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Abstract

In previous work by Y. Guo and G. Rein, nonlinear stability of
equilibria in stellar dynamics, i.e., of steady states of the Vlasov-
Poisson system, was accessed by variational techniques. Here we pro-
pose a different, non-variational technique and use it to prove nonlin-
ear stability of the King model against a class of spherically symmetric,
dynamically accessible perturbations. This model is very important
in astrophysics and was out of reach of the previous techniques.

1 Introduction

In astrophysics a galaxy or a globular cluster is often modeled as a large
ensemble of particles, i.e., stars, which interact only by the gravitational field
which they create collectively, collisions among the stars being sufficiently



rare to be neglected. The time evolution of the distribution function f=
f(t,x,v) >0 of the stars in phase space is then given by the Vlasov-Poisson
system:

Ohf+v-Vof =V, U-V,f=0, (1.1)
AU =47p, ‘l‘im U(t,z)=0, (1.2)

p(t,x) :/f(t,x,v)dv. (1.3)

Here t€R denotes time, and z,v € R3 denote position and velocity, U =
U(t,x) is the gravitational potential of the ensemble, and p=p(t,z) is its
spatial density.

A well-known approach to obtaining steady states of the Vlasov-Poisson
system is to make an ansatz of the form

fo(l’,v) :¢(E)>

where the particle energy F is defined as
Lo
E::§|'U| ‘I‘U()(x)

Since for a time-independent potential Uy = Uy(z) the particle energy is con-
served along the characteristics of the Vlasov equation (1.1) it remains to
make sure that for the chosen ¢ the resulting semilinear Poisson equation

AU0:47T/¢(%|U‘2+UO) dv (1.4)

has a solution. For a very large class of ansatz functions ¢ this approach leads
to steady states with finite mass and compact support, cf. [RR]. Steady states
where as above the distribution of the particles in phase space depends only
on the particle energy are usually called isotropic and are always spherically
symmetric. The latter follows by applying the results in [GNN] to Eqn. (1.4),
cf. also [R1, Thm. 3]. A central question in stellar dynamics, which has
attracted considerable attention in the astrophysics literature, cf. [BT, FP]
and the references there, is the dynamical stability of such steady states.
The Vlasov-Poisson system is conservative, i.e., the total energy

H(f)Z:Ekin(f)—l—Epot(f):%/|’U|2f(1’7'li)dﬂdl'—$/|VUf(l’)|2dx
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of a state f is conserved along solutions and hence is a natural candidate for
a Lyapunov function in a stability analysis; Uy denotes the potential induced
by f. However, the energy does not have critical points, i.e., the linear part
in an expansion about any state f, with potential Uy does not vanish:

H(f):H(f0)+// (%|v\2+U0) (f—fo)dvdx—%/\VUf—VUOde.

To remedy this situation one observes that for any reasonable function ® the
so-called Casimir functional

e()= [ [o(sw)dvds
is conserved as well. If the energy-Casimir functional
He:=H+C

is expanded about an isotropic steady state, then

He(f) = Hc(fo)+//(E+®’(f0))(f—fo)dvdx

_8%/|VUf_VUO|2dx+%//‘I}N(fo)(f—f0)2dvdz—|—...
= He(fo) + DHe(F)f — fol + D*He(fo)lf — fol + ...

Now one can try to choose ® is such a way that at least formally f, is a
critical point of the energy-Casimir functional, i.e., ®'(fy)=—F. If ¢’ <0 on
the support of f; the former relation holds on this support if & = —¢~1. The
formal second order variation in the above expansion then takes the form

2 1 1 9 1 9
D Hc(fo)[g]—§//{fo>o} _¢,(E)g dvdx—§/|Vng\ dz. (1.5)

It is natural to expect that positive definiteness of this quadratic form should
imply stability for f;. Ever since the seminal work of ANTONOV [An] there
have been vigorous efforts in the astrophysics community to establish this
positive definiteness and to derive stability results in this way.

An important step in this direction was to show that the above quadratic
form is positive definite on linearized, dynamically accessible perturbations.




To make this precise we define the Lie-Poisson bracket of two functions fi, fs
of x and v as

{f17f2}::vmfl'vvf2_vvf1'vmf2- (16)
Then the following holds:

Lemma 1.1 Let ¢/ <0 and let he C(R®) be spherically symmetric with
support in the set {fo >0} and such that h(x,—v)=—h(z,v). Then

o)

Here Uj denotes the radial derivative of the steady state potential. Since Uy is
radially increasing, the right hand side in the estimate above is indeed positive
for h#£0. We refer to [KS, SDLP] for astrophysical investigations where this
result is used to analyze linearized stability. We do not go into the reasons
why perturbations of the form {fy,h} are called dynamically accessible for
the linearized system, but the interested reader can find background on this
and related concepts in [M]. For the sake of completeness we provide a
proof of this elegant result in the Appendix. Despite its significance the
result is still quite a distance away from a true, nonlinear stability result.
There are at least two serious mathematical difficulties. Firstly, it is very
challenging to use the positivity of D*Hc(fo)[g] to control the higher order
remainder in the expansion of the energy-Casimir functional [Wal. This is due
to the non-smooth nature of fo=¢(FE) in all important examples. Secondly,
even if one succeeds in controlling the higher order terms, the positivity of
D*Hc(fo)[g] in the lemma is only valid for certain perturbation of the form
g={fo,h}. This class of perturbations is invariant under solutions of the
linearized Vlasov-Poisson system, but it is not invariant under solutions of
the nonlinear system.

