). A
mostly formal discussion of this energy-Casimir approach in the context of so-
called degenerate Hamiltonian or Lie-Poisson systems can be found in [56]. We
make no use of this abstract background of our problem.

The question now is whether the quadratic term in the expansion (1.5) is
positive (or negative) definite. As was noted in Section 2.1.1, in order for the
steady state to have finite total mass the function φ must vanish above a cer-
tain cut-off energy. For φ−1 to exist φ should thus be decreasing, at least on its
support. But then Φ′′ is positive and the quadratic part in the expansion indef-
inite. Since one would like to use this quadratic part for defining the concept of
distance or neighborhood, the method seems to fail.

If the issue is the stability of a plasma, the sign in front of the potential
energy difference in the expansion (1.5) is reversed, and up to some technicalities
stability follows, cf. [92]. The technical difficulties are among other things due
to the fact that φ can at best be invertible on its support which is bounded from
above by the cut-off energy.

2.1.4 A variational problem and stability

As noted above, certain steady states of the Vlasov-Poisson system are critical
points of an energy-Casimir functional. At the same time the quadratic term in
the Taylor expansion of this functional about such a steady state looks at first
glance indefinite, which bodes ill for a stability analysis.

In this section we reverse our strategy in the following sense: We do not start
with a given steady state whose stability we want to investigate, but instead
we start with an energy-Casimir functional, i.e., with a function Φ defining
the Casimir part, and we ask whether this functional attains its minimum on
a suitable set of states f . Such a minimizer, if it exists, is a critical point
of the energy-Casimir functional and hence should be a steady state, and its
minimizing property can hopefully lead to a stability assertion.

Hence let Φ : [0,∞[→ [0,∞[ be given—the necessary assumptions on this
function are stated below. We investigate two closely related, but different
variational problems, both of which have their merits. The difference between
the two problems lies in the role of the Casimir functional—in the first formu-
lation it is part of the functional to be minimized, in the second one it is part
of the constraint:

Variational Problem—Version 1

Minimize the energy-Casimir functional HC =H+C under a mass constraint,
i.e., prove that the functional HC has a minimizer f0∈FM ,

HC(f)≥HC(f0) for all f ∈FM ,
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where the constraint set is defined as

FM :=

{

f ∈L1
+(R6) |

∫ ∫

fdvdx=M, Ekin(f)+C(f)<∞
}

.

Variational Problem—Version 2

Minimize the energy functional H under a mass-Casimir constraint, i.e., prove
that the functional H has a minimizer f0∈FMC ,

H(f)≥H(f0) for all f ∈FMC ,

where the constraint set is defined as

FMC :=

{

f ∈L1
+(R6) |

∫ ∫

fdvdx+C(f)=M, Ekin(f)<∞
}

.

In both cases the parameter M >0 is a prescribed positive number. In order to
obtain solutions to these problems we make the following assumptions on Φ:

Assumptions on Φ: Let Φ∈C1([0,∞[) with Φ(0)=0=Φ′(0), and

(Φ1) Φ is strictly convex,

(Φ2) Φ(f)≥Cf1+1/k for f ≥0 large,
where 0<k<3/2 for Version 1,

0<k<7/2 for Version 2.

(Φ3) In addition for Version 1
Φ(f)≤Cf1+1/k′

for f ≥0 small, where 0<k′<3/2.

A typical function Φ is

Φ(f)=
k

k+1
f1+1/k, f ≥0. (1.6)

The first version covers the parameter range 0<k<3/2, the second one covers
0<k<7/2, indeed, with some technical extra effort also the limiting case k=7/2
can be covered, cf. [48]. The main advantage of the first approach, which covers
a smaller range of the polytropic steady states, is that it can be attacked via a
reduction procedure, and this reduction procedure brings out a relation between
the stability problem for the Vlasov-Poisson system, i.e., for a self-gravitating
collisionless gas, and the one for a self-gravitating perfect fluid as described by
the Euler-Poisson system.

As will be seen below, the potential energy is finite for states in the constraint
sets. The major step in the stability analysis is to prove the following theorem.

Theorem 1.1 Consider Version 1 of the variational problem under the above
assumptions on Φ. Then the energy-Casimir functional HC is bounded from
below on FM with hM := infFM HC <0. Let (fj)⊂FM be a minimizing sequence
of HC , i.e., HC(fj)→hM . Then there exists a function f0∈FM , a subsequence,
again denoted by (fj) and a sequence (aj)⊂R

3 of shift vectors such that

T ajfj := fj(·+aj ,·)⇀f0 weakly in L1+1/k(R6), j→∞,

T aj∇Ufj =∇Ufj(·+aj)→∇Uf0 strongly in L2(R3), j→∞.
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The state f0 minimizes the energy-Casimir functional: HC(f0)=hM .
The analogous assertions hold for Version 2 of the variational problem, with

HC replaced by H and FM by FMC .

Since the functionals under consideration are invariant under spatial translations
a trivial minimizing sequence is obtained by shifting a given minimizer in space.
If for example it is shifted off to infinity no subsequence can tend weakly to a
minimizer, unless one moves with the sequence. Hence the spatial shifts in the
theorem arise from the physical properties of the problem.

In Section 2.6 stability of the state f0 will follow quite easily from the theo-
rem. The point is that in the Taylor expansion (1.5) the negative definite part,
i.e., the L2 difference of the gravitational fields, converges to zero along minimiz-
ing sequences. Hence it is essential that the latter is part of Theorem 1.1—the
mere fact that f0 be a minimizer is by itself not sufficient for stability.

The main difficulty of the proof of Theorem 1.1 is seen from the following
sketch. To obtain a lower bound for the functional on the constraint set is easy,
and by Assumption (Φ2) minimizing sequences can be seen to be bounded in
L1+1/k. Hence such a sequence has a weakly convergent subsequence, cf. [74,
2.18]. The weak limit f0 is the candidate for the minimizer, and one has to pass
the limit into the various functionals. This is easy for the kinetic energy, the
latter being linear. The Casimir functional is convex due to Assumption (Φ1),
and so one can use Mazur’s lemma for the same purpose, cf. [74, 2.13]. The
difficult part is the potential energy, for which one has to prove that the induced
gravitational fields converge strongly in L2. Since the latter do not depend
directly on the phase space density f but only on the induced spatial density
ρf the state space FM seems inappropriate for the latter problem. This is the
mathematical motivation for passing to a reduced functional which is defined
on a suitable set of spatial densities. The reduction procedure is explained in
the next section. Then we turn to the proof of Theorem 1.1 for the case of
Version 1. For Version 2 reduction does not work and the necessary additional
arguments are discussed in Section 2.4. The pay-off of reduction in terms of
stability results for the Euler-Poisson system is discussed in Section 2.7.

2.2 Reduction

In this section we consider Version 1 of the variational problem with Φ satisfying
the assumptions above; the results below are based on [97]. The aim is to factor
out the v-dependence and obtain a reduced variational problem in terms of
spatial densities. For r≥0 let

Gr :=

{

g∈L1
+(R3)|

∫
(

1

2
|v|2g(v)+Φ(g(v))

)

dv <∞,

∫

g(v)dv = r

}

(2.1)

and

Ψ(r) := inf
g∈Gr

∫
(

1

2
|v|2g(v)+Φ(g(v))

)

dv. (2.2)

57



In addition to the variational problem of minimizing HC over the set FM we
consider the problem of minimizing the functional

Hr(ρ) :=

∫

Ψ(ρ(x))dx+Epot(ρ) (2.3)

over the set

RM :=

{

ρ∈L1
+(R3) |

∫

Ψ(ρ(x))dx<∞,

∫

ρ(x)dx=M

}

; (2.4)

it will be seen below that the potential energy Epot(ρ) which is defined in the
obvious way is finite for states in this constraint set. The topic of the present
section is the relation between the minimizers of HC and Hr. The following
remark should convince the reader that the construction above is indeed a very
natural one.

Remark. Consider the intermediate functional

P(ρ) := inf
f∈Fρ

∫ ∫
(

1

2
|v|2f(x,v)+Φ(f(x,v))

)

dvdx

where for ρ∈RM ,
Fρ :={f ∈FM |ρf =ρ}.

Clearly, for ρ=ρf with f ∈FM ,

C(f)+Ekin(f) ≥ inf
f̃∈Fρ

(C(f̃)+Ekin(f̃))

≥ inf
f̃∈Fρ

∫
[

inf
g∈Gρ(x)

∫
(

1

2
|v|2g(v)+Φ(g(v))

)

dv

]

dx

=

∫
[

inf
g∈Gρ(x)

∫
(

1

2
|v|2g(v)+Φ(g(v))

)

dv

]

dx

=

∫

Ψ(ρ(x))dx. (2.5)

This shows that

HC(f)≥P(ρf)+Epot(ρf )≥
∫

Ψ(ρf(x))dx+Epot(ρf )=Hr(ρf ),

and it will be seen below that equality holds for minimizers. The functional P(ρ)
is obtained by minimizing the positive contribution to HC , which also happens
to be the part depending on phase space densities f directly, over all f ’s which
generate a given spatial density ρ. Then in a second step one minimizes for each
point x over all functions g = g(v) the integral of which has the value ρ(x).