To overcome these difficulties a variational approach was initiated by
WOLANSKY [Wol] and then developed systematically by Guo and REIN
[G1, G2, GR1, GR2, GR3, GR4, R2, R3, RG]. Their method entirely avoids
the delicate analysis of the second order term D?*Hc(fy) in (1.5), and it
has led to the first rigorous nonlinear stability proofs for a large class of
steady states. More precisely, a large class of steady states is obtained as
minimizers of energy-Casimir functionals under a mass constraint [ f=M,
and their minimizing property then entails their stability. In particular, all
polytropes fo(z,v) =(Ey— E) with 0<k<7/2 are covered; here Ey<0 is

1 2

D*He(fo){ fo,h}] 2—5 ¢'(E)

fo>0

1
|z v]? +=U\h?| dvdz.
r
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a certain cut-off energy, and (), denotes the positive part. For k>7/2 the
corresponding steady state has infinite mass and is therefore unphysical. In
addition, many new stable galaxy models were established. The variational
method has also been investigated in [DSS, H, LMR, SS, Wo2].

Despite its considerable success, the variational approach has drawbacks
and limitations, the main one being that by its very nature it can not access
the stability of steady states which are only local, but not global minimizers
of the energy-Casimir functional. Since the existence of the steady state as
a (global) minimizer is aimed for, certain growth conditions on the Casimir
function ® are needed, which are not satisfied for all steady states with ¢’ <0.
Most notably, the King model obtained by

folw,w)=(e"""—1),

is the single most important model which is currently out of the reach. It
describes isothermal galaxies and is widely used in astrophysics. The corre-
sponding Casimir function (2.2) has very slow growth for f— oo, and as a
result the variational method fails.

The aim of the present paper is to develop a new approach to nonlinear
stability results for steady states which need not be global minimizers of the
corresponding energy-Casimir functional by exploiting Lemma 1.1. Although
we are aiming for a general approach, we focus here on the King model and
as a first step establish its nonlinear stability against spherically symmetric,
dynamically accessible perturbations. An application of the present approach
to the relativistic Vlasov-Poisson system for which the variational approach
does not apply is given in [HRJ.

The paper proceeds as follows. In the next section we formulate our re-
sults. The nonlinear stability of the King model is an easy corollary of the
following main theorem: In a certain neighborhood of the King model the
potential energy distance of a perturbation can be controlled in terms of
the energy-Casimir distance. In particular, within a certain class of pertur-
bations, which is invariant under solutions of the nonlinear Vlasov-Poisson
system, the King model is a local minimizer of the corresponding energy-
Casimir functional. The resulting stability estimate is more explicit than the
ones obtained by the variational approach. The main part of the work is then
done in Section 3 where the local minimizing property of the King model is
established. In an appendix we give a proof of Lemma 1.1.



2 Main results

We start with a steady state fy with induced potential Uy and spatial density
Po, satisfying the relation

fola0) =do(B) = (5P 1) |, B oo+ Uo(a). (2.)

The cut-off energy Fy <0 is a given negative constant and (-); denotes the
positive part. The corresponding Casimir function in the sense of the intro-
duction is

Po(f) = (1+f)In(1+f)—f. (2.2)

The existence of such King models, i.e., of suitable solutions of the resulting
semilinear Poisson equation (1.4), is established in [RR]. Such a model has
compact support

supp fo={(v,v) ER®| E(z,v) < Ey} = {E < E,},

and it is spherically symmetric. A state f is called spherically symmetric if
for any rotation A € SO(3),

f(z,v)=f(Az, Av), z,0€R?.

It is well known that non-negative, smooth, and compactly supported ini-
tial data f(0) € C}(R®) launch unique global smooth solutions ¢+ f(t) of
the Vlasov-Poisson system [Pf, LP, Sch]. If the initial datum is spherically
symmetric then this symmetry is preserved, and the modulus of the particle
angular momentum squared,

L=z xv* =|z[*jo]* - (z-v)*,

is conserved along characteristics of the Vlasov equation. Hence for any
smooth function ® such that ®(0,L)=0, L>0, the functional

//(I)(f,L)dvdx

is conserved along spherically symmetric solutions of the Vlasov-Poisson sys-
tem; unless explicitly stated otherwise integrals [ always extend over R3.