These constructions owe much to [112] where they appear for the special case
Φ(f)= f1+1/k in a spherically symmetric situation. The main result of the
present section is the following:
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Theorem 2.1 (a) For every function f ∈FM ,

HC(f)≥Hr(ρf ),

and if f = f0 is a minimizer of HC over FM then equality holds.

(b) Let ρ0∈RM be a minimizer of Hr with induced potential U0. Then there
exists a Lagrange multiplier E0∈R such that a. e.,

ρ0 =

{

(Ψ′)−1(E0−U0) , U0 <E0,
0 , U0≥E0.

(2.6)

With the particle energy E defined as in (1.1) the function

f0 :=

{

(Φ′)−1(E0−E) , E <E0,
0 , E≥E0,

is a minimizer of HC in FM .

(c) Assume that Hr has a minimizer in RM . If f0∈FM is a minimizer of HC

then ρ0 :=ρf0 ∈RM is a minimizer of Hr, this map is one-to-one and onto
between the sets of minimizers of HC in FM and of Hr in RM respectively,
and is the inverse of the map ρ0 7→f0 described in (b).

In the next section we show that the reduced functional Hr does have a mini-
mizer, and then the theorem guarantees that we recover all minimizers of HC

in FM by “lifting” the ones of Hr as described in (b).
The above relation between Φ and Ψ arises in a natural way, but it can

be made more explicit. Denote the Legendre transform of a function h :R→
]−∞,∞] by

h(λ) := sup
r∈R

(λr−h(r)).

Lemma 2.2 Let Ψ be defined by (2.1), (2.2), and extend both Φ and Ψ by +∞
to the interval ]−∞,0[.

(a) For λ∈R,

Ψ(λ)=

∫

Φ

(

λ− 1

2
|v|2
)

dv,

and in particular, Φ(λ)=0=Ψ(λ) for λ<0.

(b) Ψ∈C1([0,∞[) is strictly convex, and Ψ(0)=Ψ′(0)=0.

(c) With positive constants C which depend on Φ and M ,
Ψ(ρ)≥Cρ1+1/n for ρ≥0 large, where n :=k+3/2, and
Ψ(ρ)≤Cρ1+1/n′

for ρ≥0 small, where n′ :=k′+3/2.
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Proof. By definition,

Ψ(λ) = sup
r≥0

[

λr− inf
g∈Gr

∫
(

1

2
|v|2g(v)+Φ(g(v))

)

dv

]

= sup
r≥0

sup
g∈Gr

∫
[(

λ− 1

2
|v|2
)

g(v)−Φ(g(v))

]

dv

= sup
g∈L1

+(R3)

∫
[(

λ− 1

2
|v|2
)

g(v)−Φ(g(v))

]

dv

=

∫

sup
y≥0

[(

λ− 1

2
|v|2
)

y−Φ(y)

]

dv =

∫

Φ

(

λ− 1

2
|v|2
)

dv.

As to the last-but-one equality, observe that both sides are obviously zero for
λ≤0. If λ>0 then for any g∈L1

+(R3),

∫
[(

λ− 1

2
|v|2
)

g(v)−Φ(g(v))

]

dv≤
∫

sup
y≥0

[(

λ− 1

2
|v|2
)

y−Φ(y)

]

dv.

If |v|≥
√

2λ then supy≥0 [· · ·]=0, and for |v|<
√

2λ the supremum of the term

in brackets is attained at y = yv := (Φ′)−1
(

λ− 1
2 |v|2

)

. Thus with

g0(v) :=

{

yv , |v|<
√

2λ,

0 , |v|≥
√

2λ,

we have
∫

sup
y≥0

[(

λ− 1

2
|v|2
)

y−Φ(y)

]

dv =

∫
[(

λ− 1

2
|v|2
)

g0(v)−Φ(g0(v))

]

dv

≤ sup
g∈L1

+(R3)

∫
[(

λ− 1

2
|v|2
)

g(v)−Φ(g(v))

]

dv,

and part (a) is established.
Since Φ is strictly convex and lower semi-continuous as a function on R

with lim|f |→∞Φ(f)/|f |→∞, Φ∈C1(R), cf. [84, Prop. 2.4]. Obviously, Φ(λ)=0

for λ≤0, in particular, (Φ)′(0)=0. Also, (Φ)′ is strictly increasing on [0,∞[
since Φ′ is strictly increasing on [0,∞[ with range [0,∞[. Since for |λ|<λ0 with
λ0 >0 fixed the integral in the formula for Ψ extends over a compact set we may
differentiate under the integral sign to conclude that Ψ∈C1(R) with derivative
strictly increasing on [0,∞[. This in turn implies the assertion of part (b).

Part (c) follows with (a) and the definition of the Legendre transform. 2

We now prove the theorem above.
Proof of Theorem 2.1. We start by proving
The Euler-Lagrange equation for the reduced problem. Let ρ0∈RM be a mini-
mizer with induced potential U0. For ǫ>0 define

Sǫ :={x∈R
3|ǫ≤ρ0(x)≤1/ǫ};
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think of ρ0 as a pointwise defined representative of the minimizer. For a test
function w∈L∞(R3) which has compact support and is non-negative on R

3 \Sǫ

define for τ ≥0 small,

ρτ :=ρ0+τ w−τ

∫

wdy

volSǫ
1Sǫ .

Then ρτ ≥0 and
∫

ρτ =M so that ρτ ∈RM for τ ≥0 small. Since ρ0 is a mini-
mizer of Hr,

0≤Hr(ρτ )−Hr(ρ0)= τ

∫

(Ψ′(ρ0)+U0)

(

w−
∫

wdy

volSǫ
1Sǫ

)

dx+o(τ).

Hence the coefficient of τ in this estimate must be non-negative, which we can
rewrite in the form

∫
[

Ψ′(ρ0)+U0−
1

volSǫ

(
∫

Sǫ

(Ψ′(ρ0)+U0)dy

)]

wdx≥0.

This holds for all test functions w as specified above, and hence Ψ′(ρ0)+U0 =Eǫ

on Sǫ and Φ′(ρ0)+U0≥Eǫ on R
3 \Sǫ for all ǫ>0 small enough. Here Eǫ is a

constant which by the first relation must be independent of ǫ, and taking ǫ→0
proves the relation between ρ0 and U0 in part (b).

The inequality in part (a) was established as part of the remark before
Theorem 2.1.
An intermediate assertion. We claim that if f ∈FM is such that up to sets of
measure zero,

Φ′(f)=E0−E >0 , where f >0,
E0−E≤0 , where f =0.

}

(2.7)

with E := 1
2 |v|2 +Uf (x) and E0 a constant, then equality holds in (a). To prove

this, observe that since Φ is convex, we have for a. e. x∈R
3 and every g∈Gρf (x),

1

2
|v|2g(v)+Φ(g(v)) ≥ 1

2
|v|2f(x,v)+Φ(f(x,v))

+

(

1

2
|v|2 +Φ′(f(x,v))

)

(g(v)−f(x,v)) a. e.

Now by (2.7),

∫
(

1

2
|v|2 +Φ′(f)

)

(g−f)dv=

∫

{f>0}

. . .+

∫

{f=0}

. . .

=(E0−Uf (x))

∫

{f>0}

(g−f)dv+

∫

{f=0}

1

2
|v|2gdv

=−(E0−Uf (x))

∫

{f=0}

(g−f)dv+

∫

{f=0}

1

2
|v|2gdv

=

∫

{f=0}

(E−E0)gdv≥0;
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observe that g≥0 and
∫

(g−f)dv=0. Hence

Ψ(ρf (x)) ≥
∫
(

1

2
|v|2f +Φ(f)

)

dv

≥ inf
g∈Gρf (x)

∫
(

1

2
|v|2g+Φ(g)

)

dv =Ψ(ρf(x)) a. e.,

and the proof of the intermediate assertion is complete.
Proof of the equality assertion in (a). If f0∈FM is a minimizer of HC then the
Euler-Lagrange equation of the minimization problem implies that (2.7) holds
for some Lagrange multiplier E0; the proof is essentially the same as for the
reduced problem above, cf. also Theorem 5.1 below. Thus equality holds in (a)
by the intermediate assertion, and the proof of part (a) is complete.
Proof of the remaining part of (b). Let f0 be defined as in (b). Then up to sets
of measure zero,

∫

f0(x,v)dv =

∫

|v|≤
√

2(E0−U0(x))

(Φ′)−1

(

E0−U0(x)− 1

2
|v|2
)

dv

= (Ψ)′(E0−U0(x))= (Ψ′)−1(E0−U0(x))=ρ0(x)

where U0(x)<E0, and both sides are zero where U0(x)≥E0. Thus ρ0 =ρf0 , in
particular, f0∈FM . By definition, f0 satisfies the relation (2.7) and thus by our
intermediate assertion HC(f0)=Hr(ρ0). Therefore again by part (a),

HC(f)≥Hr(ρf )≥Hr(ρ0)=HC(f0), f ∈FM ,

so that f0 is a minimizer of HC , and the proof of part (b) is complete.
Proof of part (c). Assume that Hr has a minimizer ρ0∈RM and define f0 as
above. Then part (a), the fact that each ρ∈RM can be written as ρ=ρf for
some f ∈FM , and our intermediate assertion imply that

inf
f∈FM

HC(f) ≥ inf
f∈FM

Hr(ρf )= inf
ρ∈RM

Hr(ρ)

= Hr(ρ0)=HC(f0)≥ inf
f∈FM

HC(f). (2.8)

Now take any minimizer g0∈FM of HC . Then by (2.8) and part (a),

inf
ρ∈RM

Hr(ρ)= inf
f∈FM

HC(f)=HC(g0)=Hr(ρg0),

that is, ρg0 ∈RM minimizes Hr, and the proof of part (c) is complete. 2

2.3 Existence of minimizers via the reduced

problem

First the reduced variational problem is studied in its own right under the
following assumptions on the function Ψ:
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Assumptions on Ψ: Let Ψ∈C1([0,∞[) with Ψ(0)=0=Ψ′(0), and

(Ψ1) Ψ is strictly convex,

(Ψ2) Ψ(ρ)≥Cρ1+1/n for ρ≥0 large, with 0<n<3,

(Ψ3) Ψ(ρ)≤Cρ1+1/n′

for ρ≥0 small, with 0<n′<3.