We consider the following class of perturbations:

Sy, = { feL*(R% | f>0 spherically symmetric,

/ (f.L) / (fo,L) for all &€ C*([0,00[*) with

\L)=0;®(0,1) =0, L>0, and 920 bounded}

As noted above, the class Sy, NC}(R%) is invariant under solutions of the
Vlasov-Poisson system. Moreover, functions in Sy, are equi-measurable to
fo, i.e., for every >0 the sets {f > 7} and {fy > 7} have the same measure,
in particular, || f||,=||fol|, for any LP-norm, p € [1,00].

For the Casimir function ®( defined in (2.2) we define the energy-Casimir
functional as in the introduction. Then for f €Sy, we have

He(f)—Helfo) = // [Do(f)—Po(fo)+ (E—Eo)(f— fo)]dvdx
—S—W/\VUf—VUOFdx;

notice that [ f= [ fo which allows us to bring in the term Eo(f — fy). Now

(E—Eo)(f = fo) >—24(fo)(f = fo)
with equality on the support of fy, and hence for f €Sy,

Do)~ Do(fo) + (E—Eo)(f—fo) > & inf  ®U(r)(f— fo)?

2 0<r<|lfollo

> Co(f—fo)? (2.3)

where Cy:=1/(2+2||fo||s); notice again that || f||ec = || fol|c for any f € Sy,.
The deviation from the steady state is going to be measured by the quantity

d(f.fo) : // [Do(f)—Po(fo)+(E—Eo)(f— fo)ldvdx
+8—7T/‘VUf—VU0‘2d$, (24)

which, as we have seen, controls both ||f— fo||2 and ||VU;— VU2, and
satisfies the following relation to the energy-Casimir functional:

A(f.fo) = Helf) —He(fo) + / VU, - VT de. (2.5)

Our stability result is the following:



Theorem 2.1 There exist constants 0 >0 and C' >0 such that for any solu-
tion t+— f(t) of the Viasov-Poisson system with f(0) €Sy, NCHR®) and

d(f(0), fo) <6

the estimate
d(f(t),fo) <Cd(f(0), fo)
holds for all time t > 0.

Remark: In order to better understand the perturbation class Sy, we show
that it contains spherically symmetric, dynamically accessible perturbations
by which we mean the following: Let H = H(z,v) € C*(R®) be spherically
symmetric, and let g=g(s,z,v) denote the solution of the linear problem

0s9+V,H-NV,g—V,.H-V,g=0, ie, 0s9(s)={H,g(s)},

with initial datum g¢(0)= fo; we assume that H is such that this solution
exists on some interval I about s=0. Then for any s€ I, g(s) is spherically
symmetric and equi-measurable with fy. Moreover, for any function ® as
considered in the definition of Sy,

95 ®(g(s),L) =0;®(g(s), L){H,g(s)},

and by a simple computation, { H,L} =0. Hence
// dvdx—/ (0p®{H,g(s)}+0,P{H,L})dvdx
/ {H,®(g(s),L)}dvdz=0

after an integration by parts. This means that g(s) € Sy, for any such gen-
erating function H and any s. The only undesirable restriction in the class
Sy, or in the generating functions H respectively is the spherical symmetry
which hopefully can be removed in the future.

The stability result Theorem 2.1 is easily deduced from the following
theorem:

Theorem 2.2 There exist constants 6o >0, and Cy >0 such that for all f €
Sy, with d(f, fo) <do the following estimate holds:

Heo(f) —He(fo) > Col| VU — VU |5



Before going into the proof of this theorem, which will occupy the rest of this
paper, we conclude this section by deducing our stability result from it.
Proof of Theorem 2.1. Let §:=80(1+1/(47Cp))~" with dy and Cy from
Theorem 2.2. Consider a solution ¢ — f(t) of the Vlasov-Poisson system with
f(0) eS8, NCLHR®) and

d(f(0), fo) <6 <do.

Then by continuity we can choose some maximal t* €]0,00] such that
d(f(t), fo) <do, t€[0,t*].

Now f(t) €Sy, for all ¢, and hence Theorem 2.2, the relation (2.5) of d to
the energy-Casimir functional, and the fact that the latter is a conserved
quantity yield the following chain of estimates for t € [0,¢*[:

A (D). fo) = Hel F(1)) ~He(fo) + 21 VU0~ VUl

< Mol (1)~ Hol ) + g (He(F(D) = Helfo)

_ (1+47ja) (He(£(0) ~Ho (/o))

< (1+47T100) A(F(0), fo) < 6.

This implies that ¢t* = oo, and Theorem 2.1 is established. O

3 Proof of Theorem 2.2

Theorem 2.2 is proven by contradiction. There are two main ingredients:
The first part (Subsection 3.1) is a general argument to establish that if
the estimate in the theorem fails, then there exists a non-zero function
g such that D?*Hc(fy)[g] <0. The second (Subsection 3.2) is to use the
measure-preserving property incorporated in our perturbation class Sy, to
conclude that g={fy,h} for some function h. This leads to a contradiction
to Lemma 1.1 (Subsection 3.3).