We shall prove the following central result:

Theorem 3.1 The functional Hr is bounded from below on RM . Let (ρj)⊂RM

be a minimizing sequence of Hr. Then there exists a sequence of shift vectors
(aj)⊂R

3 and a subsequence, again denoted by (ρj), such that

T ajρj :=ρj(·+aj)⇀ρ0 weakly in L1+1/n(R3), j→∞,

T aj∇Uρj →∇Uρ0 strongly in L2(R3), j→∞,

and ρ0∈RM is a minimizer of Hr.

The main difficulty is to prove that the fields induced by a minimizing sequence
converge strongly in L2. Such a compactness property holds if the sequence
(ρj) remains concentrated. In view of the next section the corresponding result
stated below is slightly more general than what is needed in the present section.

Lemma 3.2 Let 0<n<5. Let (ρj)⊂L
1+1/n
+ (R3) be such that

ρj ⇀ρ0 weakly in L1+1/n(R3),

∀ǫ>0∃R>0 : limsup
j→∞

∫

|x|≥R

ρj(x)dx<ǫ. (3.1)

Then ∇Uρj →∇Uρ0 strongly in L2.

Proof. Clearly, there exists a constant m>0 such that for all sufficiently large
j∈N,

∫

ρj ≤m, and by weak convergence the limit ρ0 is integrable as well. The
sequence σj :=ρj −ρ0 converges weakly to 0 in L1+1/n,

∫

|σj |≤2m, and (3.1)
holds for |σj | as well. We need to show that ∇Uσj →0 strongly in L2 which is
equivalent to

Ij :=

∫ ∫

σj(x)σj(y)

|x−y| dydx→0.

For δ >0 and R>0 we split the integral above as follows:

Ij = Ij,1 +Ij,2 +Ij,3,

where

|x−y|<δ for Ij,1, |x−y|≥ δ ∧ (|x|≥R ∨ |y|≥R) for Ij,2,

|x−y|≥ δ ∧ |x|<R ∧ |y|<R for Ij,3.

Since 2n/(n+1)+2/(n+1)=2, Young’s inequality [74, 4.2] implies that

|Ij,1|≤C‖σj‖2
1+1/n‖1Bδ

| · |−1‖(n+1)/2≤Cδ(5−n)/(n+1).
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Hence we can make Ij,1 as small as we wish, uniformly in j and independently
of R, by choosing δ small. For δ >0 now fixed,

|Ij,2|≤
4m

δ

∫

|x|>R

|σj(x)|dx,

which becomes small by (3.1), if we choose R>0 accordingly. Finally by Hölder’s
inequality,

|Ij,3|=
∣

∣

∣

∣

∫

σj(x)hj(x)dx

∣

∣

∣

∣

≤‖σj‖1+1/n‖hj‖1+n≤C ‖hj‖1+n,

where in a pointwise sense,

hj(x) :=1BR(x)

∫

|x−y|≥δ

1BR(y)
1

|x−y|σj(y)dy→0

due to the weak convergence of σj and the fact that the test function against
which σj is integrated here is in L1+n. Since |hj|≤ 2m

δ 1BR uniformly in j
Lebesgue’s dominated convergence theorem implies that hj →0 in L1+n, and
the proof is complete. 2

Proof of Theorem 3.1. Constants denoted by C may only depend on M and
Ψ and may change their value from line to line. The proof is split into a number
of steps.
Step 1: Lower bound for Hr and weak convergence of minimizing sequences. By
Lemma P2 (b), interpolation, and (Ψ2),

−Epot(ρ)≤C‖ρ‖2
6/5≤C‖ρ‖(5−n)/3

1 ‖ρ‖(n+1)/3
1+1/n ≤C+C

(
∫

Ψ(ρ)dx

)n/3

, ρ∈RM ;

note that 1<6/5<1+1/n. Hence on RM

Hr(ρ)≥
∫

Ψ(ρ)dx−C−C

(
∫

Ψ(ρ)dx

)n/3

. (3.2)

Since n<3 this implies that Hr is bounded from below on RM :

hM := inf
RM

Hr >−∞.

Let (ρj)⊂RM be a minimizing sequence. By (3.2),
∫

Ψ(ρj) is bounded, and
by (Ψ2) and the fact that

∫

ρj =M , the minimizing sequence is bounded in
L1+1/n(R3). Hence we can—after extracting a subsequence—assume that it
converges weakly to some function ρ0∈L1+1/n(R3). By weak convergence, ρ0≥
0 almost everywhere—if ρ0 were strictly negative on some set S of positive,
finite measure the test function σ=1S would yield a contradiction.

The next two steps show that minimizing sequences remain concentrated
and do not split into far apart pieces or spread out uniformly in space.
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Step 2: Behavior under rescaling. For ρ∈RM and a,b>0 we define ρ̄(x) :=
aρ(bx). Then

∫

ρ̄dx=ab−3

∫

ρdx, Epot(ρ̄)=a2b−5Epot(ρ),

∫

Ψ(ρ̄)= b−3

∫

Ψ(aρ)dx.

First we fix a bounded and compactly supported function ρ∈RM and choose
a= b3 so that ρ̄∈RM as well. By (Ψ3) and since 3/n′>1,

Hr(ρ̄)= b−3

∫

Ψ(b3ρ)dx+bEpot(ρ)≤Cb3/n′

+bEpot(ρ)<0

for b sufficiently small, and hence for M >0,

hM <0. (3.3)

Next we fix two masses 0<M ≤M . If we take a=1 and b=(M/M)1/3≥1 then
for ρ∈RM and ρ̄∈RM rescaled with these parameters,

Hr(ρ̄) = b−3

∫

Ψ(ρ)dx+b−5Epot(ρ)

≥ b−5

(
∫

Ψ(ρ)dx+Epot(ρ)

)

=
(

M/M
)5/3Hr(ρ).

Since for the present choice of a and b the map ρ 7→ ρ̄ is one-to-one and onto
between RM and RM this estimate gives the following relation between the
infima of our functional for different mass constraints:

hM ≥ (M/M)5/3hM , 0<M ≤M. (3.4)

Step 3: Spherically symmetric minimizing sequences remain concentrated. In
this step we prove the concentration property needed to apply Lemma 3.2, but to
make things easier we consider for a moment spherically symmetric functions ρ∈
RM , i.e., ρ(x)=ρ(|x|). For any radius R>0 we split ρ into the piece supported
in the ball BR and the rest, i.e.,

ρ=ρ1+ρ2, ρ1(x)=0 for |x|>R, ρ2(x)=0 for |x|≤R.

Clearly,

Hr(ρ)=Hr(ρ1)+Hr(ρ2)−
∫

ρ1(x)ρ2(y)

|x−y| dxdy.

Due to spherical symmetry the potential energy of the interaction between the
two pieces can be estimated as

∫

ρ1(x)ρ2(y)

|x−y| dxdy =−
∫

Uρ1ρ2dx≤ (M −m)m

R
,

where m=
∫

ρ2 is the mass outside the radius R which we want to make small
along the minimizing sequence. We define

R0 :=−3

5

M2

hM
>0
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and use the scaling estimate (3.4) together with (3.3) and the fact that ξ5/3 +
(1−ξ)5/3≤1− 5

3 ξ (1−ξ) for 0≤ ξ≤1 to conclude that

Hr(ρ) ≥ hM−m +hm− (M −m)m

R

≥
[

(

1− m

M

)5/3

+
(m

M

)5/3
]

hM − (M −m)m

R

≥ hM +

[

1

R0
− 1

R

]

(M −m)m. (3.5)

We claim that, if R>R0, then for any spherically symmetric minimizing se-
quence (ρj)⊂RM of Hr, the following assertion holds, which is even a bit
stronger than what is needed to apply Lemma 3.2:

lim
j→∞

∫

|x|≥R

ρj(x)dx=0. (3.6)

Assume this assertion were false so that up to a subsequence,

lim
j→∞

∫

|x|≥R

ρj =m>0.

Choose Rj >R such that

mj :=

∫

|x|≥Rj

ρj =
1

2

∫

|x|≥R

ρj .

By (3.5),

Hr(ρj)≥hM +

[

1

R0
− 1

Rj

]

(M −mj)mj ≥hM +

[

1

R0
− 1

R

]

(M −mj)mj ,

and letting j→∞ leads to a contradiction, and Eqn. (3.6) is proven.
For the weak limit ρ0 of the minimizing sequence clearly

suppρ0⊂BR0 ,

∫

ρ0 =M.

Step 4: Proof of Theorem 3.1 under the assumption of spherical symmetry.
Given a minimizing sequence (ρj) we already know that up to a subsequence it
converges weakly in L1+1/n to a non-negative limit ρ0 of mass M . The functional
ρ 7→

∫

Ψ(ρ)dx is convex by Assumption (Ψ1), so by Mazur’s Lemma [74, 2.13]
and Fatou’s Lemma [74, 1.7]

∫

Ψ(ρ0)dx≤ limsup
j→∞

∫

Ψ(ρj)dx,

in particular, ρ0∈RM . If we assume in addition that the minimizing sequence
is spherically symmetric then by Step 3 and Lemma 3.2, Epot(ρj)→Epot(ρ0),
and hence

Hr(ρ0)≤ limsup
j→∞

Hr(ρj)=hM
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so that ρ0 is a minimizer of Hr over the subset of spherically symmetric functions
in RM .

The restriction to spherical symmetry would mean that stability would only
hold against spherically symmetric perturbations. Fortunately, this restriction
can be removed using a general result due to A. Burchard and Y. Guo.
Step 5: Removing the symmetry assumption. To explain the result by Bur-
chard and Guo we define for a given function ρ∈L1

+(R3) its spherically sym-
metric decreasing rearrangement ρ∗ as the unique spherically symmetric, radi-
ally decreasing function with the property that for every τ ≥0 the sup-level-sets
{x∈R

3|ρ(x)>τ} and {x∈R
3|ρ∗(x)>τ} have the same volume; the latter set is

of course a ball about the origin whose radius is determined by the volume of
the former. The integral

∫

Ψ(ρ)dx does not change under such a rearrangement,
while the potential energy can only decrease, and it does not decrease iff ρ is
already spherically symmetric (with respect to some center of symmetry) and
decreasing. These facts can be found in [74, Ch. 3]. In particular, a minimizer
must a posteriori be spherically symmetric.

Now let (ρj)⊂RM be a not necessarily spherically symmetric minimizing
sequence. Obviously, the sequence of spherically symmetric decreasing rear-
rangements (ρ∗j ) is again minimizing. Hence by the previous steps, up to a
subsequence (ρ∗j ) converges weakly to a minimizer ρ0 =ρ∗0 and

∇Uρ∗

j
→∇U0 in L2, hence

∫

Ψ(ρ∗j )→
∫

Ψ(ρ0).

Moreover,

Epot(ρj) = Hr(ρj)−
∫

Ψ(ρj)=Hr(ρj)−
∫

Ψ(ρ∗j)

→ Hr(ρ0)−
∫

Ψ(ρ0)=Epot(ρ0).

In this situation the result of Burchard and Guo [16, Thm. 1] says that there
exists a sequence (aj)⊂R

3 of shift vectors such that

T aj∇Uρj =∇Uρj (·+aj)→∇U0 in L2.

Hence we can repeat the arguments of Step 4 for the sequence (T aj ρj), which
is again minimizing, and the proof of Theorem 3.1 is complete. 2

The proof of the result by Burchard and Guo is by no means easy, and it is
possible to obtain stability against general perturbations without resorting to it,
cf. [48,96,97]. Since this general result may be useful for other problems of this
nature we wanted to mention and exploit it here. On the other hand, Version 2
of the variational problem does not lend itself to a reduction mechanism like
Version 1. Hence the result by Burchard and Guo does not apply, and we will
show in the next section how to handle the concentration problem directly in
the non-symmetric situation. We also refer to [53] for an account of the result
by Burchard and Guo and its relation to stability problems.
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Theorem 3.1 implies the result that we were originally interested in.
Proof of Theorem 1.1 for Version 1. By Lemma 2.2 we see that if Φ sat-
isfies the assumptions (Φ1), (Φ2), (Φ3) then the function Ψ defined by (2.2)
satisfies the assumptions (Ψ1), (Ψ2), (Ψ3), where the parameters k and n are
related by n=k+3/2, with the same relation holding for the primed parame-
ters. Theorem 2.1 connects the original and the reduced variational problem in
the appropriate way to derive Theorem 1.1 from Theorem 3.1: Firstly, HC is
bounded from below on FM since this is true for Hr on RM . Let (fj)⊂FM

be a minimizing sequence for HC . By Theorem 2.1, (ρfj )⊂RM is a minimiz-
ing sequence for Hr. Again by Theorem 2.1 we can lift the minimizer ρ0 of
Hr obtained in Theorem 3.1 to a minimizer f0 of HC . The properly shifted
fields converge strongly in L2 to ∇Uf0 . Hence after extracting a subsequence
the Casimir functional as well as the kinetic energy converge along (T aj fj), and
this sequence converges weakly in L1+1/k to the minimizer f0. 2

Notice that the weak convergence of a subsequence of (T ajfj) to the mini-
mizer f0, which was derived after the existence of the minimizer was established,
will play a role in the stability analysis in Section 2.6.

2.4 Existence of minimizers—the direct ap-

proach

In this section we prove Theorem 1.1 for Version 2 of our variational problem,
i.e., we minimize the energy functional H under the mass-Casimir constraint
implemented in the constraint set FMC . In the reduction procedure employed
above the kinetic energy and the Casimir functional were reduced into a new
functional acting on spatial densities ρ. But in Version 2 of the variational
problem the former two functionals appear in different places, namely as part
of the functional to be minimized and in the constraint respectively. Hence
reduction in the above sense does not apply, and a direct argument is given.
This necessarily also shows how the use of the non-trivial result by Burchard
and Guo for removing the symmetry assumption can be avoided.

Proof of Theorem 1.1 for Version 2. Constants denoted by C may only
depend on M and Φ and may change their value from line to line. The growth
parameter k in the assumptions on Φ satisfies

0<k<7/2, hence 3/2<n :=k+3/2<5 and 1+1/n>6/5.

The proof is again split into a number of steps, similar to Version 1.
Step 1: Lower bound for H and bounds on minimizing sequences. By the as-
sumptions on Φ, Lemma P2, Lemma 5.1 of Chapter 1, and interpolation the
following estimates hold for any f ∈FMC :

‖f‖1 +‖f‖1+1/k ≤C,

‖ρf‖1+1/n≤C ‖f‖(k+1)/(n+1)
1+1/k Ekin(f)3/(2k+5) ≤CEkin(f)3/(2(n+1)),
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−Epot(f)≤C ‖ρf‖2
6/5≤C‖ρf‖(5−n)/3

1 ‖ρf‖(n+1)/3
1+1/n ≤CEkin(f)1/2.

Hence the total energy H is bounded from below on FMC ,

H(f)≥Ekin(f)−CEkin(f)1/2 for f ∈FMC , hM := inf
FMC

H>−∞,

and Ekin together with the quantities estimated above are bounded along min-
imizing sequences of H in FMC .

The observation that concentration implies compactness made in Lemma 3.2
is going to be used again in the present situation, and we turn to the investi-
gation of the concentration properties of the energy functional under the mass-
Casimir constraint.
Step 2: Behavior under rescaling. Given any function f , we define a rescaled
function f̄(x,v)= f(ax,bv), where a, b>0; as opposed to Version 1 we do not
scale the dependent variable but only its arguments. Then

∫ ∫

(f̄ +Φ(f̄))dvdx=(ab)−3

∫ ∫

(f +Φ(f))dvdx (4.1)

i.e., f ∈FMC iff f̄ ∈FMC where M := (ab)−3M . The kinetic and potential en-
ergy scale as follows:

Ekin(f̄)=a−3b−5Ekin(f), Epot(f̄)=a−5b−6Epot(f).

If f ∈FMC and b=a−1 then f̄ ∈FMC and

H(f̄)=a2Ekin(f)+aEpot(f)<0

for a>0 sufficiently small, since Epot(f)<0. Hence for all M >0,

hM <0. (4.2)

Next we choose a and b such that a−3b−5 =a−5b−6, i.e., b=a−2. Then

H(f̄)=a7H(f), (4.3)

and since a=(M/M)1/3 and the mapping FMC →FMC , f 7→ f̄ is one-to-one
and onto this shows that for all M, M >0,

hM =
(

M/M
)7/3

hM . (4.4)

Step 3: Minimizing sequences do not vanish. In the non-symmetric case we
cannot establish a result like Eqn. (3.1) as easily as in the spherically symmetric
situation. As a first step we show that along any minimizing sequence some
minimal mass must remain in a sufficiently large ball. This is precisely the
point where we have to allow spatial shifts: We cannot expect this non-vanishing
property to hold unless we move with the sequence. Our assertion is that for
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any minimizing sequence (fj)⊂FMC of H there exist a sequence (aj)⊂R
3 and

m0 >0, R0 >0 such that
∫

aj+BR0

ρj dx≥m0 (4.5)

for all sufficiently large j∈N, where ρj :=ρfj . To see this we split for R>1,

−Epot(fj)=
1

2

∫ ∫

ρj(x)ρj(y)

|x−y| dydx= I1 +I2 +I3,

where

|x−y|< 1

R
for I1,

1

R
≤|x−y|≤R for I2, |x−y|>R for I3.