3.1 Existence of g#0 with D*H¢(fo)[g] <0

The aim of this subsection is to prove the following result:

9



Lemma 3.1 Assume that Theorem 2.2 were false. Then there is a function
g€ L*(R®) which is spherically symmetric, supported in the set {E<FEy},
even in v, i.e., g(x,—v)=g(z,v), and such that

VU IE=1 (31)
D*He(fo)lg) :%//{f 0 ) (fo)g*dvdr —1<0, (3.2)
/ 95 ®(fo,L)gdvdr=0 (3.3)

for all functions ® as specified in the definition of Sy,.

Proof. If Theorem 2.2 were false, then for any n €N there exists f, €Sy,
such that

Afofo) <

but
Helf) —Helfo) < IV U, V0ol (3.4
in particular, f, # fo. We define
=l [V U3, = VUel o, 9=~ (fa ) (35
V8T O
so that )
VU, [E=1 (3

and f, = fo+0,9,. By (2.5) and (3.5),

7 <d(fufo) < (7

Bounds on (g,) and weak limit.

As a first step in the proof of the lemma we need to establish bounds on the
sequence (g,) which allow us extract a subsequence that converges to some
g which will be our candidate for the function asserted in the lemma. By

10



(3.5), (2.4), (2.5), and (3.4) we find that
%//[q)o(ijLangn)—(I’o(fo)+(E—Eo)angn]dvd:)s—1

:% (d(fn,fo)—i/\VUfn—VU0\2dx)

n

= (o) ~He(f0)) <~y < —|IVU;, ~VUhl= (38)

2
o o 8mn

Recalling the estimate (2.3) which is applicable since f, €Sy, this implies
that

1—|—1>%//[...]dvdatzCO%//|fn—f0|2dvdx:Co/ |gn|? dvdz,
n- o2 o2

which means that the sequence (g,) is bounded in L?(R%). Moreover, since
the integrand |[...] in (3.8) is non-negative we find that

1 1 1
1+—>—2// [...]dvdmZ—// (E—Ey) gndvdz,
n0nJ J{E>E)} On J J{E>Eo}

where we used the fact that on the set { £ > Ey} the steady state distribution
fo and hence also ®q(fo) vanish while ®¢(f,,) >0. By (3.7),

// (E—Ey) gndvdx <20, —0, n— oo. (3.9)
{E>Eo}

Now fix any FEy<FE;<0. Since limp—oUy(z)=0 it follows that E=
E(z,v) > E; for x or v large so that the set { £ < E;} CRS is compact. Hence
(gn) is bounded in L'({E < E,}). In addition

E—-FE
// gndvde// % gpdvdz—0; (3.10)
(B>} (E>E0y £1— Eo

notice that g, > 0 outside the support of fy, i.e., on the set { £ > Ey}. Thus we
have shown that (g,) is bounded in L'NL*(R%). We extract a subsequence,
denoted again by (g,) such that

gn — g weakly in L*(R®).

11



Since g, >0 on {E > Ey} and since (3.10) holds for any Fy < E; <0 we con-
clude that g vanishes a. e. outside the set {E < Ey} as desired. Since the
functions g, are spherically symmetric so is g.

Proof of (3.1).
In order to pass the weak convergence into (3.6) we need better bounds for
the sequence (g,). Indeed, we can bound its kinetic energy:

// (%|U|2—|—UO(I)—EQ) gndvd:)s:// (E—Ey) gndvdr—0
{E>Eo} {E>Eo}

by (3.9) so that
1
// —|v|*gndvda
(B2} 2
is bounded, while

1
// §Iv\2\gn\dvdx§(Eo—Uo(0>)// |gn| dvd
{E<Eo} {E<Eo}

is bounded as well; recall that Uy is spherically symmetric and radially in-
creasing. Now well known interpolation arguments imply that the sequence
of induced spatial densities (p,,) is bounded in L'NL7/*(R?), cf. [R4, Ch. 1,
Lemma 5.1], so without loss of generality,

Py — pg Weakly in LT/°(R?).

Let again Fy< E; <0 be arbitrary but fixed and choose R; >0 such that
Uo(Ry) = Ey which implies that E(z,v) > E) for || > R;. Then by (3.10),

/ \pgn\de// gndvdr — 0.
{lz|= R} {E=E1}

The fact that the sequence (p,,) remains concentrated in this way gives the
desired compactness:

VU, — VU, strongly in L*(R?),

cf. [R4, Ch. 2, Lemma 3.2]. Hence we can pass to the limit in (3.6) and find
that ¢ satisfies the condition (3.1) in the lemma.

12



Proof of (3.2).
Since ||gn||2 is bounded it follows from (3.7) that

l|ongn|l2 <Co, — 0.

Therefore, after extracting again a subsequence, o,g, — 0 almost everywhere.
By Egorov’s Theorem there exists for every m € N a measurable subset K,,, C
{E < Ey} with the property that

1
vol {E<Eg}\ K,,) <— and lim 0,,g, =0 uniformly on K,,;
m n—oo

note that the set {F < FEy} has finite measure. In addition we can assume
that K, C K11, m€N. On the set {E < FEy},

(Dol ) = Dol o) + (B = Bo)rnga = 58 (fo) 00+ 50 (fo+709) (0u)®

for some 7€ [0,1]. Since both fy and fo+ 0,9, = f. are non-negative the same
is true for fy+70,9,, and we can use the estimate

1
WSL f>0

the estimate (3.8), and the fact that the integrand [...] in (3.8) is non-negative
by (2.3) to conclude that

[Lé%%mﬁwmzé[&ﬁwmz

1 1
- ﬁ// éq)g/(fo—i_Tangn) (Ungn)3dvd:c

o5 ()l =

1
< 1—|———l—sup|angn|//|gn|2dvd:ﬂ.
n K’UL

Taking the limit n — oo in this estimate we find that

1
// §®g(f0)g2dvd:c§ 1.

If we observe the choice of the sets K,,, let m — oo, and recall the fact that
g =0 outside the set {E' < Ey} the proof of (3.2) is complete.

13



Proof of (3.3).
To prove (3.3), the measure-preserving property of the set Sy, plays the
crucial role. Let ®=®(f,L) be a function as specified in the definition of
that set respectively in the lemma. By Taylor expansion with respect to the
first argument,

(I)(me> - (I)(f07L> = 8fq)(f07L> Ondn + %8J2”(I)(f0 +TangnaL) (Ungn>2

for some 7€10,1]. If we integrate this identity and observe that, since f,, €

Sfov
//(I)(fn,L)dvd:c://(I)(fo,L)dvd:c,
it follows that

1
//8f®(f0,L)gndvdx:—§an/ 8?®(f0+70ngn,L)gidvdx—>O.

As to the latter limit we note that 97® is bounded, (g,) is bounded in L*(R°),
and o, — 0. On the other hand 0;®(fy,L) is supported on the compact set
{E<Ey} and hence bounded. Since g, — g weakly in L?(R%), the identity
(3.3) follows as n — oc.

Conclusion of the proof of Lemma 3.1.

The function ¢ constructed above has all the properties required in the
lemma, except that it need not be even in v. Hence we decompose it into its
even and odd parts with respect to v: g = goven + Godad- We claim that (3.1),
(3.2), and (3.3) remain valid for the even part. Since

pg:/gdU:/gevendU:pgeverl

we have VU, =VU,, and (3.1) remains valid. Since ®{(fy) is even in v,

Jeven

1 Z //%q)g(fO) (geven+godd)2dvdx://%qyol(f()) ((geven)2+(godd)2) dvdz
1
> [ [ 50400) G v,

i.e., (3.2) remains valid. Finally, let ® be as in the definition of the set Sy,.
Then 0;®(fo,L) is even in v so that in (3.3) the odd part of ¢ drops out, and
the assertions of Lemma 3.1 hold for geyen. O

14



3.2 Characteristics and g={f;,h}

In this subsection we construct a spherically symmetric function h such that
g={fo,h}. To this end we need to introduce variables which are adapted to
the spherical symmetry:

ri=|z|, w::w, L:=|zxv|?
r

w is the radial velocity, and L has already been used above. Any spherically
symmetric function of x and v such as the desired h can be written in terms
of these variables, so h=h(r,w,L). Then

(o} = 4BV} =4 () [+ (- 03(r)) ] .

3
and the equation we wish to solve for h reads

[w&+ <% —U{)(r)) aw] B

In order to analyze its characteristic system

¢6(1E) 0 (3.11)

L

we define for fixed L >0 the effective potential

and observe that in terms of the variables r,w, L the conserved particle energy
takes the form

1
E:E(a:,v):E(r,w,L):§w2+\IfL(r);

L only plays the role of a parameter here since L=0. We need to analyze
the effective potential ¥ ;. The boundary condition for Uy at infinity implies
that lim, ., W (r) =0, and clearly, lim, oW (r)=o00. Moreover,

4 T
U(’)(r)——ﬂ/o po(s)s’ds =: mo(r) >0, >0,

r2 r2

15



since Uy is increasing, thus Up(0) < Ey, and by (2.1), po(0) >0. Now

L L
mo(r) ——==0 < mgy(r)——=0,
72 73 r

v (r)=0 <

and since the left hand side of the latter equation is strictly increasing for L >
0 with lim, . (mo(r)—L/r)=M >0 and lim,_o(mo(r)—L/r)=—occ there
exists a unique 7, >0 such that

U (rp)=0, ¥ (r)<0 for r<rg, ¥, (r)>0 for r>ry.

Moreover, since

d L , L

p (mo(r) - ?) =47 po(r)+ 2 >0

the implicit function theorem implies that the mapping ]0,00[3 L7y is
continuously differentiable. For r=rp,

m(](?")