Since (ρj) is bounded in L1(R3) and in L1+1/n(R3) by Step 1,

I1 ≤ ‖ρj‖2
1+1/n‖1B1/R

1/| · |‖(n+1)/2≤CR−(5−n)/(n+1),

I2 ≤ R

∫ ∫

|x−y|<R

ρj(x)ρj(y)dxdy≤RC sup
y∈R3

∫

y+BR

ρj(x)dx,

I3 ≤ 1

R

∫ ∫

ρj(x)ρj(y)dxdy≤CR−1;

for the first estimate we used Young’s inequality [74, 4.2]. Since (fj) is mini-
mizing and hM <0 we have, for any R>1,

hM/2>H(fj)≥−I1−I2−I3,

provided j is sufficiently large. Therefore,

sup
y∈R3

∫

y+BR

ρj dx≥R−1
[

−hM/(2C)−R−1−R−(5−n)/(n+1)
]

.

Since hM <0 the right hand side of this estimate is positive for R sufficiently
large, and the proof of Eqn. (4.5) is complete.
Step 4: Non-vanishing, weakly convergent minimizing sequences remain con-
centrated. In this step we show that a minimizing sequence (fj)⊂FMC for H
remains concentrated in the sense that Eqn. (3.1) holds, provided that

∫

BR0

ρj dx≥m0 and ρj ⇀ρ0 weakly in L1+1/n(R3)

for some R0 >0 and m0 >0, where ρj :=ρfj . Notice that a minimizing sequence,
if properly shifted in space, does not vanish by Step 3. Since the shifted mini-
mizing sequence is again minimizing, the induced spatial densities do by Step 1
converge weakly as required after extracting a subsequence.

For R>R0 we split fj as follows:

fj = f1
j +f2

j +f3
j
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where

f1
j (x,v)=0 for |x|≥R0, f2

j (x,v)=0 for |x|<R0∨|x|>R, f3
j (x,v)=0 for |x|≤R.

Then

H(fj) = H(f1
j )+H(f2

j )+H(f3
j )

−
∫ ∫

ρ2
j(x)(ρ1

j +ρ3
j)(y)

|x−y| dxdy−
∫ ∫

ρ1
j(x)ρ3

j (y)

|x−y| dxdy

=: H(f1
j )+H(f2

j )+H(f3
j )−I1−I2, (4.6)

with obvious definitions for ρ1
j ,ρ

2
j ,ρ

3
j . Since ‖∇Uρ1

j+ρ3
j
‖2 is bounded by Step 1,

I1≤C ‖∇Uρ2
j
‖2≤C

(

‖∇Uρ2
0
‖2 +‖∇Uρ2

j
−∇Uρ2

0
‖2

)

.

For R>2R0 and |x|≤R0, |y|>R we have |x−y|≥R/2, and hence

I2≤2M2R−1.

It is easy to show that ξ7/3 +(1−ξ)7/3≤1− 7
3ξ(1−ξ) for ξ∈ [0,1]. With

Eqn. (4.4) and obvious definitions of M1
j ,M2

j ,M3
j this implies that

H(f1
j )+H(f2

j )+H(f3
j ) ≥ hM1

j
+hM2

j
+hM3

j

=





(

M1
j

M

)7/3

+

(

M2
j

M

)7/3

+

(

M3
j

M

)7/3


hM

≥





(

M1
j +M2

j

M

)7/3

+

(

M3
j

M

)7/3


hM

≥
[

1− 7

3

M1
j +M2

j

M

M3
j

M

]

hM ≥
[

1− 7

3

m0

M2
M3

j

]

hM ;

in the last estimate we used the non-vanishing property. With (4.6) and the
estimates for I1 and I2 this implies that

C1m0M
3
j ≤H(fj)−hM +C2

[

‖∇Uρ2
0
‖2 +‖∇Uρ2

j
−∇Uρ2

0
‖2 +R−1

]

.

Here R>2R0 is so far arbitrary, and the constants C1,C2 are independent of R
and R0. The first difference on the right hand side converges to zero since the
sequence (fj) is minimizing. The first term in the bracket can be made as small
as we wish by increasing R0; notice that this does not affect the non-vanishing
property. Choosing R>2R0 large makes the third term in the bracket small.
For fixed R0 <R the middle term converges to zero by Lemma 3.2, since ρ2

j ⇀ρ2
0

weakly in L1+1/n and these functions are supported in BR. This shows that the
sequence (fj) satisfies the concentration property (3.1) as claimed.
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Step 5: Proof of Theorem 1.1 for Version 2. Let (fj) be a minimizing sequence
and choose (aj)⊂R

3 according to (4.5). Since H is translation invariant (T ajfj)
is again a minimizing sequence which by abuse of notation we denote by (fj). By
Step 1, (fj) is bounded in L1+1/k(R6). Thus there exists a weakly convergent
subsequence, again denoted by (fj): fj ⇀f0. Clearly, f0≥0 a. e. Again by
Step 1, (Ekin(fj)) is bounded, and by weak convergence

Ekin(f0)≤ limsup
j→∞

Ekin(fj)<∞.

By Step 1, (ρj)= (ρfj ) is bounded in L1+1/n(R3). After extracting a further
subsequence

ρj ⇀ρ0 =ρf0 weakly in L1+1/n(R3);

it is easy to see that the weak limit of the spatial densities induced by (fj) is
indeed the spatial density induced by the weak limit of (fj). By Step 4 and
Lemma 3.2,

∇Uρj →∇U0 strongly in L2(R3).

Hence H(f0)≤ limj→∞H(fj), and it remains to show that
∫

f0 +C(f0)=M . By
(Φ2), Mazur’s Lemma, and Fatou’s Lemma

M0 :=

∫ ∫

(f0 +Φ(f0))dvdx≤ limsup
j→∞

∫ ∫

(fj +Φ(fj))dvdx=M,

and M0 >0 since otherwise f0 =0 in contradiction to H(f0)<0. Let

b := (M0/M)
2/3

, a := b−1/2,

so that by (4.1), f̄0∈FMC . Then by (4.3),

hM ≤H(f̄0)=a7H(f0)= (M/M0)
7/3hM ,

which implies that M0≥M . 2

Remark. Instead of the explicit arguments above one can also employ the
concentration-compactness principle due to P.-L. Lions [79], cf. [96].

2.5 Minimizers are steady states

Via the corresponding Euler-Lagrange identity the minimizers obtained by The-
orem 1.1 are shown to be steady states of the Vlasov-Poisson system. Once
the minimizers are identified as steady states some further properties are in-
vestigated. The minimizers obtained for the reduced variational problem in
Theorem 3.1 turn out to be steady states of the Euler-Poisson system. This
fact and the relation between steady states of the Vlasov-Poisson and of the
Euler-Poisson system are postponed to Section 2.7.
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Theorem 5.1 Let f0∈FM be a minimizer of HC with potential U0, and define
the particle energy as in (1.1). Then

f0(x,v)=

{

(Φ′)−1(E0−E) , E <E0,
0 , E≥E0

a. e.

with Lagrange multiplier

E0 :=
1

M

∫ ∫

(E +Φ′(f0))f0dvdx.

If f0∈FMC is a minimizer of H then

f0(x,v)=

{

(Φ′)−1(E/E0−1) , E <E0,
0 , E≥E0

a. e.

with Lagrange multiplier

E0 :=

∫∫

Ef0dvdx
∫∫

(1+Φ′(f0))f0dvdx
<0.

In particular, f0 is in both cases a steady state of the Vlasov-Poisson system.

The Lagrange multiplier E0 is negative also in case of Version 1, but the proof
is different and postponed to Proposition 5.2. The choice (1.6) leads to the
polytropic steady state

f0(x,v)= (E0−E)k
+

in the case of Version 1, and to a similar formula for Version 2.
Proof of Theorem 5.1. We give the proof for Version 2, since due to the
nonlinear nature of the constraint this case is slightly less trivial. Let f0 and
U0 be a pointwise defined representative of a minimizer of H in FMC and of its
induced potential respectively. The following abbreviation will be useful:

Q(f) := f +Φ(f), f ≥0.

For ǫ>0 small,

Sǫ :=

{

(x,v)∈R
6 | ǫ≤ f0(x,v)≤ 1

ǫ

}

defines a set of positive, finite measure. Let w∈L∞(R6) be compactly supported
in Sǫ∪f−1

0 (0) and non-negative outside Sǫ, and define

G(σ,τ) :=

∫ ∫

Q(f0 +σ1Sǫ +τw)dvdx;

for τ and σ close to zero, τ ≥0, the function f0 +σ1Sǫ +τw is bounded on Sǫ,
and non-negative. Therefore, G is continuously differentiable for such τ and σ,
and G(0,0)=M . Since

∂σG(0,0)=

∫ ∫

Sǫ

Q′(f0)dvdx 6=0,
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there exists by the implicit function theorem a continuously differentiable func-
tion τ 7→σ(τ) with σ(0)=0, defined for τ ≥0 small, such that G(σ(τ),τ)=M .
Hence f0 +σ(τ)1Sǫ +τw∈FMC . Furthermore,

σ′(0)=−∂τG(0,0)

∂σG(0,0)
=−

∫∫

Q′(f0)w
∫∫

Sǫ
Q′(f0)

. (5.1)

Since H(f0 +σ(τ)1Sǫ +τw) attains its minimum at τ =0,

0≤H(f0+σ(τ)1Sǫ +τw)−H(f0)= τ

∫ ∫

E [σ′(0)1Sǫ +w]dvdx+o(τ)

for τ ≥0 small. With (5.1) we get

∫ ∫

[−EǫQ
′(f0)+E]wdvdx≥0, Eǫ :=

∫∫

Sǫ
E

∫∫

Sǫ
Q′(f0)

.