L L
U (rp)=—2 +3ﬁ +47rp0(r):47rp0(r)+ﬁ>0. (3.12)
The behavior of W, implies that for any L >0 and W (r;) < E' <0 there exist
two unique radii 0<r_(FE,L)<rp <r,(E,L)<oo such that

Ui(re(E,L)=FE, and V. (r)<E & r_(E,L)<r<ry(E,L).

Since W (r)#0 for r#ry it follows again by the implicit function theo-
rem that the mapping (F,L)—ry(FE,L) is C' on the set {(F,L) € Rx]0,00]|
\IIL(’T’L) <E<O}

Let 7+ (r(7),w(7),L) be a characteristic curve with L >0 and running
in the set {E£ < Ey}, so that Wy (rp) < E<Ey<0. Then

r(r)€[r_(E,L),r (E,L)], w(T) ::I:\/2E—2\I/L(r(7')).

By the equation (3.11) which we want to solve,

d 1
—h(r(7),w(r),L)=—— r(7),w(r),L),
). L) == S sglr(7) (). L)
which we rewrite in terms of the parameter r as
L (r) L) = —————g(rw(r). L), w(r)=+/ZE—20.(r).

dr ¢o(E)w(r)
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Hence for (r,w,L) € {E < Ey} with L >0 we define h as follows: We let £ :=
Tw?+ U (r) so that r_(E,L)<r <r,(E,L), and

h(rw, L) = —sign w— / 9 V2E- L)L), g g
(B,L)

:—Slgnw%(E) 3E 20, (5)

Outside the set {E < Ey} we let h=0. We need to make sure that we can
consistently set h(r,0,L)=0, i.e., the integral in the above definition must
vanish for r=r,(F,L). To this end let ® be as specified in the definition of
the class Sy,. We want to apply the change of variables (x,v) (r,w,L)—
(r,E,L) to the integral in (3.3). Now

drdEdL
dxdv=_8r*drdwdL =8 . : (3.14)
2E — 20, (r)

where we note that g is even in v and hence in w so that we can restrict the
integral to w > (0. We obtain the identity

0://8f<1>(f0,L)gdvd:c:87?2/Oo/oo/ooafq)(fo,L)gdrdde

=S // / eI B Ldraf D(60(E), L) dEdL,

V2E =20 (r)

where M := {(E,L)(a:,v)|f0(a?,v) >0}. The class of test functions
P (po(E),L) is sufficiently large to conclude that for almost all £ and L,

/T+(E7L) g(r’ 2E—2\PL(T)7L)d —
(E,L)

2E—2\IIL(T’)

as desired.

3.3 Contradiction to Lemma 1.1

As defined above, h need not be smooth or even integrable, so in order to
derive a contradiction to Lemma 1.1 we need to regularize it. In order to do
so it should first be noted that h as defined in (3.13) is measurable, which
follows by Fubini’s Theorem and the fact that by the change of variables
formula the function

(s,r,E L)Hg(s’\/m’m

2E—2\IIL(S)

L, (rs),50) (E) 1 (5,1),r (5,07 (8) 10,07 (5)
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is integrable; r <max{|z| | (z,v) €supp fo}.

The cut-off h.
As a first step in regularizing h we define for m large the set

1 1
Qm::{(x,v)€R6|E§E0——, LZ—}.
m m
We want to approximate h by hlq . In order to analyze this approximation
the following lemma will be useful:

Lemma 3.2 There exists a constant C,, >0 such that for L> and

\IIL(’/’L) <E§E0,
T+(E7L) d
/ ’ <C
r_(E,L) 2E -2V (r)

Proof. We first establish the following auxiliary estimate: For all meN
there exists a constant 7, >0 such that for all L>1/m, U (r.) < E<Ej,
and r e [T_(E,L),T+(E,L)],

1
m

(W (r)]
N PO T > 1. (3.15)

To see this let meN and L, E,r be as specified. Then

1

2mir?

L
EOZEZ\I’L(T):Uo(T)+—>U0(0)+

2r2 —

and hence r > (2m(Ey—Uy(0))"Y/2. Let R:=max{|z||(z,v) Esupp fo}, ie.,
Up(R) = Ey. Then

L<2r*(Ey—Uy(r)) <2R*(Ey—Uy(0)).

Hence if we assume that (3.15) were false, we can find a sequence (r,, Ly,) —
(7,L) in the set [(2m(Ey—Uy(0))~Y2, R] x [1/m,2R? (Ey — Uy(0))] such that

. vy, (rn)
lim o
n—oo \/\IILn (Tn)) - \IILn (TLn)

If 7 #rp it follows that Wy (7) > Wy (rg) and W’ (7) =0 which is a contradiction
to the uniqueness of the minimizer r; of Wz. So assume that r=rz. Now
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recall that W7 (r,)=0. By Taylor expansion at 7 =r, we find intermediate
values 6,, and 7,, between r,, and r,, such that

W, ()| e ) e =)
VUL () =V, (rr,) \/\If”( w) (r —71,)?2

where we recall (3.12). This contradiction completes the proof of (3.15).
To complete the proof of the lemma we split the integral as