By the choice for w this implies that E =EǫQ
′(f0) a. e. on Sǫ and E≥EǫQ

′(f0)
a.e. on f−1

0 (0) . This shows that Eǫ =E0 does in fact not depend on ǫ. With
ǫ→0,

E = E0Q
′(f0) a. e. on f−1

0 (]0,∞[),

E ≥ E0Q
′(0)=E0 a. e. on f−1

0 (0).

Multiplication of the former by f0 and integration yields the formula for E0,
and since

∫ ∫

Ef0dvdx=Ekin(f0)+2Epot(f0)<H(f0)<0

this Lagrange multiplier is negative; such a direct argument does not seem to
work for Version 1 of the variational problem. 2

The minimizers are steady states of the Vlasov-Poisson system in the following
sense: By definition, U0 is the gravitational potential induced by f0. On the
other hand, for a time independent potential the particle energy, and hence
any function of the particle energy, is constant along characteristics and in this
sense satisfies the Vlasov equation. The problem is that U0 should be sufficiently
smooth for the characteristic equations to have well defined solutions.

Proposition 5.2 Let f0 be a minimizer of H or HC as obtained in Theorem 1.1
with induced spatial density ρ0. Alternatively, let ρ0 be a minimizer of Hr as
obtained in Theorem 3.1. Let U0 be the induced potential. Then the following
holds:

(a) The functions ρ0 and U0 are spherically symmetric with respect to some
point in R

3, and ρ0 is decreasing as a function of the radial variable.

(b) ρ0∈Cc(R
3), U0∈C2(R3) with lim|x|→∞U0(x)=0, and E0 <0. If ρ0 comes

from a minimizer of HC or H then ρ0∈C1
c (R3). Minimizers f0 are com-

pactly supported also with respect to v.
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Proof. In order to prove part (a) we consider first the case that ρ0∈RM is a
minimizer of the reduced functional Hr as obtained in Theorem 3.1. As observed
in Step 5 of the proof of that theorem ρ0 is spherically symmetric with respect
to some point in R

3, and decreasing as a function of the radial variable. Let f0

be a minimizer of the energy-Casimir functional HC . Then the assertions for ρ0

and U0 remain true, since f0 arises from a minimizer of the reduced functional
by the lifting process in Theorem 2.1 (b).

To prove the spherical symmetry of a minimizer f0 of the energy H we
denote by f∗

0 its spherically symmetric rearrangement with respect to x. Argu-
ing as above, f0(x,v)= f∗

0 (x+av,v) for some possibly v-dependent shift vector
av. Since both f0 and f∗

0 are minimizers they are both of the form stated
in Theorem 5.1, so E0Φ

′(f0(x,v))= 1
2 |v|2 +Uf0(x)−E0 and E∗

0Φ′(f∗
0 (x,v))=

1
2 |v|2 +Uf∗

0
(x)−E∗

0 . The explicit form of E0 implies that E0 =E∗
0 , hence

Uf0(x)=Uf∗

0
(x+av), and av is independent of v. Hence the minimizer f0 is

a spatial translation of f∗
0 , which proves the symmetry assertion.

As to part (b), we note first that by Theorem 5.1 a minimizer f0 obtained
in Theorem 1.1 satisfies a relation of the form

f0(x,v)=φ(E(x,v))

with φ determined by the function Φ and E0. This in turn implies a relation
between ρ0 and U0,

ρ0(x)=h(U0(x)) :=4π
√

2

∫ ∞

U0(x)

φ(E)
√

E−U0(x)dE, (5.2)

where h is continuously differentiable. For a minimizer ρ0 of Hr such a relation
holds by (2.6); in this case h is determined by Ψ and need only be continuous.

Let ρ0∈Lp
+(R3) for some p>1, and as usual 1/p+1/q=1. For any R>1

we split the convolution integral defining U0 according to |x−y|<1/R, 1/R≤
|x−y|<R, and |x−y|≥R to obtain

−U0(x)≤C‖ρ0‖p

(

∫ 1/R

0

r2−qdr

)1/q

+R

∫

|y|≥|x|−R

ρ0(y)dy+
M

R
.

This implies that U0∈L∞(R3) with U0(x)→0, |x|→∞, provided q <3, i.e., p>
3/2. Assume for the moment that this is true. Then by (5.2), ρ0∈L1∩L∞(R3).
By spherical symmetry,

U0(r)=−4π

r

∫ r

0

s2ρ0(s)ds−4π

∫ ∞

r

sρ0(s)ds, U ′
0(r)=

4π

r2

∫ r

0

s2ρ0(s)ds

where r= |x|, in particular U0 is continuous. Again by (5.2), ρ0 is continuous
as well, and the formulas above imply the asserted regularity of U0.

If 0<n<2 then p :=1+1/n>3/2, and the regularity assumptions are es-
tablished. If 2≤n<5 a little more work is required. By the assumptions (Φ1)
and (Φ2) and the mean value theorem,

Φ′(f)≥Φ′(τ)=
Φ(f)−Φ(0)

f −0
≥Cf1/k
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for all f large, with some intermediate value 0≤ τ ≤ f . Similarly, for ρ large,

Ψ′(ρ)≥Cρ1/n.

In both cases the relation (5.2) together with these estimates imply that

ρ0(x)≤C(1+(E0−U0(x))n
+).

If we use this estimate on the set of finite measure where ρ0 is large and the
integrability of ρ0 on the complement we find that

∫

ρ0(x)p dx≤C +C

∫

(−U0(x))npdx. (5.3)

Starting with p0 =1+1/n we apply Lemma P2 (a) to find that U0 lies in Lq with
q =(1/p0−2/3)−1 >1, and substituting this into (5.3) we conclude that ρ0∈Lp1

with p1 = q/n; note that by assumption p0 <3/2. If p1 >3/2 we are done. If
p1 =3/2 we decrease p1 slightly—note that ρ0∈L1—so that in the next step we
find p2 as large as we wish. If p1 <3/2 we repeat the process. By induction,

pk =
3(1+1/n)(n−1)

nk(n−5)+2n+2
>1

as long as pk−1 <3/2. But since 2≤n<5 the denominator would eventually
become negative so that the process must stop after finitely many steps, and
again ρ0∈Lp(R3) for some p>3/2.

The minimizer of HC or Hr obtained in Theorem 1.1 or Theorem 3.1 has
compact support by Step 3 of the proof of the latter theorem. The limiting
behavior of U0 together with Theorem 5.1 implies that E0 <0.

For Version 2 of the variational problem E0 <0 by Theorem 5.1. Hence
lim|x|→∞U0(x)=0 implies that for |x| sufficiently large, E(x,v)>E0, and by
Theorem 5.1, f0 and ρ0 have compact support also in this case. 2

A question which is of interest in itself and which is also relevant for the sta-
bility discussion in the next section is the possible uniqueness or non-uniqueness
of the minimizer. So far, only preliminary results in this direction exist.

Remark. (a) Consider the polytropic case Φ(f)= f1+1/k or Ψ(ρ)=ρ1+1/n re-
spectively. If 0<k<3/2 or 0<n<3 then up to spatial translations the func-
tional HC or Hr has exactly one minimizer with prescribed mass M >0. If
0<k<7/2 then up to spatial translations the energy H has at most two mini-
mizers in the constraint set FMC .

We show the uniqueness assertion under the mass constraint; the proof under
the mass-Casimir constraint is more technical, cf. [42, Thm. 3]. Up to some shift
U0 as a function of the radial variable r := |x| solves the equation

1

r2
(r2U ′

0)
′ = c(E0−U0)

n
+, r>0, (5.4)

with some appropriately defined constant c>0. The function E0−U0 is a solu-
tion of the singular ordinary differential equation

1

r2
(r2z′)′ =−czn

+, r>0. (5.5)
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Solutions z∈C([0,∞[)∩C2(]0,∞[) of (5.5) with z′ bounded near r=0 are
uniquely determined by z(0). If z is such a solution then so is

zα(r) :=αz(αγr), r≥0

for any α>0 where γ := (n−1)/2, and zα(0)=αz(0). Now assume there exists
another minimizer with mass M , i.e., up to a shift another solution U1 of (5.4)
with cut-off energy E1. Uniqueness for (5.5) yields some α>0 such that

E1−U1(r)=αE0−αU0(α
γr), r≥0.

However, both steady states have the same mass M , so that

M = c

∫ ∞

0

r2(E1−U1(r))
n
+dr=αn−3γc

∫ ∞

0

r2(E0−U0(r))
n
+dr=αn−3γM.

For 0<n<3 the exponent of α is not zero, hence α=1, and considering limits
at spatial infinity we conclude that E0 =E1 and U0 =U1.
(b) Let Ψ be such that Ψ(0)=0 and

Ψ′(ρ)=







ρ , 0≤ρ≤1,

ρ1/10 , 1<ρ<10,
10−9/10ρ , 10≤ρ.

This function satisfies (Ψ1), (Ψ2), (Ψ3); note however that the exponent used
for 1<ρ<10 corresponds to n=10 which is well outside of the required range
0<n<3. If the resulting equation for z =E0−U0 is solved numerically then
the choices z(0)=0.522, 1.641, 2.364 give three different steady states with
the same mass M =0.462. The minimizers of Hr for this value of M must be
among these three states, and it turns out that the values of Hr resulting from
z(0)=0.522, 2.364 are equal and smaller than the one resulting from z(0)=
1.641. Hence for this example there are two distinct minimizers. Clearly, this
also provides a counterexample to uniqueness of the minimizer for the energy-
Casimir functional HC .

A similar example of non-uniqueness of the minimizer of H is reported
in [107, Sect. 5]. We have found no numerical indication that under our general
assumptions there might be infinitely many minimizers. In particular, minimiz-
ers always seem to be isolated.

2.6 Dynamical stability

We now come to the stability assertion for the steady states which are obtained
as minimizers above. To this end we first rewrite the Taylor expansion of the
energy or energy-Casimir functional respectively:

Remark. (a) In case of Version 1,

HC(f)−HC(f0)=d(f,f0)−
1

8π

∫

|∇Uf −∇U0|2dx (6.1)
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where for f ∈FM ,

d(f,f0) :=

∫ ∫

[Φ(f)−Φ(f0)+E (f −f0)] dvdx

=

∫ ∫

[Φ(f)−Φ(f0)+(E−E0)(f −f0)] dvdx

≥
∫ ∫

[Φ′(f0)+(E−E0)] (f −f0) dvdx≥0

with d(f,f0)=0 iff f = f0.
(b) In case of Version 2,

H(f)−H(f0)=d(f,f0)−
1

8π

∫

|∇Uf −∇U0|2dx (6.2)

where for f ∈FMC ,

d(f,f0) :=

∫ ∫

E (f −f0)dvdx

=

∫ ∫

[(−E0)(Φ(f)−Φ(f0))+(E−E0)(f −f0)] dvdx

≥
∫ ∫

[(−E0)Φ
′(f0)+(E−E0)] (f −f0) dvdx≥0

with d(f,f0)=0 iff f = f0.

This is due to the strict convexity of Φ, and the fact that on the support of f0

the bracket vanishes by Theorem 5.1; note also that in the second equality we
added a zero due to the respective constraint.

Theorem 6.1 Let f0 be a minimizer as obtained in Theorem 1.1, in case of
Version 1 assume that the minimizer is unique or at least isolated up to shifts
in x. Then the following nonlinear stability assertion holds:

For any ǫ>0 there exists a δ >0 such that for any classical solution t 7→f(t)
of the Vlasov-Poisson system with f(0)∈C1

c (R6)∩FM or f(0)∈C1
c (R6)∩FMC

respectively, the initial estimate

d(f(0),f0)+
1

8π

∫

|∇Uf(0)−∇U0|2dx<δ

implies that for any t≥0 there is a shift vector a∈R
3 such that

d(T af(t),f0)+
1

8π

∫

|T a∇Uf(t)−∇U0|2dx<ǫ, t≥0.

As above, T af(x,v) := f(x+a,v).

Proof. Let us first assume that the minimizer is unique up to spatial transla-
tions, and let us consider Version 1 first. Assume the assertion is false. Then
there exist ǫ>0, tj >0, fj(0)∈C1

c (R6)∩FM such that for j ∈N,

d(fj(0),f0)+
1

8π

∫

|∇Ufj(0)−∇U0|2dx<
1

j
,

78



but for any shift vector a∈R
3,

d(T afj(tj),f0)+
1

8π

∫

|T a∇Ufj(tj)−∇U0|2dx≥ ǫ.

Since HC is conserved, (6.1) and the assumption on the initial data imply that
HC(fj(tj))=HC(fj(0))→HC(f0), i.e., (fj(tj))⊂FM is a minimizing sequence.
Hence by Theorem 1.1,

∫

|∇Ufj(tj)−∇U0|2→0 up to subsequences and shifts
in x, provided that there is no other minimizer to which this sequence can
converge. By (6.1), d(fj(tj),f0)→0 as well, which is the desired contradiction.
If the minimizer is unique up to shifts, the proof for Version 2 is completely
analogous.

By definition, we call the minimizer isolated up to spatial translations if

inf
{

‖∇Uf0 −∇Uf̃0
‖
2
| f̃0∈MM \{T af0 |a∈R

3}
}

>0

where MM denotes the set of all minimizers of the given functional under the
given constraint. The argument above then has to be combined with a continuity
argument to show that the assertion of the theorem still holds true, cf. [98,
p. 124]. For Version 2 a much less trivial argument due to J. Schaeffer [107]
shows that the theorem remains true even if the minimizer is not isolated. 2

The spatial shifts appearing in the stability statement are again due to the
spatial invariance of the system. If f0 is perturbed by giving all the particles
an additional, fixed velocity, then in space the corresponding solution travels
off from f0 at a linear rate in t, no matter how small the perturbation. Hence
without the spatial shifts the assertion of the theorem is false. A stability result
of this type is sometimes referred to as orbital stability, cf. [72, 104].

A weak point of the present approach is the fact that the proof is not
constructive—given ǫ it is not known how small the corresponding δ must be.
A nice feature of the result is that the same quantity is used to measure the de-
viation initially and at later times t. In infinite dimensional dynamical systems
initial control in a strong norm can be necessary to gain control in a weaker
norm at later times. On the other hand, it certainly is desirable to achieve the
stability estimate also in some norm for f . In [72, 104] results in this direction
are obtained by changing the variational approach. However, such improve-
ments are easily obtained within the framework presented here. To see this we
have to think for a moment about what perturbations are admissible from a
physics point of view.

Remark on dynamically accessible perturbations. A galaxy in equilib-
rium represented by a steady state f0 is typically perturbed by the gravitational
pull of some (distant) outside object like a neighboring galaxy. This means that
an external force acts on the particles in addition to the self-consistent one. The
resulting perturbation simply consists in a reshuffling of the particles in phase
space. Hence a physically natural class of perturbations are all states f which
are equimeasurable to f0, f ∼ f0, which by definition means that

∀τ ≥0 : vol
({

(x,v)∈R
6|f(x,v)>τ

})

=vol
({

(x,v)∈R
6|f0(x,v)>τ

})

.
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Notice that this class is invariant under the Vlasov-Poisson system. Clearly, if
f ∼ f0 then ‖f‖p =‖f0‖p for any p∈ [1,∞].

With this remark in mind we arrive at the following stronger stability result;
notice that we need not even exploit the full strength of the restriction on the
perturbations introduced above.

Corollary 6.2 If in Theorem 6.1 the assumption ‖f(0)‖1+1/k =‖f0‖1+1/k is
added then for any ǫ>0 the parameter δ >0 can be chosen such that the addi-
tional stability estimate

‖T af(t)−f0‖1+1/k <ǫ, t≥0.

holds. If K >0 is such that vol(suppf0)<K, then this stability estimate holds
with any p∈ [1,1+1/k] instead of 1+1/k, provided the perturbations satisfy the
additional restriction vol(suppf(0))<K. If K >0 is such that ‖f0‖∞ <K and
the perturbations satisfy the restriction ‖f(0)‖∞ <K then the same is true for
any p∈ [1+1/k,∞[.

Proof. We repeat the proof of Theorem 6.1 except that in the contradiction
assumption we have

‖T afj(tj)−f0‖1+1/k +d(T afj(tj),f0)+
1

8π

∫

|T a∇Ufj(tj)−∇U0|2dx≥ ǫ.

Now we observe that from the minimizing sequence (fj(tj)) obtained in that
proof we can extract a subsequence which converges weakly in L1+1/k to f0 by
Theorem 1.1. But due to our additional restriction on the perturbations

‖fj(tj)‖1+1/k =‖f0‖1+1/k, j∈N.

By the Radon-Riesz-Theorem [74, 2.11] this implies that fj(tj)→f0 strongly
in L1+1/k. Together with the rest of the proof of Theorem 6.1 this proves
the first assertion. Under the additional restriction on the perturbations,
vol(suppf(t))<K or ‖f(t)‖∞ <K for all times, and the additional assertions
follow by Hölder’s inequality and interpolation. 2

Concluding Remarks. (a) The conditions for stability are formulated in terms
of the Casimir function Φ, but they can be translated into conditions on the
steady state f0 =φ(E). In particular, the crucial assumption that Φ be strictly
convex means that φ is strictly decreasing on its support.
(b) In [47] spherically symmetric steady states depending also on the modulus
of angular momentum L, defined in (1.3), are dealt with. In [49] axially sym-
metric minimizers depending on the particle angular momentum corresponding
to the axis of symmetry are considered. The method yields stability against
perturbations which respect the symmetry, but not against general perturba-
tions. This is due to the fact that the function Φ in the Casimir functional
C must in these cases depend on the additional particle invariant, and hence
the Casimir functional is preserved only along solutions with the proper sym-
metry. Stability of non-isotropic steady states which for example depend also
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on L against non-symmetric perturbations is an interesting open problem, in
particular, since in view of the above discussion of dynamically accessible per-
turbations symmetry restrictions are unphysical and at best are mathematical
stepping stones towards more satisfactory results.
(c) A similar problem arises with flat steady states where all the particles are
restricted to a plane. They are used as models for extremely flattened, disk-like
galaxies. Their stability was investigated by variational techniques in [94], but
the perturbations were restricted to live in the plane.
(d) So far, no rigorous instability results are known in the stellar dynamics case
for steady states which violate the stability conditions. Such results do exist in
the plasma physics case, cf. [51, 52, 75–78].
(e) By similar techniques a preliminary result towards stability was established
for the Vlasov-Einstein system [113].
(f) The above stability result brings up a question concerning the initial value
problem for the Vlasov-Poisson system: Can one extend the class of admissible
initial data in such a way that it contains the steady states considered above?
Notice that f0 need not be continuously differentiable. Going further one might
wish to admit all dynamically accessible perturbations originating from these
steady states as initial data. It is not hard to establish stability results within
the context of weak solutions in the sense that the stability estimates then hold
for such weak solutions which are obtained as limits of solutions to certain regu-
larized systems, cf. [67,72]. However, due to the inherent non-uniqueness such a
formulation is unsatisfactory. It is therefore desirable to have a global existence
and uniqueness result which covers these states as initial data and provides so-
lutions which preserve all the conserved quantities, cf. [114].
(g) An ansatz of the form

f0(x,v)=
(

eE0−E −1
)

+

also leads to a steady state with compact support and finite mass, cf. [102]. This
so-called King model is important in astrophysics, but since the corresponding
Casimir function

Φ(f)= (1+f)ln(1+f)−f

does not satisfy the growth condition (Φ2), it cannot be dealt with by the above
variational approach. A non-variational approach which covers the King model
has recently been developed in [50].