2|V (rp)|#0, n— o0,

ri(E,L) (E,L)
/ / ...:le—i—lg.
(L) \2E— 2\I’L (EL rL

In the first term, we make a change of variables u= /W (r) — ¥ (1) so that
du — L\y! (r)<0on [r_(E,L),rr[. By (3.15),

dr — 2u

0 1 dr
]1 = —du
\VE-YL(rp) \/2(E - \DL(TL) —u2) du
\/5/\/}3—%(%) du \/§ L ds
VE—=Vi(ry)—u? e Jo V1—52
by a further change of variables u=+/E—WV(ry)s. The same type of esti-

mate holds for the second part I5 of the integral under investigation, and the
proof of the lemma is complete. O

<o

We now show that the cut-off function hlq  is square integrable and
solves the equation {fy,hlq, } =glg, in the sense of distributions, more
precisely:

Lemma 3.3 For any meN large, hlq, € L*(R®), and for any spherically
symmetric test function v =1 (r,w,L) € C([0,00[xR x [0,00]),

/ {f07¢}h19m:—/ 9lq,, .
E<Ej E<Ey
Proof. We first prove that hlg, € L*(R®). Since the integrand is even in v

m

we can apply the change of variables (3.14):

/ / 1o h2dvdz

—8n? // / h2(r,\/2E — 20, (r), L) dr dEdL,
Sm Jr_(E,L)

2E—2\I/L(’l")
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where

Sm::{(E,L):(E,L)(:):,v)|(a:,v)€suppfo, ESEO—%, Lz%}. (3.16)

Let (E,L) € S,,. In the estimates below we write w(r)=+/2F —2¥(r) and
r+(F,L)=ry for brevity. Then by the definition (3.13) of h and the fact that
1/]|op(E)| <1 for E < Ej,

[ e = [ [sm [ somornngis] ot

([ o) [ emnnggy

< [0
= O ) Sy
in the last two estimates we used the Cauchy-Schwarz inequality and
Lemma 3.2. A further integration with respect to £ and L and the change
of variables (r, E, L) — (z,v) shows that ||hlg,,||2 is bounded in terms of C,,
and | g2

Now let ©» =1 (r,w, L) be a test function as specified in the lemma. Along
characteristic curves of (3.11), which as before we parameterize by r distin-
guishing between w >0 and w <0, a simple computation shows that

{E W} =—signw\/2E — 2@L(r)%[¢(r,signw\/2E— 2V (r),L)].

By the change of variables used repeatedly above, using the abbreviation
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w(r) 2E —2W¥(r), and recalling the definition (3.16) we find that

//{f(]v Yhlg, dvdr= /w>0} .+/{w<0}...

( d dr
_//SW%(E)/T w(r)g[w(r,w(r),L)]h(r,w(r),L)dedL
( N d dr
_//maﬁo(E)[ (—w(r) [ (r,—w(r), L)) h(r, —w(r), L )dedL

://7,L¢6(E)/T+¢(“w<r)@ G%) drdEdL
(

//m¢0 /wr— ,L)%drwﬂ

notice that h(r,£w(r),L)=0 for r=r,(E,L), which together with the def-
inition (3.13) of h along the characteristics was essential in the integration
by parts above, and also that g is even in v respectively w. The proof of
Lemma 3.3 is now complete. O

Regularization of hlq, .

The function hlq,, is not smooth, hence Lemma 1.1 cannot be applied to
it, and therefore we smooth it. For fixed m €N the function hlg, is, as a
function of r,w, L, supported in a set of the form

Qm = [Ro, R1] x [-Wy,Wy] x [Lo, L] (3.17)

with 0< Rg< Ry, Wy >0, and 0< Lo < Lq; it will be important that its sup-
port stays away both from r=0 and L=0. Let (€ C>°(R?) be even in all
three variables, ie., ((z1,22,23) =C(|21],]22],|23]), (>0, [(=1, and define
Co:=n3¢(n+) for n€N. For n sufficiently large we define

n(r,w, L) /// (h1g,, ) (7w, L), (r — 7w —w,L— L)dLdwdr.

Since €, is strictly inside the set {F < Ey} with a positive distance from its
boundary, h,, € C°(]0,00[xRx]0,00[), and without loss of generality we can
assume that supph, CQ,,N{E < Ep}. Since h is odd in w respectively v so
is h,, and clearly, h, — hlq _ in L?N L. The crucial step is to show that

lim { fo,h,}=91q,, (3.18)
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in L?. To this end we fix (r,w, L), write £ := E(7,w,L) and f::foooffooofooo
for brevity, and split the convolution integral into three parts:

{fo,hn} =—5(E) {waw <£—U0( )) 0 } B

_/(hlgm)(r L)(¢(E) - {wa+( ) }

—7r,w—w,L dewdr
T L
[0 D E) w0+ (5 —U5<>) A
- Colr —7,w—w,L— L)dLdwdr
= _ [ L L
- [ 10,00 D E) -0+ (5~ K -0+ ) 20
- Colr —7,w—w,L— L)dLdwdr
:I—[1+]2—]3.
By Lemma 3.3,

m

Ig:/glgm(r,w,i)ﬁn(r—r,w—w L)dLdwdr — glq,, in L.

We show that I; and I5 tend to zero in L?. To do so we change the integration
variables into 7=n(r—7), w=n(w—w), L=n(L—1L) so that F=r—7/n,
w=r—1w/n, L=r—L/n, dLdodr=n"3dLdwdr, and 0,(,(r—7,w—1o,L—
L) =n*0:¢ (7,10, L) with analogous formulas for the other derivatives. Thus

I = /(hlgm)(F,w,L) %(E)Jn%(E)

5 L 73—y UNF)=Uj(r)
—00s+ | ——+1L Tn T 1m O | C(F,@, L)dLdwdr

Now

o(B)=06(E) iy <ww+ 2_];2 - Z—f +fU6(r)> )



7:_3 B T_g 3r U(,) (7:) B U(,) (T> " ~
B v
for n— oo, and all these limits are uniform with respect to (r,w,L)€Qy,
defined in (3.17) and with respect to (7,w,L) € supp(. Hence

I — —(hlg,)(r,w,L)éy(E)

/ L 7L

Wi+ 55—~ +7U (r)
- L 3Lr o\~ N
/[—w@;—i— (—5—1—7—(]0/(7")7“) 8@] ¢(7,w,L)dLdwdr

{waf + (% — U(’](r)) aw} C(7,w, L) dLdwdF

where both limits are in L? and the zeroes result from integration by parts
with respect to 7 and @ and an exact cancellation. The assertion (3.18) is
now established.

Finally: The desired contradiction.
The functions h, have all the properties required in Lemma 1.1, and we
obtain the estimate

1 1
DM okl 2 =5 [ G(E) Uyl Pdod.
{E<Ey} r
By (3.18) and the fact that h, and glg,, are supported in a common compact
set, VU{fyhn} — VUi, in L? as n— oco. Since +U{(r) is bounded on [0,00]
we obtain the estimate

1 1
DHe(flgla,) = ~5 [ Gh(E) Vi) 1a, dvds

{E<Eo}

Since lim,, .o, glq,, =g in L' N L*(R®), there exists my sufficiently large such

that glq,, #0 and by Lemma 3.3, hlq,, #0. For all m>mg, Q,, C €2, and
h?1q,, <h’lq,,. Since ¢{(E) <0 and +Uj(r) >0 we have for all m >y,

1 1
D*He(fo)lgla,.] > ——/ ¢(E)-Ug(r)h’1q,, dvdz=:C>0.
{E<Eo} r

Hence m — oo leads to a contradiction to Lemma 3.1, and the proof of The-
orem 2.2 is complete.
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4 Appendix: Proof of Lemma 1.1

Let

_ oW

be the potential induced by —{ fo,h}, which is spherically symmetric. A short
computation using the definition (1.6) of the Lie-Poisson bracket shows that

/{foah}dvIVx~/v¢6(E)h(x,v)dv.

By the spherical symmetry of U, and h,

_ i2/|xl<rvx./v¢fo(g)h(x v)dv

/ /gbo h(z,v)v- —dvdw( )= 47r/w¢6(E)h(x,v)dv.
|z|=
Therefore, by the Cauchy-Schwarz inequality,

& [Ivatipas<on [ |- [waea] |- [o@ma] a

Since J . I
w2¢6(E):w%¢0<2w +ﬁ+U0( ))

an integration by parts with respect to w yields

/2% d“_rz/ / ¢o( w+—+U0( ))dde:po(r).

Hence
2 1 / 2 2
D*He(fo)[{ fo, R }] 2—5/ ¢o(E) ({E,h}[? —4mpoh?) dvda.

Since h is odd in v respectively w the function

1
w(r,w, L) := —h(r,w,L)

Tw
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is smooth away from r = 0; in passing we notice that the functions h,, to which
we applied Lemma 1.1 in the proof of Theorem 2.2 have support bounded
away from r =0, but this is not necessary for Lemma 1.1. Since h=rwpu,

{Eh}=rw{l,u}+p{E,rw},
and hence

HE R} = (rw)’{E, p} P+ rw{ BrwH{ B, 1} + p? { B, rw}
= (rw)’{E, p} [P +{ B p*rw{ B, rw}} — p*rw{ E{E,rw}}.

The first term is as claimed in Lemma 1.1. The second term leads to
{ fo,i*rw{E,rw}} whose integral with respect to x and v vanishes; if we
cut a small ball of radius € about x =0 from the z-integral then the surface
integral appearing after the integration by parts with respect to x vanishes
for e — 0 since ru® < C/r. By the Poisson equation,

1
{EAE,rw}}==2wU)—w(rU}) =—rw (47Tp0+ ;Ué) :

Hence the third term above becomes 4mpoh? +h*+Uf, and Lemma 1.1 is
proven. O
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