2.7 The reduced variational problem and the

Euler-Poisson system

So far the reduced variational problem played the role of a mathematical device.
In the present section we demonstrate that the reduction procedure is much more
than that: It points to a deep connection between the Vlasov-Poisson and the
Euler-Poisson systems on the level of their steady states and their stability.
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If ρ0∈RM minimizes the reduced functional Hr, then ρ0 supplemented with
the velocity field u0 =0 is a steady state of the Euler-Poisson system

∂tρ+div(ρu)=0,

ρ∂tu+ρ(u ·∂x)u=−∂xp−ρ∂xU,

∆U =4πρ, lim
|x|→∞

U(t,x)=0,

with equation of state

p=P (ρ) :=ρΨ′(ρ)−Ψ(ρ).

This follows from the Euler-Lagrange identity (2.6). Here u and p denote the
velocity field and the pressure of an ideal, compressible fluid with mass density
ρ, and the fluid self-interacts via its induced gravitational potential U . This
system is sometimes used as a simple model for a gaseous, barotropic star. The
beautiful thing now is that the state (ρ0,u0 =0) obviously minimizes the energy

H(ρ,u) :=
1

2

∫

|u|2ρdx+

∫

Ψ(ρ)dx+Epot(ρ)

of the system, which is a conserved quantity. Expanding as before we find that

H(ρ,u)−H(ρ0,0)=
1

2

∫

|u|2ρdx+d(ρ,ρ0)−
1

8π

∫

|∇Uρ−∇U0|2dx

where for ρ∈RM ,

d(ρ,ρ0) :=

∫

[Ψ(ρ)−Ψ(ρ0)+(U0−E0)(ρ−ρ0)]dx≥0,

with equality iff ρ=ρ0. The same proof as for the Vlasov-Poisson system implies
a stability result for the Euler-Poisson system—the term with the unfavorable
sign in the expansion again tends to zero along minimizing sequences, cf. The-
orem 3.1. However, there is an important caveat: While for the Vlasov-Poisson
system we have global-in-time solutions for sufficiently nice data, and these so-
lutions really preserve all the conserved quantities, no such result is available
for the Euler-Poisson system, and we only obtain a
Conditional stability result: For every ǫ>0 there exists a δ >0 such that for
every solution t 7→ (ρ(t),u(t)) with ρ(0)∈RM which preserves energy and mass
the initial estimate

1

2

∫

|u(0)|2ρ(0)dx+d(ρ(0),ρ0)+
1

8π

∫

|∇Uρ(0)−∇U0|2dx<δ

implies that as long as the solution exists,

1

2

∫

|u(t)|2ρ(t)dx+d(ρ(t),ρ0)+
1

8π

∫

|∇Uρ(t)−∇U0|2dx<ǫ
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up to shifts in x and provided the minimizer is unique up to such shifts.
The same comments as on Theorem 6.1 apply. Because of the above caveat

we prefer not to call this a theorem, although as far as the stability analysis itself
is concerned it is perfectly rigorous. The open problem is whether a suitable
concept of solution to the initial value problem exists.

The relation between the fluid and the kinetic steady states. Now that
minimizers of the reduced functional are identified as stable steady states of
the Euler-Poisson system it is instructive to reconsider the reduction procedure
leading from the kinetic to the fluid dynamics picture. First we recall that for
the Legendre transform h̄ of a function h the following holds:

h′(ξ)= η⇐⇒h(ξ)+h(η)= ξη⇐⇒
(

h
)′

(η)= ξ.

If f0 is a minimizer of HC ,

f0 = (Φ′)−1(E0−E)=
(

Φ
)′

(E0−E),

ρ0 =

∫

f0dv =

∫

(

Φ
)′
(

E0−U0−
1

2
|v|2
)

dv,

and

p0 =
1

3

∫

|v|2f0dv =

∫

Φ

(

E0−U0−
1

2
|v|2
)

dv

is the induced, isotropic pressure. On the other hand, if ρ0 is a minimizer of the
reduced functional Hr,

ρ0 = (Ψ′)−1(E0−U0)=
(

Ψ
)′

(E0−U0),

p0 = P (ρ0)=ρ0Ψ
′(ρ0)−Ψ(ρ0)=Ψ(Ψ′(ρ0))=Ψ(E0−U0).

In both the kinetic and the fluid picture the spatial density and the pressure are
functionals of the potential, and these functional relations on the kinetic and on
the fluid level fit provided

Ψ(λ)=

∫

Φ

(

λ− 1

2
|v|2
)

dv,

which is exactly the relation between Φ and Ψ obtained by the reduction mech-
anism.

The threshold k=3/2, n=3. It is worthwhile to review the role of the thresh-
old k =3/2, n=3 in the context of the relation between the Vlasov-Poisson and
the Euler-Poisson system. For the Vlasov-Poisson system the Casimir functional
C is preserved, and hence it is possible to incorporate C into the functional to
be minimized or into the constraint. We have seen that the former approach,
which allows for reduction, works only for 0<k<3/2 while the latter works for
0<k<7/2. That this is not just a mathematical technicality can be seen from
the following observation:
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By Theorem 2.1 the energy-Casimir functional in the kinetic picture equals
the energy functional in the fluid picture in the case of a minimizer. For poly-
tropes, signHC(f0)= sign(n−3), i.e., the energy-Casimir functional in the ki-
netic and the energy in the fluid picture changes sign at n=3. The energy
H in the kinetic picture however remains negative for 0<k<7/2. Secondly, if
the perturbation of a steady state has positive energy then this perturbation
is unstable in the sense of Corollary 7.3 from Chapter 1. An analogous result
holds for the Euler-Poisson system, cf. [19]. Hence stability is lost for the Euler-
Poisson system at n=3 and so reduction in the sense we used it cannot work
for k≥3/2.

A nonlinear instability result for the Euler-Poisson system with equation of
state p=Aρ6/5 was recently established in [64]. Notice that this equation of state
corresponds to n=5, which is well outside the range of stability which was estab-
lished above for the Euler-Poisson case. On the other hand, the corresponding

Vlasov-Poisson steady state f0(x,v)= c(−E)
7/2
+ , the so-called Plummer sphere,

is stable, cf. [48, Sec. 6]. That this state is the minimizer of the energy under
an appropriate constraint had been observed earlier in [1], cf. also [2].
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[3] H. Andréasson: The Einstein-Vlasov system / Kinetic Theory. Living Re-
views in Relativity. Published by the Max Planck Institute for Gravita-
tional Physics, http://www.livingreviews.org/lrr-2005-2

[4] A. A. Arsen’ev: Global existence of a weak solution of Vlasov’s system of
equations. Comput. Math. Math. Phys. 15, 131–141 (1975)

[5] C. Bardos, P. Degond: Global existence for the Vlasov-Poisson system in
3 space variables with small initial data. Ann. Inst. H. Poincaré Anal.
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[72] M. Lemou, F. Méhats, P. Raphael: On the orbital stability of the ground
states and the singularity formation for the gravitational Vlasov-Poisson
system. Preprint, 2005

[73] R. L. Liboff: Kinetic Theory: Classical, Quantum, and Relativistic De-
scriptions. New York: Springer-Verlag 2003

89



[74] E. H. Lieb, M. Loss: Analysis. Providence: American Math. Soc. 1996

[75] Z. Lin: Instability of periodic BGK waves. Math. Res. Lett. 8, 521–534
(2001)

[76] Z. Lin: Nonlinear instability of periodic BGK waves for Vlasov-Poisson
system. Comm. Pure Appl. Math. LVIII, 505–528 (2005)

[77] Z. Lin, W. A. Strauss: Linear stability and instability of relativistic
Vlasov-Maxwell systems. Comm. Pure Appl. Math., to appear

[78] Z. Lin, W. A. Strauss: Nonlinear stability and instability of relativistic
Vlasov-Maxwell systems. Comm. Pure Appl. Math., to appear

[79] P.-L. Lions: The concentration-compactness principle in the calculus of
variations. The locally compact case. Part 1. Ann. Inst. H. Poincaré Anal.
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